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Bmax = maximum a llo w a b le  f lu x  d e n s ity  in  s te e l
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C,. = r e v e r s ib le  te n p e ra tu re  c o e f f ic ie n t  o f  'a g n a t
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i j  , kf  = f in a l  c u r r e n t a t  s ta t e  j ,  p h ase  k
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i j  /(ci  = i n i t i a l  c u r re n t a t  s ta t e  j ,  p h ase  k  
, 1^  a e q u iv a le n t m a g n e tiz a tio n  c u rre n t 
Ai^ = e q u iv a le n t m a g n e tiz a tio n  c u r re n t f o r  e lem en t p a i r  k  
IL  h s t a t o r  iro n  lo s s e s  
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I . „ . ,  = s t a l l  c u r re n ts t a i l
□' e v e c to r  c u r re n t d e n s ity  
J z = c u r re n t d e n s ity  in  z d ire c tio n  
J b a c k  E o f  r o to r  back  iro n
J k s  in e r t i a  o f  r o to r  s e c tio n  k  
J  „ s  i n e r t i a  o f  m agnet s e c tio nm ag
J  s  r o to r  in e r t i ar
J  = i n e r t i a  o f  s h a f t  e x te n sio ns e
J  . s  i n e r t i a  o f  s h a f ts haf t
J sp = s p e c if ie d  in e r t i a  o f  r o to r
k  = F o u rie r  s e r ie s  in d ex
kQ ,k , , 1^  = iro n  lo s s  c o e f f ic ie n ts
Kbexp e e x p e rim e n ta lly  determ ined  back  emf c o n s ta n t
K^. s  m otor to rq u e  c o n s ta n t 
K,. s  n o rm alized  to rq u e  c o n s ta n t
Kt0  =, to rq u e  c o n s ta n t p re d ic te d  by f i n i t e  e lem en t m odel 0
K,. j = to rq u e  c o n s ta n t p re d ic te d  by f i n i t e  e lem en t m odel 1
= to rq u e  c o n s ta n t p re d ic te d  by  f i n i t e  e lem en t m odel 2
1^3 = to rq u e  c o n s ta n t p re d ic te d  by f i n i t e  e lem en t m odel 3
Ktexp s  e x p e rim e n ta lly  determ ined  m otor to rq u e  c o n s ta n t 
Kj Ft-H = to rq u e  c o n s ta n t p re d ic te d  by f i n i t e  e lem en t model 
Tf.2exp = esq serim en ta lly  determ ined  K,. f o r  second  p ro to ty p e  m otor
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^ 2 feh s  f i n i t e  e lem en t p re d ic te d  to rq u e  c o n s ta n t  f o r  second 
p ro to ty p e  m otor
Kjggg s  e f f e c t i v e  to rq u e  c o n s ta n t f o r  skewed s ta c k  m otor
Kj t g s  to rq u e  c o n s ta n t  f o r  long  s ta c k  skewed m otor
Ktn s = to rq u e  c o n s ta n t  f o r  nonskewed m otor
Kjgg = to rq u e  c o n s ta n t  f o r  s in g le  s ta c k  skewed m otor
1  s  p a th  o f  in t e g r a t io n
£ = s c a l a r  p a th  o f  in te g r a t io n
£g = le n g th  o f  a i rg a p  i n  d i r e c t io n  o f  f lu x
i ge = conb ined  le n g th  o f  m agnet/a irgap
i e = le n g th  o f  e lem en t
£m = le n g th  o f  m agnet i n  d i r e c t io n  o f  f lu x
£t = le n g th  o f  a  t u r n  o f  w ire
£z = le n g th  o f  s t a t o r  s ta c k
L = m otor phase  in d u c tan ce
Lj e in d u c tan ce  o f  p h ase  i
Lc Q. ( s  in d u c tan ce  o f  a  c o i l
Lcs = c r o s s - s l o t  le a k a g e  induc tance
Ijj g p s  in d u c ta n c e  due t o  f lu x  c ro s s in g  th e  a i rg a p
1^ — in d u c tan ce  o f  a  ph ase
Ij, h le n g th  o f  m agnet i n  d i r e c t io n  o f  m a g n e tiz a tio n  t o  node k
I*, s  l o s s  p e r  pound
1^ = le n g th  o f  a  w ire
Mj = m u tua l in d u c tan ce  o f  phase i
N = t o t a l  number o f  tu r n s  o f  a  c o i l
Nk = t o t a l  number o f  tu r n s  a s s o c ia te  w ith  mmf so u rce  k
N ,^  = mmf produced  by  c o i l  k
x x v ii
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Nicp = mmf p e r  c o i l  p o le
Nn = d im ension  o f  system  o f  eq u a tio n s
Nj h shape fu n c tio n
Np a number o f  r o t o r  p o le s
Nps = maximum number o f  p a r a l l e l  s t r a n d s
Ns s  number o f  s ta g g e re d  segments
 ^ = AlUUU^SJ. UJ. £?CCllAJi. USCUil
N,.ot s  maximum number o f  tu r n s  f o r  a  2 p o le  m otor 
Nwp = number o f  w ind ings p e r  c o i l
p  = v e c to r  d is ta n c e  from segment o f  c u r r e n t  c a rry in g  w ire  t o  p o in t  P 
Pf j = e lem en ts  o f  J a c c b ia n  m a tr ix , [P]
Ps . s  s t a l l  pow er d is s ip a t io n
R = r e s i s ta n c e  o f  a  phase
Rj = r e s i s t a n c e  o f  p h ase  i
r ,  s  in n e r  r a d iu s  o f  back  i ro n
r 2 a in n e r  r a d iu s  o f  magnet
r 3 = o u te r  r a d iu s  o f  magnet
r 4 = in n e r  r a d iu s  o f  s t a t o r
r 5 a in n e r  r a d iu s  o f  s l o t
r 6 = o u te r  r a d iu s  o f  s l o t
r 7 h o u te r  r a d iu s  o f  s t a t o r
r ave s  av e rag e  r a d iu s  o f  s h e e t  c u r r e n t
^  k = in n e r  r a d iu s  o f  r o to r  s e c t io n
r ok s o u te r  r a d iu s  o f  r o to r  s e c t io n
r mave = av e ra g e  r a d iu s  o f  magnet
r save s  av e ra g e  r a d iu s  o f  s t a t o r  s l o t
ft = r e lu c ta n c e  o f  an  elem ent
x x v i i i
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7?e = e f f e c t i v e  s tu r a b le  re lu c ta n c e  o f  c i r c u i t  
Kg = r e lu c ta n c e  o f  e f f e c t iv e  a i rg a p
7?mave = e f f e c t iv e  average r e lu c ta n c e  o f  th e  m agnet c i r c u i t
7?cp = r e lu c ta n c e  o f  c o i l  f lu x  p a th
7?ef f = e f f e c t i v e  re lu c ta n c e  o f  magnet c i r c u i t
Ks = R e lu c tan c e  o f  a  s l o t
Kg a c r o s s - s l o t  le ak ag e  r e lu c ta n c e
Kt a r e lu c ta n c e  o f  to o th  fa c e
Ktth  = r e lu c ta n c e  o f  a  s in g le  to o th  gap
K„, a r e lu c ta n c e  o f  l e f t  s id e  o f  to o th  fa c el I
Ktp a r e lu c ta n c e  o f  r i g h t  s id e  o f  to o th  fa c e  
Si j a e lem en ts  o f  m a tr ix , [S]
S a s u r f a c e  a re a
AT a change i n  te n p e ra tu re  o f  magnet and c o i l  
t  a tim e
tg  a th ic k n e s s  o f  s l o t  l i n e r  m a te r ia l  
t t  a s t a t o r  to o th  t i p  th ic k n e s s  
T a to rq u e
Tg a a p p l ie d  lo a d  to rq u e  
Tf a f r i c t i o n  to rq u e
t a l l  s  to rq u e  o f  m otor
a m agnitude o f  d e te n t  to rq u e  v e c to r  f o r  a  m agnet segm ent 
Tds E d e t e n t  to rq u e  f o r  skewed m otor 
Tp e a k  E to rq u e  v a lu e  o f  to rq u e  a n g le  cu rv e
Ts a m agnitude o f  s t a t o r  to rq u e  v e c to r  f o r  a  m agnet segment 
Tto t  a t o t a l  s t a t o r  to rq u e  
U a ap p rox im ation  t o  m agnetic p o te n t i a l
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Uz = approxim ate m agnetic  p o te n t i a l
Vfl e unknown mmf p o te n t i a l  a t  node a
Vbemf " back: emf v o l ta g e
Vb{ = back  emf v o l ta g e  o f  p h ase  i
Vdrv= d io d e  re v e r s e  b i a s  breakdown v o lta g e
Vdfv s  d io d e  fo rw ard  b ia s  v o l ta g e  d rop
Ve = volume o f  e lem en t e
V. = e lem ents o f  r e s id u a l  v e c to r ,  {V}
Vk _= v o lta g e  su p p lie d  t o  p h ase  k
V = maximum su p p ly  v o l ta g e
Vt rv -  t r a n s i s t o r  re v e r s e  b ia s  breakdown v o lta g e
Vtf  s  t r a n s i s t o r  fo rw ard  b ia s  v o lta g e  drop
Vubpd B up p er t r a n s i s t o r  le g  breakdown v o lta g e  f o r  p o s i t i v e  c u r r e n t  
w ith  b lo c k in g  d io d e s  
Vlbpd s  low er t r a n s i s t o r  le g  breakdown v o lta g e  f o r  p o s i t i v e  c u r r e n t  
w ith  b lo c k in g  d io d e s  
VubPn = uPPer t r a n s i s t o r  l e g  breakdown v o lta g e  f o r  p o s i t iv e  c u r r e n t  
w ith o u t b lo c k in g  d io d e s  
v ib Pn ^ low er t r a n s i s t o r  le g  breakdown v o lta g e  f o r  p o s i t iv e  c u r r e n t  
w ith  b lo c k in g  d io d e s  
Vubnd E upper t r a n s i s t o r  le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
w ith  b lo c k in g  d io d e s  
v tbnd ~ low er t r a n s i s t o r  le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
w ith  b lo c k in g  d io d e s  
Vubnn s  upper t r a n s i s t o r  le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
w ith o u t b lo c k in g  d io d e s
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v i b n n  H low er t r a n s i s t o r  le g  breakdown v o lta g e  f o r  n e g a t iv e  c u r r e n t  
w ith o u t b lo c k in g  d io d e s  
Vol = volum e o f  m otor
w = d is ta n c e  betw een two i n f i n i t e l y  lo n g  w ire s  
w_ = s l o t  w id th
9
wt = w id th  o f  a  to o th
wtd s  w id th  t o  d ia m e te r  r a t i o
W(U) s  m agnetic  energy  d e n s i ty
Wc = m agnetic  coenergy
Wce = coenergy  o f  lumped e lem en t
x ,y  = lo c a t io n  o f  P from a  le n g th  o f  w ire
z = a x i a l  le n g th  o f  r o t o r / s t a t o r
a,/J = in te g r a t io n  v a r ia b le s  in d ic a t in g  geom etry t o  d e te rm in e  f lu x  
d e n s i ty  a t  p o in t  P 
as = m agnet segm ent s ta g g e r  a n g le  
Ae s  a r e a  o f  a  f i n i t e  e lem en t t r i a n g le  
£ = in c re m en ta l skew a n g le  betw een a d ja c e n t la m in a tio n s  
<f> = m agnetic  f lu x  
<t>c o j t = f lu x  th ro u g h  a  c o i l  
yc ,ipm = f lu x  th ro u g h  c o i l ,  f lu x  th ro u g h  m agnet 
0ck = f lu x  th ro u g h  to o th  k  
4>c t t h = c o i l  f lu x  th r o u ^ i  a  s in g le  to o th  
0mtth E magnet f lu x  th ro u g h  a  s in g le  to o th  
0e a f lu x  th ro u g h  lumped elem en t
0t , 0t i r = f lu x  th ro u g h  to o th  fa c e , l e f t  s id e  fa c e  and  r i g h t  s id e  
$ h t o t a l  f lu x  th ro u g h  s u r fa c e  o f  in te g r a t io n  
0(naxtot = max t o t a l  f lu x  th ro u g h  a  to o th
x x x i
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Y  = skew a n g le  o v e r  m oto r le n g th  
yc = p h ase  w inding  h a l f  p i t c h  
Ym = m agnet p o le  p i t c h
Y s  = span  o f  f l a t  to p  re g io n  o f  id e a l  f lu x  d e n s i ty  d i s t r i b u t i o n  
Y t  = span  o f  t r a n s i t i o n  re g io n  o f  id e a l  f lu x  d e n s i ty  d i s t r i b u t i o n  
\  = f lu x  l in k a g e
\ c s  f lu x  l in k in g  c o i l  due t o  c o i l
^  s  f lu x  l in k in g  c o i l  due t o  magnet
Ko s  i n i t i a l  c o n d it io n  o f  f lu x  lin k a g e
\ t = t o t a l  f lu x  l in k a g e  f o r  a  c o i l
fi = p e rm e a b il i ty  o f  m a te r ia l  
]i0 = p e rm e a b il i ty  o f  f r e e  space
Hr = r e l a t i v e  p e rm e a b il i ty
7) = r a t i o  o f  m agnet le n g th  t o  r o t o r  o u te r  r a d iu s  
T = perm eance
?ef f = e f f e c t iv e  perm eance o f  a  c i r c u i t
pk = d e n s i ty  o f  r o t o r  s e c t io n  k
ppf = r e s i s t i v i t y  p e r  f o o t  o f  w ire
ppf o = r e s i s t i v i t y  p e r  f o o t  o f  w ire  a t  25°C
ps = d e n s i ty  o f  s t e e l
7] = le n g th  t o  r o t o r  r a d iu s  r a t i o
t s  dumrry in tegration  variable
r t = to o th  p i t c h
r s = s t a t o r  to rq u e  p e r io d
Td s  d e te n t  to rq u e  p e r io d
0 s  r o t o r  p o s i t io n
0max = maximum r o to r  speed
x x x ii
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6C = maximum c o n tin o u s  o p e ra tin g  speed  o f  m otor 
v s  r e l u c t i v i t y  
(o = r o t o r  speed  
a) = r o t o r  a c c e le r a t io n
= max a c c e le r a t io n  o f  m otorm ax
cdQ s  r o t o r  s te a d y  s t a t e  speed 
Q = f i n i t e  e lem en t a re a  in te g ra t io n  v a r ia b le  
X = s ] ,c t  w id th  r a t i o
(  = lo c a t io n  o f  d i f f e r e n t i a l  f lu x  tu b e  b e in g  in te g r a te d
x x x i i i
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ABSTRACT
THE ANALXSI3 AND DESIGN 
OF
EEUSHEESS DC KXDORS 
by
S teven  Ronald P r in a  
U n iv e rs ity  o f  New Hampshire, December 1990
T h is  w ork i s  concerned  w ith  th e  m agnetic a n a ly s is  o f  b ru s h le s s  DC 
m oto rs, an d , w ith  th e  developm ent o f  a  method o f  d e s ig n in g  b ru s h le s s  
DC m otors w hich have sym m etric w indings and r o to r s  w ith o u t any  i r o n  
s a l ie n c y .  A tw o-dim ensional n o n lin e a r  f i n i t e  e lem ent m agnetic  model 
i s  u sed  t o  a n a ly ze  th e  m agnetic  b eh av io r o f  th e  m otor. Methods o f  
u s in g  th e  f i n i t e  e lem en t s o lu t io n  (s) t o  p r e d ic t  m otor c h a r a c t e r i s t i c  
perfo rm ance p a ram e te rs , such  a s  th e  to rq u e -a n g le  cu rv e , d e te n t  to rq u e -  
an g le  c u rv e , to rq u e  c o n s ta n t , b ack  emf c o n s ta n t and in d u c tan ce  a r e  
d is c u s se d  i n  d e t a i l .  I t  i s  shown t h a t  th ree -d im e n sio n a l e f f e c t s  can  
make s ig n i f i c a n t  c o ru .ib u t io n s  t o  th e  m otor in d u c tan ce , making 
in d u c tan ce  p r e d ic t io n  d i f f i c u l t .  I t  i s  a l s o  shown t h a t  th e  p r e d ic t io n  
o f  d e te n t  to rq u e  can  be  ex trem ely  s e n s i t iv e  t o  t h e  perm anent magnet 
model.
A s im p le  means o f  u n d ers tan d in g  th e  e f f e c t s  o f  r o to r  magnet a r c  
w id th  and w ind ing  d i s t r i b u t io n  on th e  s t a t o r  to rq u e -a n g le  cu rv e  shape 
i s  p re s e n te d . I n  a d d i t io n , m ethods o f  red u c in g  d e te n t  to rq u e  by 
a l t e r in g  m agnet a r c  w id th  a re  d isc u sse d .
x x x i v
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F in a l ly ,  s im p le  lumped m odels t h a t  a llo w  one t o  p r e d ic t  m oto r p e r ­
form ance c h a r a c t e r i s t i c s  a s  a  fu n c tio n  o f  im p o rtan t d im ensions, magnet 
r e s id u a l  f lu x  d e n s i ty ,  and  p hase  c u r r e n t  a r e  developed  and checked 
a g a in s t  f i n i t e  e lem en t r e s u l t s .  These m odels a r e  u sed  a s  a  b a s i s  f o r  
an  approach  t o  d e s ig n in g  b ru s h le s s  DC m oto rs.
XXXV
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CHAPTER 1
DHKODCICTTCIN
DC m achines have been  i n  e x is te n c e  s in c e  1831 when M ichael Faraday 
in v e n ted  th e  f i r s t  ham opolar e le c tro m a g n e tic  g e n e ra to r11 ] . T his 
g e n e ra to r  was a  co p p er d i s c  p la c e d  i n  an  a x i a l l y  d i r e c te d  permanent 
m agnet, (EM), f i e l d .  B rushes w ere u se d  t o  p ic k  up th e  emf v o lta g e  
g e n e ra te d  betw een th e  in n e r  and o u te r  r a d i i  a s  th e  d i s k  spun. The 
f i r s t  r o t a t i n g  m achines losing a  commutator in v e n te d  by  Ampere, w ere 
developed  in  1833c 13 . W hile th e s e  m achines w ere f i r s t  developed a s  
g e n e ra to rs ,  i t  was d isc o v e re d  t h a t  th e y  a ls o  fu n c tio n e d  a s  m otors. In  
f a c t ,  DC m achines can  work a s  g e n e ra to rs  when th e y  a r e  connected  t o  a  
prim e mover, o r  a s  m otors when connected  t o  a  power su p p ly , o r  a s  
b ra k e s  when used  a s  a  g e n e ra to r  w ith  th e  g e n e ra te d  v o l ta g e  d is s ip a te d  
a c ro s s  a  r e s is ta n c e .
The b a s ic  d e s ig n  o f  th e s e  DC m achines h a s  rem ained r e l a t i v e ly  
unchanged s in c e  t h e i r  co n ce p tio n . The most r e c e n t  and  s ig n i f i c a n t  
change h a s  come i n  th e  form o f  th e  DC machine com m utator. The 
b ru s h le s s  DC m otor, (BLDCM), was in v e n ted  by e l im in a t in g  th e  
commutator segm ents and  b ru sh es  and re p la c in g  them  w ith  some form o f  
p o s i t io n  s e n so r . Commutation i s  perform ed e l e c t r o n i c a l l y  w ith  t r a n s ­
i s t o r s  and  lo g ic  c i r c u i t s .
B ru sh le ss  com mutation i s  u sed  p r im a r ily  in  sm a ll DC m achines, 
(m ostly  s u b f r a c t io n a l  horsepow er m ach in es). r a th e r  th a n  la rg e  DC 
m achines. T h is  i s  due t o  th e  f a c t  t h a t  th e  power e le c t r o n ic s  re q u ire d
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tc- h an d le  th e  la rg e  c u r re n ts  u sed  in  i n d u s t r i a l  c l a s s  m achines a r e  to o  
e x p en siv e .
There a r e  s e v e ra l  advan tages g a in ed  by  u s in g  b ru s h le s s  m otors:
1) W ith no b ru sh es  breakdown due t o  b ru sh  f a i l u r e  i s  overcame. T h is  
u s u a l ly  in c re a s e s  th e  l i f e  span  o f  th e  m otor t o  th e  l i f e s p a n  o f  th e  
b e a r in g s .  I n  a d d i t io n , th e re  a r e  no w ear p a r t i c l e s  g e n e ra te d  t h a t  
m ig h t cau se  a  f a i l u r e  in  an  a p p l ic a t io n  w here a  c le a n  environment i s  
n e c e ssa ry . 2) The absence o f  b ru sh  a r c  makes to e  b ru s h le s s  m otor 
advan tageous in  v o l a t i l e  environm ents. 3) E lec tro m ag n e tic  n o is e ,  
g e n e ra te d  by th e  com bination o f  w inding s h o r t in g  and in d u c tiv e  e f f e c t s  
d u r in g  to e  p assag e  o f  to e  b ru sh  from one commutator b a r  t o  to e  n e x t, 
i s  e l im in a te d . 4) Brush m otors a re  speed  l im ite d  by back  emf v o lta g e  
a r c in g  a c ro s s  th e  in s u la t io n  betw een com m utator b a r s ;  t h i s  i s  n o t  t r u e  
f o r  BIDCMs. T h ere fo re , th e y  can  be  o p e ra te d  a t  h ig h e r  sp eed s . 5) The 
s t a t o r ,  w hich i s  to e  wound o r  c u r r e n t  c a r ry in g  member, does n o t  r o t a t e  
so  i t  can  b e  mounted t o  a  h e a t  s in k . T h is  a llo w s f o r  b e t t e r  h e a t  
t r a n s f e r  w hich w i l l  u l t im a te ly  r e s u l t  i n  a  c o o le r  ru n n in g  m otor and 
p ro lo n g ed  b e a r in g  l i f e .
U n fo rtu n a te ly , to e  com bination o f  p o s i t io n  s e n so r  and power 
e le c t r o n ic s  u s u a lly  makes to e  b ru s h le s s  m otor more ex pensive  th a n  to e  
c o n v e n tio n a l b ru sh  DC m otor, BDCM. T h e re fo re , t h e  b ru s h le s s  m otor i s  
u se d  m o stly  in  a p p l ic a t io n s  r e q u ir in g  a  h ig h  perform ance m otor, o r  in  
a p p l ic a t io n s  where b ru sh  a r c  and b ru sh  w ear a r e  im p o rtan t is s u e s .  
R e c e n tly , however, d e c re a s in g  c o s ts  i n  e l e c t r o n ic s  and in te g ra te d  
c i r c u i t  packag ing  have made th e  b ru s h le s s  DC m otor a  more v ia b le  
a l t e r n a t i v e  t o  co n v en tio n a l DC m otors.
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M though b ru s h le s s  DC m otors can  came in  a  v a r i e ty  o f  form s, a l l  
c o n s is t  o f  th r e e  b a s ic  e lem en ts: th e  s t a t o r ,  t h e  perm anent magnet (FM) 
member, and th e  p o s i t i o n  sen s in g  elem en ts, o r  assem bly , n e c e ssa ry  f o r  
commutation. The s t a t o r ,  where th e  c o i l s  a r e  p la c e d , may c o n s is t  o f  a  
number o f  i r o n  t e e t h  around  which th e  c o i l s  a r e  wound. A l te rn a t iv e ly ,  
th e  s t a t o r  can  c o n s i s t  o f  c o i l s  t h a t  a r e  s u r f a c e  mounted t o  same p ie c e  
o f  backing  i r o n  w hich s e rv e s  a s  a  m agnetic r e tu r n  p a th . The HI member 
can  com prise a  number o f  in d iv id u a l FM segm ents r e s u l t i n g  in  a  m u lti­
p o le  r o to r ,  o r ,  a  s in g le  magnet p ie 'aa w ith  a l t e r n a t in g  n o r th  and sou th  
p o le s  p o la r iz e d  on i t s  s u r fa c e . J.vv.?. p o s i t io n  s e n s o r  can  c o n s is t  o f  
som ething a s  s im p le  a s  a  s e t  o f  na ..'L sen so rs  d e s ig n ed  t o  sen se  th e  
p resence  o f  a  m agnetic  f i e l d .  These a re  u sed  e i t h e r  t o  s e n se  th e  
r o to r  m agnets d i r e c t l y ,  o r  th e y  a re  used  t o  s e n se  an  a d d i t io n a l  magnet 
assem bly mounted t o  t h e  r o to r .  O ther, more s o p h is t ic a te d  and more 
a c c u ra te  form s o f  p o s i t i o n  sen s in g  a re  a ls o  u se d . R eso lv e rs  b e in g  a  
common exam ple.
There a r e  s e v e ra l  b a s ic  forms o f  b ru s h le s s  DC m o to rs . T here i s  
th e  a x ia l  a i rg a p  w ind ing  ty p e , shown in  F ig u re  1 -1 . I n  t h i s  m otor, th e  
s t a t o r  w ind ings a r e  wound on bobbins made o f  a  nonm agnetic m a te r ia l ,  
such a s  ny lon . These w indings a r e  th e n  lo c a te d  in  th e  a i rg a p  o f  th e  
m otor, betw een th e  FM r o t o r  and th e  back i r o n .  The f i e l d  induced by 
th e  s t a t o r  c o i l s  i s  o r ie n te d  in  th e  a x ia l  d i r e c t io n .  The perm anent 
magnet f i e l d  i s  a l s o  a x i a l l y  o r ie n te d . T h is d e s ig n  i s  u sed  where a  
low -heigh t, low c o s t  package i s  d e s ir a b le ,  such  a s  i n  flo p p y  d is c  
d r iv e s .
A nother ty p e  o f  b ru s h le s s  DC m otor i s  th e  r a d i a l  a i rg a p  w inding 
ty p e , a s  shown i n  F ig u re  1 -2 . Like th e  a x ia l  a i rg a p  w inding  m otor, th e








F i g u r e  1 - 1  
A x i a l  A i r g a p  B r u s h l e s s  DC M o to r
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w iridings o f  t h i s  m achine a r e  a l s o  lo c a te d  d i r e c t l y  i n  th e  a irg a p  o f  
th e  m otor and n o t p la c e d  i n  th e  s lo t s  o f  a  s t a t o r  made o f  
fe rro m ag n e tic  m a te r ia l .  T h is  d es ig n  has f a s t  dynam ic c a p a b i l i t e s  
because o f  i t s  c h a r a c t e r i s t i c a l l y  sm all in d u c tan ce .
P robab ly  th e  m ost common ty p e  o f  b ru sh le s s  DC m oto r i s  th e  s a l i e n t  
p o led , o r  s l o t t e d ,  s t a t o r  v a r ie ty .  In  t h i s  ty p e  o f  m otor th e  s t a t o r  
c o i l s  a r e  wound around  th e  t e e th  o f  a  s lo t t e d  s t a t o r  = The s t a t o r  i s  
made from fe rro m a g n e tic  m a te r ia ls  so  t h a t  a  more e f f i c i e n t  m agnetic 
s t r u c tu r e  i s  o b ta in e d . T here  a r e  two ty p e s  o f  s l o t t e d  s t a t o r  
b ru s h le s s  DC m o to rs . The conven tio n a l ty p e  h as  a  perm anent magnet 
r o to r  w hich l i e s  on th e  in s id e  o f  th e  s t a t o r ,  a s  shown in  F ig u re  I -3 a . 
An a l t e r n a t e  ty p e  h a s  th e  perm anent magnet r o t o r  on th e  o u ts id e  o f  th e  
s t a t o r ,  a s  shown i n  F ig u re  I -3 b . The l a t t e r  ty p e  i s  o f te n  u sed  in  
com puter h a rd  d i s c  s p in d le  d r iv e s .  In  a d d i t io n ,  t h e r e  i s  a l s o  a  
l i n e a r  v e r s io n  o f  t h e  BLDCM, F ig u re  1 -4 . S im ila r  t o  t h e  r o ta r y  m otor, 
e i t h e r  th e  s l o t t e d  s t a t o r  o r  th e  FM member co u ld  b e  t h e  moving p a r t .
The i n t e n t  o f  t h i s  t h e s i s  was to  develop a  b e t t e r  u n d ers tan d in g  o f  
th e  r e la t io n s h ip  betw een p h y s ic a l motor p a ram ete rs , (such  a s  magnet 
geom etry, c o i l  w ind ings, and  o v e ra l l  motor d im en s io n s) , and 
perform ance p a ram e te rs  such  a s  th e  to rq u e  c o n s ta n t ,  t h e  to rq u e -a n g le  
waveform shape , d e te n t  to rq u e , and phase in d u c tan ce . Once t h i s  
u n d ers tan d in g  was ach iev ed , th e  r e s u l t s  cou ld  b e  co up led  t o  p rev io u s  
work r e l a t i n g  th e  afo rem en tioned  perform ance p a ram e te rs  t o  dynamic 
s im u la tio n s12] , c33 . T h is  com bination would r e s u l t  i n  a  d e s ig n  package 
t h a t  would a llo w  a  m otor d e s ig n e r  t o  s p e c ify  m otor g eo m e trie s , 
m a te r ia ls ,  and w ind ings and  b e  a b le  to  p r e d ic t  th e  to rq u e -sp e e d  
c a p a b i l i t i e s  o f  t h e  d e s ig n  a s  w e ll a s  o th e r  perform ance in d ic a to r s ,
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i . e :  in d u c tiv e  tim e  c o n s ta n ts , to rq u e  t o  i n e r t i a  r a t i o ,  and o th e r  
f ig u r e s  o f  m e r i t .
The r e s e a rc h  documented in  t h i s  t h e s i s  fo cu sed  on th e  c o n v en tio n a l 
s l o t t e d  s t a t o r  ELDCM o f  F ig u re  I -3 a ,  a lth o u g h  much o f  w hat was 
developed a l s o  d i r e c t l y  a p p l ie s  t o  th e  ty p e  shown in  F ig u re  I -3 b  and 
1 -4 . The i n t e n t  o f  t h i s  work was t o  u s e  a  n o n lin e a r , tw o-d im ensional, 
m agnetic  f i n i t e  e lem en t a n a ly s is ,  FEA, a s  a  b a s i s  f o r  in v e s t ig a t in g  
v a r io u s  a s p e c ts  o f  m otor d e s ig n . F i r s t ,  however, i t  was n e c e ssa ry  t o  
e v a lu a te  t h e  acc u racy  o f  th e  FEA. As a  means t o  t h a t  end, a  -p ro to type 
BLDCM was c o n s tru c te d  and i t s  c h a r a c t e r i s t i c  p a ram e te rs , such  a s  th e  
to rq u e  a n g le  cu rv e , to rq u e  c o n s ta n t and  back  emf c o n s ta n t , w ere 
m easured. Then, a  f i n i t e  elem ent m odel, FEM, o f  th e  p ro to ty p e  m otor 
was developed  and u sed  t o  p r e d ic t  th e  same c h a r a c t e r i s t i c  p a ra m e te rs . 
F in a l ly ,  a  com parison  was made betw een th e  FEM p re d ic te d  p a ram ete rs  
and th e  m easured o n es . Flam th e  r e s u l t s  o f  t h i s  com parison we w ere 
a b le  t o  l e a r n  w hich p aram eters  cou ld  b e  p r e d ic te d  a c c u ra te ly  by  th e  
FEM. We c o u ld  a l s o  d ec id e  w hether i t  was p o s s ib le  t o  u se  th e  FEM a s  a  
s u b s t i tu t e  f o r  p ro to ty p in g  m otors. U sing  th e  FEM a s  a  means o f  
e x p lo rin g  m otor d e s ig n  i s  a t t r a c t i v e  from  s e v e ra l  s ta n d p o in ts . 1) I t  
i s  f a s t e r  t o  im plem ent and e v a lu a te  d e s ig n  changes. 2) I t  i s  l e s s  
c o s t ly  th an  p ro to ty p in g . 3) I t  a llo w s one t o  an a ly ze  th e  consequences 
o f  d i f f e r e n t  d e s ig n s  in  much g r e a te r  d e t a i l  and  d ep th  th a n  one co u ld  
by  p ro to ty p in g . 4) I t  p ro v id es  a  much more d e ta i l e d  p ic tu r e  o f  th e  
m agnetic  f i e l d  in s id e  th e  machine th a n  any p ro to ty p e  cou ld  y ie ld ,  
p ro v id in g  in fo rm a tio n  t h a t  can  n o t b e  m easured e a s i ly .
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O verview o f  C hapters
In  C h ap te r I I  t h e  p ro to ty p e  BIDC m otor used  t o  v e r i f y  f i n i t e  
e lem ent and  lumped param eter m odels i s  d e sc rib e d . The e x p e rim en ta l 
methods u se d  t o  determ ine  th e  c h a r a c t e r i s t i c  p aram eters  o f  th e  
p ro to ty p e  m otor a r e  d iscu ssed  and  th e  r e s u l t s  o f  th o s e  d e te rm in a tio n s  
a r e  p re s e n te d . Those r e s u l t s  show, among o th e r  th in g s ,  t h a t  th e  
p ro to ty p e  m otor h a s  a  la rg e  d e te n t  to rq u e , and t h a t  th e  perm anent 
magnet c a u se s  a  s ig n i f i c a n t  d e g re e  o f  s a tu r a t io n .  T h is  s a tu r a t io n  i s  
p re s e n t  even  though th e  to rq u e -c u r re n t  c h a r a c te r i s t i c  f o r  th e  m otor i s  
l i n e a r .
In  C h ap te r I I I  th e  f i n i t e  e lem en t a n a ly s is  p ro cess  i s  d e s c r ib e d . 
F i r s t ,  t h e  developm ent o f  th e  f i n i t e  e lem ent model i s  d is c u s s e d . T h is  
in c lu d e s  th e  developm ent o f  th e  f i n i t e  elem ent mesh and th e  m odeling 
o f  th e  perm anent magnet and n o n lin e a r  i r o n  p a r ts .  I n  a d d i t io n ,  th e  
d e t a i l s  o f  u s in g  th e  f i n i t e  e lem en t r e s u l t s  t o  f in d  th e  c h a r a c t e r i s t i c  
p a ram ete rs  o f  th e  m otor a r e  a l s o  d is c u s s e d . The param ete rs  p re d ic te d  
by  th e  f i n i t e  e lem en t model a r e  compared t o  th e  ones m easured 
e x p e rim e n ta lly . I t  i s  found t h a t  th e  FEM does n o t p r e d ic t  e i t h e r  th e  
d e te n t  to rq u e  o r  th e  induc tance  v e ry  a c c u ra te ly .  T h is  f a i l u r e  cau ses  
one t o  d o u b t th e  h ig h  degree  o f  acc u racy  w ith  which i t  p r e d ic t s  peak  
one-phase-on  s t a t o r  to rq u e . The c h a p te r  concludes w ith  a  l i s t  o f  
p o te n t ia l  c a u se s  f o r  th e  observed  e r r o r s  in  p re d ic t io n .
In  o rd e r  t o  ad d re ss  th e  q u e s tio n s  r a is e d  in  C hapter I I I ,  f u r th e r  
f i n i t e  e lem en t a n a ly s is  i s  perform ed i n  C hapter IV. T h is  in c lu d e s : 
f u r th e r  ch eck in g  o f  th e  FEM model o f  t h e  permanent magnet r o t o r ;  
a l t e r a t i o n s  o f  th e  magnet model; in v e s t ig a t in g  th e  s e n s i t i v i t y  o f  th e  
d e te n t  to rq u e  t o  th e  FEM; f i n i t e  e lem en t a n a ly s is  o f  o th e r  p ro to ty p e
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r o to r s .  I t  i s  shown t h a t  end e f f e c t s  e x i s t  i n  th e  r e a l  m otor t h a t  a r e  
n o t accounted  f o r  i n  th e  FEM and can r e s u l t  i n  f a i r l y  la rg e  e r r o r s  in  
p re d ic t in g  in d u c ta n c e .
C hapter V a d d re s se s  to rq u e  ang le  cu rve  sh ap e  and d e te n t  to rq u e . 
S ev era l m ethods o f  re d u c in g  o r  e lim in a tin g  d e t e n t  to rq u e  in  BLDCM's 
a r e  d isc u sse d . I t  i s  a l s o  shewn t h a t  m otor d e t e n t  to rq u e  can b e  v e ry  
s e n s i t iv e  t o  th e  m agnet m odel. Under th e  assum ption  o f  l i n e a r  
m agnetics, t h e  Io r e n tz  fo rc e  eq u a tio n  i s  u sed  t o  de te rm in e  th e  e f f e c t s  
o f  magnet shape on t h e  one-phase-on s t a t o r  to rq u e -a n g le  cu rve. A 
method o f  e a s i l y  e v a lu a tin g  th e  e f f e c t s  o f  w ind ing  d i s t r i b u t io n  on th e  
to rq u e -a n g le  cu rv e  shape i s  a ls o  inc lu d ed .
In  C hap ter VI th e  b a s ic  equ a tio n s  f o r  lumped .param eter m agnetic 
c i r c u i t  a n a ly s is  a r e  d e r iv e d . T his i s  done t o  id e n t i f y  fundam ental 
assum ptions. Then, same sim ple  lumped m agnet m odels a r e  c re a te d  t o  
p r e d ic t  th e  a i rg a p  f lu x  d e n s i ty  due t o  e i t h e r  t h e  c o i l  o r  th e  p e r ­
manent m agnet r o to r .  I t  i s  shown t h a t  w h ile  t h e  peak  s t a t o r  to rq u e  
and to rq u e  a n g le  waveform can  be  p re d ic te d  re a so n a b ly  w e ll from sim ple 
m odels, p r e d ic t io n  o f  th e  inductance r e q u ire s  more com plica ted  m odels. 
I t  i s  a l s o  shown t h a t  p r e d ic t io n  o f  th e  d e te n t  to rq u e  by  a  lumped 
param eter model r e q u i r e s  a  v e ry  complex model and  th e re f o r e  i s  im prac­
t i c a l .
The purpose  o f  d ev e lo p in g  a  v e ry  s im ple  lumped m agnetic  model to  
p r e d ic t  th e  m otor c h a r a c t e r i s t i c  param eters i s  t o  c o n s tru c t  a  s e t  o f  
eq u a tio n s  t h a t  can  b e  u sed  t o  develop a  m otor d e s ig n  method. C hapter 
V II o u t l in e s  a  m ethod f o r  d es ig n in g  b ru s h le s s  DC m o to rs . The d es ig n  
method d e sc r ib e d  assum es t h a t  an  i n e r t i a  and to rq u e  c o n s ta n t f o r  th e  
m otor have been  s p e c i f ie d .  The m otor d e s ig n e r  m ust s p e c ify  th e  number
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o f  r o to r  p o le s  and s t a t o r  t e e th ,  a s  w e ll a s  s e v e ra l  d i f f e r e n t  w ire  
s iz e s  t o  u se  f o r  t h e  w ind ing . The method th e n  a llo w s  th e  d e s ig n e r  t o  
view  and compare r e s u l t i n g  d e s ig n s , (m otor g eo m etrie s  and c h a ra c te r ­
i s t i c  p a ra m e te rs ) , f o r  a  v a r i e ty  o f  d i f f e r e n t  w inding w ire  s i z e s  
a n d /o r  d i f f e r e n t  com binations o f  r o to r  p o le s  and  s t a t o r  t e e t h .  
P aram eters c a lc u la te d  in c lu d e  th e  phase r e s i s ta n c e  and. in d u c tan ce , 
iro n  lo s s e s ,  m otor d ia m e te r , le n g th , volume and m otor w e ig h t. T orque- 
speed  a n a ly s i s  i s  a l s o  in c lu d ed  a s  p a r t  o f  th e  d e s ig n  p ro c e s s .
I n  Appendix A, th e  developm ent o f  th e  two-dinE visional n o n lin e a r  
m agnetic f i n i t e  e lem en t model i s  p re se n te d . T h is  appendix  in c lu d e s  
th e  d e r iv a t io n  o f  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  d e s c r ib in g  th e  
s t a t i c  m agnetic  f i e l d ,  a s  w e ll a s  th e  d e r iv a t io n  o f  th e  FEM u s in g  a  
v a r ia t io n a l  app ro ach . A g e n e ra l ex p re ss io n  f o r  th e  in d iv id u a l  e n t r i e s  
i n  th e  f i n a l  m a tr ix  e q u a tio n  i s  g iv en .
Appendix B a d d re s se s  th e  p ro cess  o f  s o lv in g  th e  n o n lin e a r  m a tr ix  
eq u a tio n  fo rm u la ted  i n  Appendix A. A p p lic a tio n  o f  th e  Newton-Raphson 
s o lu t io n  method i s  d e t a i l e d  f o r  th e  e q u a tio n s  g iv e n  in  Appendix A.
In  Appendix C, a  d e r iv a t io n  o f  th e  e q u a tio n s  n e c e ssa ry  f o r  sim u la­
t i o n  o f  th e  to rq u e -s p e e d  b eh av io r, g iven  a  3 p h ase , wye-node-open 
d r iv e , i s  p re s e n te d . The s im u la tio n  p ro c e ss  d e sc r ib e d  in c lu d e s  h an d l­
in g  o f  d io d e  e f f e c t s  d u rin g  th e  sw itch in g  o f  ph ase  e n e rg iz a t io n s ,  i . e .  
th e  com mutation p o in t s .
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CHAPTER H
EXPERIMENTAL EEEERMmKEICN OF ix/TOR PARAMETERS
H . 1  M otor D e sc r ip tio n  
The m o to r u sed  i n  t h i s  in v e s t ig a t io n  was a  p ro to ty p e  BIDC m otor 
t h a t  had  a  24 s l o t  s t a t o r ,  was wound a s  a  th r e e  p h ase  d e v ic e , and used  
a  4 p o le  r o t o r  t h a t  c o n s is te d  o f  a r c  segm ents o f  Neodymium-Iron-Boron, 
(Nd-Fe-B), r a r e  e a r th  m agnets. A c r o s s - s e c t io n a l  v iew  o f  th e  m otor i s  
shown in  F ig u re  I I - l .  T here w ere s e v e ra l  re a so n s  f o r  u s in g  th e  
p ro to ty p e  m otor r a th e r  th a n  an  . 'o f f  th e  s h e l f 7 m otor: 1) I t  was easy  
t o  make changes t o  th e  m otor and  e v a lu a te  th e  e f f e c t s  o f  th o s e  
changes. 2) F a re  e a r th  m agnet tech n o lo g y  i s  r a p id ly  d ev e lo p in g . 
P re s e n tly ,  r a r e  e a r th  m agnets a r e  o n ly  b e in g  u sed  i n  h ig h  perform ance 
a p p l ic a t io n s .  However, a s  magnet c o s ts  a r e  d e c re a s in g  in  th e  fu tu re ,  
one would e x p e c t t o  s e e  an  in c re a s e  in  th e  u se  o f  r a r e  e a r th  magnets 
in  more o rd in a ry  a p p l ic a t io n s .  3) R are e a r th  m agnets have c e r t a in  
c h a r a c t e r i s t i c s  t h a t  a r e  e a s i e r  t o  m odel; such  a s  a  m agnetic  r e c o i l  
p e rm e a b il i ty  app rox im ate ly  eq u a l t o  t h a t  o f  a i r ,  and a  second 
qu andran t d em ag n e tiza tio n  cu rv e  t h a t  i s  l i n e a r .  T h is  a llo w s  one to  
c o n c e n tra te  on o th e r  a s p e c ts  o f  th e  d e s ig n . I n  a d d i t io n ,  th e  magnet 
i s  n o t  s u b je c t  t o  p a r t i a l  d em ag n e tiza tio n  i f  i t  i s  removed from th e  
s t a t o r  s t r u c t u r e .
Due t o  t h e  h ig h  c o s t  o f  o b ta in in g  s in g le  q u a n t i t i e s  o f  r a r e  e a r th  
magnet p ie c e s  m anufactured  t o  s p e c i f i c  d im ensions, s e v e ra l  7o f f  th e  
s h e l f 7 a r c  segm ents w ere o b ta in e d  from In d ia n a  G eneral T echno log ies.
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S ta to r  L am inationR o to r Back Iro n
Phase W inding
R o to r M agnets (4)
S ta in le s s  S te e l  S h a f t
F ig u re  I I - l  
C ro s s -S e c tio n a l View o f  P ro to ty p e  BLDCM
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The m a te r ia l  ty p e  was a  Nd-Fe-B m a te r ia l  deno ted  a s  NeICT27. The 
m a n u fa c tu re r ' s  B-H cu rv es  f o r  t h e  m a te r ia l  a r e  shown in  F ig u re  I I - 2 a .  
Same ta b u la te d  d a ta  f o r  th e  m a te r ia l  i s  shown in  F ig u re  I I - 2 b .
A s t a t o r  la m in a tio n  t h a t  was o f  th e  a p p ro p r ia te  s i z e  f o r  th e  a r c  
shaped m agnets was s e le c te d  frcan a  la m in a tio n  c a ta lo g u e . The 
la m in a tio n  draw ing i s  shown i n  F ig u re  I I - 3 .  T h is  i s  a  24 s l o t  
la m in a tio n  made o f  M19 e l e c t r i c a l  g rad e  s t e e l .  A 24 s l o t  la m in a tio n  
was s e le c te d  because i t  i s  a  common la m in a tio n  u sed  in  BIDC m o to rs. 
The m agnet a rc  segm ents w ere mounted on a  s o f t  i r o n  r o to r  and th e  
o u te r  d ia m e te r , (OD), was ground t o  f i t  th e  s t a t o r  la m in a tio n . The 
r o to r  draw ing i s  shown in  F ig u re  I I - 4 b .  S ta to r  la m in a tio n s  w ere 
cem ented to g e th e r  and f i t  i n t o  an  aluminum housing  and, w ith  th e  
a d d i t io n  o f  end c ap s , t h e  m otor was com pleted.
Once th e  m otor was c o n s tru c te d , s e v e ra l c h a r a c te r i s t i c  p a ram e te rs  
w ere m easured t h a t  cou ld  b e  u se d  t o  v e r i f y  FEM r e s u l t s .  These 
c h a r a c t e r i s t i c  param eters  w ere: t h e  d e te n t  to rq u e  an g le  cu rv e , th e  
one-phase-on  to rq u e  an g le  cu rv e  a s  a  fu n c tio n  o f  phase  c u r r e n t ,  th e  
to rq u e  c o n s ta n t , th e  back emf waveform, th e  back  emf c o n s ta n t ,  and th e  
c o i l  f lu x  lin k a g e  a s  a  fu n c tio n  o f  phase  c u r re n t .  The ex p erim en ta l 
p ro ced u res  used  t o  de term ine  th e s e  c h a r a c te r i s t i c s  a r e  d e sc r ib e d  in  
th e  fo llo w in g  s e c tio n s .
U .2  D etent Torque Measurementa
The in te r a c t io n  o f  th e  s t a t o r  f i e l d  w ith  th e  perm anent m agnet i s  
n o t  th e  o n ly  sou rce  o f  to rq u e  p roduced  i n  th e  m otor. T here i s  a l s o  a  
d e te n t  o r  'co g g in g 7 to rq u e  p roduced  due t o  th e  p re sen ce  o f  t h e  s t a t o r  
i ro n  t e e t h  in  th e  perm anent m agnet f i e l d .  A to rq u e  a c t s  on th e  r o to r
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t o  a l ig n  i t  w ith  t h e  s t a t o r  p o le s  in  a  p o s i t io n  t h a t  m in im izes th e  
m agnetic f i e l d  e n e rg y . T h is  to rq u e  i s  c a l le d  d e te n t  to rq u e  and  i s  
u s u a lly  an  unw anted phenomena because i t s  p resen ce  c a u ses  to rq u e  
r ip p le ,  r e s u l t i n g  i n  speed  r ip p l e  d u rin g  th e  o p e ra tio n  o f  th e  m otor. 
For t h i s  re a so n , d e t e n t  to rq u e  i s  an im p o rtan t is s u e  i n  th e  
c o n s id e ra tio n  o f  t h e  d e s ig n  o f  BLDC m otors and w i l l  b e  d is c u s s e d  
f u r th e r  in  C h ap ter V.
The d e te n t  to rq u e  i n  t h i s  d ev ice  was m easured u s in g  an  autom ated 
to rq u e -a n g le  m easurem ent system . T his system  c o n s is t s  o f  a  B e rg e r- 
Lahr g e a r  head  s te p p in g  m otor, a  Dynamics R esearch  C o rp o ra tio n  7200 
coun t p e r  r e v o lu t io n  in c re m en ta l o p t ic a l  encoder, a  V ib rac  400 o z - in  
to rq u e  t r a n s d u c e r  and  a  D ig i ta l  Equipment c o rp o ra tio n  M icro-11 
m icrocom puter t o  c o n t r o l  th e  experim en tal system . T h is  sy stem  i s  
shown i n  F ig u re  I I - 5 .  A ngle accuracy  i s  + /“  -05 d eg ree s , and  to rq u e  
accuracy  i s  + / -  0 .4  o z - in .  T h is  system  sam ples and s to r e s  m otor r o to r  
a n g le , d e te n t  to rq u e ,  in s tru m e n ta tio n  to rq u e , and t o t a l  to rq u e  due t o  
b o th  phase  e n e rg iz a t io n  and d e te n t .  T h is  a llo w s one t o  s u b t r a c t  
in s tru m e n ta tio n  to rq u e  from th e  t o t a l  to rq u e  on a  p o in t  by  p o in t  
b a s is .  Thus, th e  o r ig i n a l  accu racy  o f  th e  to rq u e  t r a n s d u c e r  i s  
improved. The sy stem  a l s o  a llo w s one t o  s u b t r a c t  th e  d e te n t  to rq u e  
from th e  t o t a l  to rq u e  on a  p o in t  by p o in t  b a s i s ;  th e re b y  a llo w in g  one 
t o  view  j u s t  th e  o n e-phase-on  s t a t o r  to rq u e  a lo n e .
The d e te n t  to rq u e  produced fcy th e  p ro to ty p e  m otor i s  shown in  
F ig u re  I I - 6 .  The d a t a  shown s t a r t s  a t  a  s ta b le  e q u ilib r iu m  d e te n t  
p o s i t io n  and was ta k e n  o v e r 180 m echanical d eg rees  -  w hich co rresponds 
t o  tw elve  c y c le s  o f  th e  d e te n t  to rq u e . The average peak  v a lu e  i s  61.8
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o z -in c h e s . The p e r io d  o f  th e  d e te n t  to rq u e  i s  15 m echanical d e g re e s . 
T h is  co rresponds t o  one to o th  p i t c h  o f  th e  24 s l o t  s t a t o r .
I I .  3 S t a t o r  Tornue-A nole cu rv e  tfeasuranpjTt 
I n  o rd e r  t o  d e te rm in e  th e  one-phase-on  s t a t o r  to rq u e , f i r s t  th e  
t o t a l  to rq u e  m ust b e  d e te rm in ed . T o ta l to rq u e s  f o r  th e  m otor w ere 
measured in  th e  same m anner a s  th e  d e te n t  to rq u e . The t o t a l  to rq u t 
c o n s is ts  o f  th e  n e t  to rq u e  due t o  b o th  th e  s t a t o r  phase  c u r r e n t s  and 
th e  d e te n t  to rq u e . The one-phase-on  to rq u e  i s  produced by th e  
in te r a c t io n  o f  th e  s t a t o r  f i e l d  and perm anent magnet f i e l d .  The 
d e te n t  to rq u e  i s  p roduced by  th e  in te r a c t io n  o f  th e  perm anent m agnet 
f i e l d  w ith  th e  s t a t o r  i r o n  p o le s .  Knowing th e  one-phase-on  to rq u e  i s  
im p o rtan t because i t  r e p r e s e n ts  th e  c o n t ro l la b le  to rq u e  p roduced  by 
th e  m otor. F urtherm ore, t h e  s t a t o r  lam in a tio n s  a re  o f te n  'sk ew e d ' t o  
e l im in a te  th e  d e te n t  to rq u e . Hence, i f  d e te n t  to rq u e  can  b e  
e lim in a te d , th e  t o t a l  to rq u e  o u tp u t o f  th e  m otor w i l l  b e  j u s t  t h e  one- 
phase-on  to rq u e . 'S kew ing ' i s  th e  te rm  a p p lie d  to  d e s c r ib e  a  tw is t in g  
o f  th e  s t a t o r  s ta c k  so  t h a t  th e  edge o f  a  s t a t o r  to o th  i s  n o t  p a r a l le l ,  
t o  th e  edge o f  a  m agnet. The con cep t o f  skewing and i t s  e f f e c t s  w i l l  
be  d isc u sse d  in  d e t a i l  i n  C hap ter V.
The one-phase-on  to rq u e  a n g le  cu rv es  produced by e n e rg iz a t io n  o f  
one phase o f  th e  p ro to ty p e  BLDCM, a r e  shown in  F ig u re  I I - 7 ,  N ine 
s t a t o r  to rq u e  cu rv es  f o r  n in e  d i f f e r e n t  c u r re n t  le v e ls  a r e  shown in  
t h i s  f ig u re .  The c u r r e n t  l e v e l s  s t a r t  a t  0 .25 amps and a r e  
increm ented by 0 .25  amps t o  a  f i n a l  v a lu e  o f  2 .25 amps. As s t a t e d  
p re v io u s ly , th e  o ne-phase-on  to rq u e -a n g le  cu rves a re  o b ta in e d  b y  
m easuring b o th  th e  t o t a l  to rq u e -a n g le  cu rv es  and th e  d e te n t  to rq u e  
cu rv es  and th e n  s u b tr a c t in g  th e  d e te n t  to rq u e  from th e  t o t a l  to rq u e ,
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on a  p o in t  by  p o in t  b a s i s .  T h is  p ro c e s s  assumes t h a t  no m agnetic  
s a tu r a t io n  h a s  occured . T h e re fo re , t h e  p r in c ip a l  o f  su p e rp o s itio n  can  
b e  a p p l ie d  t o  s e p a ra te  th e  two to rq u e  com ponents. Assuming t h a t  
s u p e rp o s it io n  a p p l ie s ,  one se e s  i n  t h i s  f ig u r e  t h a t  an  a d d i t io n a l  
harm onic component e x i s t s  in  th e  s t a t o r  to rq u e  an g le  cu rv e  t h a t  i s  o f  
th e  same p e r io d  a s  th e  d e te n t  to rq u e . T h is  i s  due t o  th e  f a c t  t h a t  th e  
c o i l  induced  f lu x  d e n s ity  d i s t r i b u t i o n  t h a t  e x i s t s  in  th e  re g io n  o f  
th e  m agnet, h a s  a  harm onic o f  t h i s  p e r io d  w hich i s  caused  by  th e  
s t a t o r  s l o t s .  T h is  a l s o  w i l l  b e  a d d re s se d  f u r th e r  in  C hap ter V.
U . 4  T o rq u e  Constant-.
The to rq u e  c o n s ta n t ,  K,., o f  a  m oto r, i s  a  param eter w hich i s  u sed  
t o  r e l a t e  th e  m agnitude o f  th e  to rq u e -a n g le  cu rv e  t o  th e  c u r r e n t .  I t  
i s  commonly u se d  in  b ru sh  DC m otor te ch n o lo g y . In  t h a t  te ch n o lo g y  one 
u s u a l ly  th in k s  o f  th e  m otor a s  a  'b la c k  b o x ' and u se s  i t s  te rm in a l 
c h a r a c t e r i s t i c s .  I f  a  c o n s ta n t ,  u n id i r e c t io n a l  c u r r e n t  i s  in je c te d  
in to  t h e  te rm in a ls  o f  th e  d e v ic e , a  u n id i r e c t io n a l  to rq u e  i s  o b ta in e d  
w hich i s  p ro p o r t io n a l  t o  th e  c u r r e n t .  Suppose, however, t h a t  t h e  com­
m u ta tio n  p ro c e s s  i s  in te r ru p te d .  I f  c u r r e n t  i s  a p p lie d  t o  one o f  th e  
r o t o r  w ind ings th ro u g h  one o f  th e  com m utator b a r s ,  and p rev en ted  from 
sw itc h in g  t o  a  d i f f e r e n t  s e t  o f  com m utator b a r s  a s  th e  r o to r  moved, 
one c o u ld  th e n  m easure a  to rq u e  a n g le  cu rv e  f o r  th e  BDCM. T here  would 
b e  a  p h ase  s h i f t e d  to rq u e  a n g le  cu rv e  f o r  each  s e t  o f  commutator b a rs  
connec ted  t o  su p p ly  by th e  b ru sh e s .
I n  b ru sh  DC m otors th e r e  a r e  u s u a l ly  a  la rg e  number o f  com m utators 
w hich r e s u l t s  i n  a  la rg e  number o f  p h ase  s h i f te d  to rq u e -a n g le  cu rv es . 
T h is  i s  u n l ik e  th e  ELDCM which o f te n  h as  o n ly  th r e e  phases o r ,  a t
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-26-
b e s t ,  s ix  to rq u e -a n g le  c a rv e s . Because o f  t h e  l a r g e  number o f  p hases  
in  a  BDCM one com m utates, (sw itches freon one to rq u e  a n g le  cu rve  t o  
a n o th e r ) , o v e r  a  v e ry  narrow  ran g e  around th e  peak  o f  th e  to rq u e  a n g le  
cu rv e . H ence, t h e  n e t  s t a t i c  to rq u e  a n g le  cu rv e  f o r  a  commutated BDCM 
i s  a  DC le v e l  w ith  same sm all amount o f  r i p p l e .  (See F ig u re  I I - 8 ) .
The av erag e  v a lu e  o f  t h i s  to rq u e  i s  p ro p o r t io n a l  t o  th e  in p u t c u r r e n t .  
T h is  c o n s ta n t  o f  p r o p o r t io n a l i ty  i s  r e f e r r e d  t o  a s  th e  to rq u e  
c o n s ta n t , and  i s  a  f ig u r e  o f  m e r i t  f o r  th e  d e v ic e . One can compare 
to rq u e  c o n s ta n ts  o f  s im i la r  m achines t o  ju d g e  t h e i r  to rq u e  p roducing  
c a p a b i l i t i e s .
A BUXM h a s  few er p h ases  and hence, a  l a r g e r  to rq u e  r ip p le .  I n  
a d d i t io n , one o f te n  h a s  th e  f l e x i b i l i t y  o f  a l t e r i n g  th e  commutation 
an g le  o r  t h e  number o f  p h ases  which a r e  e n e rg iz e d , e i t h e r  o f  th e s e  
can  a l t e r  t h e  av e ra g e  commutated to rq u e . S in ce  a  to rq u e  c o n s ta n t 
r e l a t i n g  te rm in a l  in p u t c u r r e n t  t o  th e  av erag e  commutated to rq u e  i s  
n o t  in dependen t o f  th e s e  p a ram ete rs , th e  to rq u e  c o n s ta n t  concep t i s  
n o t  a s  u s e fu l  a s  i t  was f o r  th e  BDCM. In s te a d ,  we s e l e c t  th e  c o n s ta n t 
o f  p r o p o r t io n a l i ty  r e l a t i n g  th e  peak  o f  t h e  o ne-phase-on  to rq u e  an g le  
cu rve t o  t h e  p h ase  c u r r e n t .  See E quation  I I - l .  T h is  i s  independent 
o f  com m utation a n g le  and phase  co n n ec tio n  scheme.
Tp e a k = V  ( H - l )
The to rq u e  c o n s ta n t  can  be found by d e te rm in in g  th e  peak to rq u e  
v a lu e s  o b ta in e d  from  th e  s t a t o r  to rq u e  v e rsu s  a n g le  cu rv es  and th e n  
ap p ly in g  a  l i n e a r  l e a s t  sq u a re s  f i t  a n a ly s is  t o  th e  to rq u e -c u r re n t  
d a ta .  O ften , t h e  to rq u e -a n g le  cu rve i s  ap p ro x im ate ly  s in u s o id a l  o r  
tr a p e z io d a l  and  so  th e  peak  to rq u e  o ccu rs  a t  t h e  90 e l e c t r i c a l  deg ree  
p o in t .  Hence, one can  sim ply  m easure th e  to rq u e -c u r re n t  r e l a t io n  a t
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th e  peak  to rq u e  p o s i t io n .  U n fo rtu n a te ly , f o r  a  m otor such  a s  t h i s  
p ro to ty p e  m otor, w hich h as  a  la rg e  amount o f  r ip p l e  i n  th e  to rq u e  
an g le  c u rv e , th e  peak  to rq u e  v a lu e  d o e s n 't  alw ays c o in c id e  w ith  t h e  90 
e l e c t r i c a l  d eg ree  p o in t .  Two a l t e r n a t iv e  approaches m ight b e  ta k e n :
1) One m igh t ta k e  t h e  'a v e ra g e ' peak  to rq u e  i f  t h e  r ip p l e  were 
removed, (a s  m igh t o ccu r by skewing, f o r  exam ple). 2) One m ight ta k e  
th e  v a lu e  found a t  th e  90 e l e c t r i c a l  d eg ree  p o in t .
The d a ta  shewn i n  F ig u re  I I - 9  u se s  method 2 . T h is  was done 
because  th e  ex p erim en ta l d a ta  w i l l  b e  compared t o  f i n i t e  elem ent 
r e s u l t s  o b ta in e d  from th e  90 e l e c t r i c a l  d eg ree  p o in t .  T h is  w i l l  a llo w  
a  common b a s i s  o f  com parison. The to rq u e  c o n s ta n t i s  eq u a l t o  th e  
s lo p e  o f  th e  l i n e  shown in  F ig u re  I I - 9 .
Ktexp = 50.23 oz-in /A np 
One can  s e e  from F ig u re  I I - 9  t h a t  th e  to rq u e -c u r re n t  r e l a t i o n  i s  
l i n e a r .  One m igh t i n f e r  t h a t  th e  s t a t o r  and r o to r  back  iro n  a r e  n o t  
b e in g  d r iv e n  in to  m agnetic  s a tu r a t io n  by  th e  c o i l .  However, i t  w i l l  
b e  shown t h a t  t h e  perm anent magnet i s  s tro n g  enough t o  s a tu r a te  th e  
iro n  even  when th e  s t a t o r  phase c u r r e n t  i s  z e ro .
H .5  Back Tfrnf Waveform 
Whenever th e  m otor r o to r  h a s  some v e lo c i ty ,  th e  s t a t o r  c o i l s  
e n c lo se  a  tim e  v a ry in g  m agnetic f lu x .  T h is  changing f lu x  cau ses  a  
back  emf v o l ta g e ,  Vbem f, t o  b e  induced  i n  th e  c o i l s .  The r e la t io n s h ip  
i s  ex p re ssed  m a th e m a tic a llly  i n  E quation  I I - 2 .
dXt j j
V b e n , f  =  -  5 E  =  "  N  1  ( I 3 > 2 )
Where: N = number o f  tu r n s  o f  th e  c o i l
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0 s  t o t a l  f lu x  l in k in g  a l l  N tu r n s  
\ t = t o t a l  f lu x  l in k a g e s  f o r  th e  c o i l
The f lu x  i s  a  fu n c tio n  o f  r o to r  a n g le , 0, w hich i s  a  fu n c tio n  o f  tim e :
A p p lic a tio n  o f  th e  ch a in  r u l e  t o  E q u a tio n s  I I - 2  and I I - 3  y ie ld s :
I f  th e  r o t o r  i s  d r iv e n  a t  a  c o n s ta n t  speed , ©o , th e  v o lta g e  waveform 
t h a t  a p p e a rs  a c ro s s  th e  phase  i s  p ro p o r t io n a l  t o  th e  a n g u la r  r a t e  o f  
change o f  f lu x  l in k in g  th e  c o i l .
The b ack  emf waveform was m easured by  d r iv in g  th e  p ro to ty p e  BLDCM 
a t  a  c o n s ta n t  speed  w ith  a  DC m otor. The m otor speed  and th e  v o lta g e  
t h a t  ap p ea red  a c ro s s  one o f  th e  open c i r c u i t e d  p h ases  w ere m easured. 
F ig u re  11-10 shows th e  waveform.
S im ila r  t o  th e  to rq u e  c o n s ta n t ,  (d e sc rib e d  in  S e c tio n  11=4), th e  
b ack  emf c o n s ta n t  o f  a  BLDCM i s  a  c o n s ta n t o f  p ro p o r t io n a l i ty  r e l a t i n g  
th e  peak  v o l ta g e  o f  th e  back  emf waveform t o  th e  r o t o r  speed . The 
back  emf waveform was m easured by  d r iv in g  th e  m otor a t  a  c o n s ta n t 
speed  and  re c o rd in g  th e  v o lta g e  waveform t h a t  appeared  a c ro s s  a  phase , 
(F ig u re  1 1 -1 0 ). The f lu x  d e r iv a t iv e ,  90/30, v e rsu s  an g le  waveform i s  
p ro p o r t io n a l  t o  t h i s  v o lta g e . (See E quation  I I - 4 ) .
The b ack  emf c o n s ta n t was d e term ined  by m easuring  th e  m agnitude o f
0 = f ( 0 ( t ) ) ( I I —3)
( I I —4)
Where:
U . 6  B a c k  ThrF C o n s t a n t
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th e  back  entf v o lta g e  t h a t  appeared  a c ro s s  a  p h ase  w h ile  th e  m otor was 
d r iv e n  a t  a  w ide v a r i e ty  o f  c o n s ta n t speeds. The r e s u l t i n g  p lo t  i s  
shown in  F ig u re  11-11.
N orm ally, th e  peak  o f  t h e  back  emf v o lta g e , l i k e  t h e  peak  to rq u e , 
o ccu rs  a t  th e  90 e l e c t r i c a l  d eg ree  p o in t  o f  th e  waveform. T h is  i s  
d e s i r a b le  because  we can  th e n  compare back emf and to rq u e  c o n s ta n ts , 
knowing t h a t  th e y  w ere de term ined  from d a ta  ta k e n  a t  t h e  same r o to r  
p o s i t io n s .  W hile th e  peak  v o l ta g e  does n o t o ccu r a t  t h e  90 degree  
p o in t  f o r  th e  p ro to ty p e  BLDCM, one can  se e  from F ig u re  11-10 t h a t  th e  
peak v o lta g e  i s  app ro x im ate ly  eq u a l t o  th e  v o lta g e  a t  t h e  90 d eg ree  
p o in t .  T h e re fo re , th e  s lo p e  o f  th e  envelope, (shown i n  F ig u re  11 -11), 
was u sed  t o  f in d  th e  back  emf c o n s ta n t .
K^exp =  0.332 V o lts / r a d /s e c  ( I I -5 )
U .7  F ln v  T.inkaqg* v p j s u s  C u rren t 
Suppose t h a t  a  s im ple  one d im ensional m agnetic c i r c u i t  i s  u sed  to  
model t h e  f lu x  l in k in g  th e  m agnet and c o i l .  T h is  c i r c u i t  c o n s is ts  o f
two so u rc e s , th e  m agnet and th e  c o i l ,  and an e f f e c t iv e  re lu c ta n c e  f o r
a irg a p , magnet and s t e e l  p a r t s  o f  th e  c i r c u i t .  Hence, th e  f lu x  i s  
sim ply eq u a l t o  t h e  sum o f  t h e  mmfs d iv id ed  by th e  e f f e c t iv e  r e ­
lu c ta n c e . The t o t a l  f lu x  l in k a g e s  f o r  th e  N tu r n  c o i l  i n  t h i s  
c i r c u i t ,  i s  g iv en  by:
l ^ i  -  NF (0)
\  = N0 = --------------------  ( I I -6 )
Where: \ t = t o t a l  f lu x  lin k a g e s  o f  c o i l  
0 = t o t a l  f lu x  f o r  c i r c u i t
Fm = irtmf p ro v id ed  by  magnet, a  fu n c tio n  o f  an g le , 0
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7?e s  e f f e c t iv e  s a tu ra b le  r e lu c ta n c e  o f  c i r c u i t ,  a  
fu n c tio n  o f  th e  t o t a l  f lu x  lin k a g e s
N = number o f  c o i l  tu r n s
i  s  c o i l  c u r re n t
B ie  e f f e c t iv e  r e lu c ta n c e  o f  th e  c i r c u i t  h a s  been  assumed t o  b e  
s a tu r a b le  and  th e r e f o r e  i s  a  fu n c tio n  o f  t h e  t o t a l  f lu x  l in k in g  th e  
c i r c u i t .  The t o t a l  f lu x  lin k a g e  o f  th e  c i r c u i t  can  b e  s e p a ra te d  in to  
two components: Xc , cau sed  by th e  c o i l ,  and ^ , caused  by  th e  m agnet.
E q u a tio n s  I I - 8 a  and  8b show t h a t  o n ly  X. i s  a  fu n c tio n  o f  c u r r e n t  
i f  th e r e  i s  no s a tu r a t io n  and 7?e i s  a  c o n s ta n t .  I n  t h a t  c a s e  th e  
s lo p e  o f  t h e  f lu x  l in k a g e -c u r re n t  c h a r a c t e r i s t i c  i s  c o n s ta n t  and  
independen t o f  X^.
I f  th e  m agnet i s  t h e  p r in c ip a l  so u rce  o f  f lu x  l in k a g e  and  c au se  o f  
s a tu r a t io n ,  th e n  t h e  s lo p e  o f  th e  f lu x  l in k a g e -c u r re n t  c h a r a c t e r i s t i c  
w i l l  change w ith  t h e  p re se n c e , (o r  s t r e n g th ) , o f  th e  perm anent m agnet. 
I f  th e  coi3. i s  th e  p r in c ip a l  cau se , th e  f lu x  l in k a g e -c u r re n t  
c h a r a c t e r i s t i c  w ould n o t  b e  l i n e a r .  The s lo p e  w ould d e c re a se  w ith  
in c re a s in g  c u r r e n t .
The f lu x  lin k a g e  v e rs u s  c u r re n t  c h a r a c t e r i s t i c  o f  th e  m oto r i s  
determ ined  by  re c o rd in g  th e  locked  r o to r  c u r r e n t  re sp o n se  t o  a  s te p  
change in  a p p l ie d  v o l ta g e .  The d if fe re n c e  betw een th e  a p p l ie d  v o lta g e  
and th e  ±R d ro p  i s  n u m e ric a lly  in te g ra te d  w ith  r e s p e c t  t o  tim e  t o  
y ie ld  th e  f lu x  lin k a g e  a s  a  fu n c tio n  o f  tim e . (See E q u a tio n  I I - 9 ) .
(H -7 )
X.c ( I I -8 a ,8 b )
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X (t) =  f  (V (T )-R i(T ))d T  + \ 0 ( I I - 9 )
J 0
\ 0 i s  eq u a l t o  th e  f lu x  l in k in g  th e  c o i l  due t o  th e  perm anent m agnet. 
A lth o u ^ i \ 0 i s  unknown, i t  i s  s im p ly  s e t  t o  z e ro . The o n ly  e f f e c t  
t h i s  h a s  i s  t o  remove th e  DC b ia s  from th e  f lu x  l in k a g e -c u r re n t  
c h a r a c t e r i s t i c .
Once th e  f lu x  lin k a g e  i s  c a lc u la te d ,  b o th  th e  c u r r e n t  and 
co rresp o n d in g  f lu x  lin k a g e  v a lu e s  a r e  known f o r  any in s t a n t  in  tim e . 
F lu x  lin k a g e  th e n  can  b e  p lo t t e d  v e rsu s  c u r r e n t .  F ig u re  11-12 shows 
tw o f lu x  lin k a g e -c u r re n t  c u rv e s , (1) and (2 ) . Curve (1) was c a lc u la te d  
from  d a ta  o b ta in ed  w ith  th e  r o t o r  magnets mounted on th e  r o to r  back  
i r o n .  Curve (2) was c a lc u la te d  f rom d a ta  o b ta in ed  w ith  j u s t  th e  r o t o r  
b ack  i ro n  in  p la c e  and no r o to r  m agnets. As was shown in  E quations
II-8a& b, i f  th e r e  was no s a tu r a t io n  in  th e  s t a t o r  i r o n  th e n  th e  s lo p e  
o f  th e s e  two cu rv es  would b e  th e  same. (N eg lec ting  th e  f a c t  t h a t  th e  
magnet i s  10% more perm eable th a n  a i r .
F ig u re  11-12 shows t h a t  f o r  t h i s  m otor th e  magnet i s  th e  p r in c ip a l  
cau se  o f  s a tu r a t io n .  The p re sen ce  o f  th e  magnet cau ses  a  40% d e c re a se  
i n  th e  s lo p e  o f  th e  f lu x  l in k a g e -c u r re n t  cu rv e . I f  th e  p e rm e a b il ity  
o f  th e  m agnet i s  accoun ted  f o r ,  t h e  p resen ce  o f  th e  magnet has  caused  
c lo s e  t o  a  50% d ec re a se  in  s lo p e . T h is  d ec re a se  m ust b e  due t o  s a ­
tu r a t io n  e f f e c t s .
The p receed in g  d is c u s s io n  and  measurements have shown t h a t  
d e te rm in in g  th e  f lu x  lin k a g e -c u r re n t  c h a r a c te r i s t i c  o f  th e  m otor 
p ro v id e s  one w ith  in fo rm a tio n  r e l a t i n g  to  th e  d eg ree  and sou rce  o f  
m agnetic  s a tu r a t io n  p re s e n t  i n  th e  m otor. In  a d d i t io n ,  th e  f lu x  
l in k a g e -c u r re n t  c h a r a c t e r i s t i c  can  a ls o  b e  used  t o  determ ine  th e
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Curve (1) -  W ith Permanent Magnets on R otor 
Curve (2) -  W ithout Permanent Magnets on R otor
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e le c fc r ic a l iix tuc tanoe  o f  th e  m o to r, Frcm F a ra d a y 's  law :
.
V = ** + d t  (H -10)
A pplying th e  c h a in  r u le :
d \  d i  d \  d 0
v  = dB + 9 T 3 t  + W  a t  <“ - 11>
I t  i s  obvious from th e  form o f  E quation  11-11 t h a t  th e  p a r t i a l  
d e r iv a t iv e  o f  \ t w ith  r e s p e c t  t o  c u r re n t  i s  th e  in d u c ta n c e  o f  th e  
c i r c u i t .  I f  th e  f lu x  l in k a g e -c u r r e n t  c h a r a c t e r i s t i c  i s  l i n e a r ,  a s  in  
th e  ex p erim en ta l c a s e ,  th e n  t h i s  param eter i s  a  c o n s ta n t ,  and would be  
eq u a l to  t h e  in d u c tan ce  d e term ined  from th e  lo ck ed  r o t o r  c u r r e n t  
resp o n se  t o  a  s te p  change in  v o l ta g e .
The s te p  re sp o n se  method was u sed  t o  de term ine  th e  in d u c tan ce  o f  
th e  m otor w ith  t h e  m agnets p r e s e n t  and a ls o  w ith  them  removed. I n  
T ab le  I I - l  t h e  r e s u l t s  o f  th o s e  measurements a r e  compared t o  th e  
s lo p e s  o f  th e  f lu x  l in k a g e -c u r r e n t  c h a r a c te r i s t i c s  o f  F ig u re  11-12.
I t  i s  obv ious t h a t  th e  d e te rm in a tio n  o f  th e  f lu x  l in k a g e -c u r r e n t  cu rve  
i s  an  e f f e c t iv e  means o f  d e te rm in in g  in d u c tan ce . I t  h a s  th e  added 
f e a tu r e  o f  r e v e a l in g  s a tu r a t io n  in fo rm a tio n .
T a b le  I I - l
Comparison o f  F lu x  L inkage-C urren t S lope t o  M easured In d u c tan ce
S tep  Response \ - i  s lo p e % diffe ren ce  o f  s lo p e
In d u c tan ce  (mH) (irH) from S tep  Response
W ith magnet 6 .3 6.18 -1 .9
No Magnet 10 .6 10.00 -5 .7
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H . 8  Summary
I n  t h i s  c h a p te r , c h a r a c t e r i s t i c  p a ram ete rs  o f  th e  p ro to ty p e  m otor 
w ere de term ined . I n  d e te rm in in g  th e s e ,  s e v e ra l  p o in ts  became e v id e n t 
t h a t  w i l l  have t o  b e  ad d re ssed  in  any  re d e s ig n s : 1) H ie m agnitude o f  
th e  d e te n t  to rq u e  i s  app rox im ate ly  60 o z - in .  T h is  i s  ex trem ely  la rg e  
compared t o  th e  peak  one-phase-on  to rq u e , 100 o z - in ,  a t  th e  th e rm a lly  
r a te d  c u r r e n t  o f  2 .0  amps. I f  th e  d e te n t  to rq u e  i s  n o t  e l im in a te d , o r  
a t  l e a s t  s ig n i f i c a n t ly  reduced , th e  r e s u l t in g  v e lo c i ty  r i p p l e  induced 
would b e  v e ry  la rg e .  2) The one-phase-on  s t a t o r  to rq u e  h a s  a  la rg e  
r ip p l e  component. I f  t h i s  to rq u e  r i p p l e  i s  n o t  e l im in a te d  o r  reduced , 
i t  w i l l  c au se  a  la rg e  v e lo c i ty  r ip p l e  i n  many a p p l ic a t io n s .  3) The 
r o to r  m agnets cau se  enough m agnetic  s a tu r a t io n  so  t h a t  th e  s lo p e  o f  
th e  c o i l  f lu x  lin k a g e  v s  c u r r e n t  cu rv e  o b ta in e d  a t  th e  s t a b l e  eq u i­
lib r iu m  p o s i t io n ,  changes by  40% i f  t h e  m agnets a r e  i n  p la c e .  S in ce  
i t  can  b e  shown w ith  s im p le  m agnetic  c i r c u i t  m odels t h a t  th e r e  i s  a  
d i r e c t  c o r r e l a t io n  betw een th e  to rq u e  c o n s ta n t  and  th e  f lu x -c u r r e n t  
s lo p e , th e  to rq u e  c o n s ta n t  co u ld  b e  in c re a se d  i f  th e  s a tu r a t io n  
c o n d it io n  was r e l ie v e d .  I n  o rd e r  t o  r e l i e v e  t h e  s a tu r a t io n  i t  m ight 
b e  n e c e ssa ry  t o  make th e  t e e t h  w ider a n d /o r  th e  r o to r  and s t a t o r  back 
ir o n s  th i c k e r .  T h is  w i l l  r e s u l t  in  a  l a r g e r  and h e a v ie r  m otor.
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A tw o-d im ensional n o n lin e a r  f i n i t e  e lem ent model vising t r i a n g u la r  
f i r s t  o rd e r  f i n i t e  elem ents was u sed  t o  a n a ly ze  th e  s t a t i c  m agnetic 
f i e l d  p roduced  w ith in  th e  p ro to ty p e  m otor. The d e r iv a t io n  o f  t h i s  
f i n i t e  e lem en t model i s  shown in  Appendix A. The Newton-Raphson 
p ro c e s s  u sed  t o  so lv e  th e  r e s u l t in g  s e t  o f  n o n lin e a r  a lg e b ra ic  
e q u a tio n s  i s  shown in  Appendix B.
T h is  c h a p te r  i s  d iv id ed  in to  tw o p r in c ip a l  s e c t io n s .  I n  th e  f i r s t  
s e c t io n ,  a s p e c ts  o f  th e  f i n i t e  e lem en t model a r e  d isc u sse d , such a s  
th e  mesh c r e a t io n ,  m odelling  th e  n o n l in e a r i t i e s  i n  th e  i r o n ,  and 
m ode lling  th e  perm anent m agnet. I n  t h e  second s e c t io n ,  th e  r e s u l t s  o f  
th e  f i n i t e  e lem en t a n a ly s is  a r e  d is c u s se d .
I n  m otor m agnetic  a n a ly s is ,  q u e s tio n s  a r e  n o t  answered by sim ply 
o b ta in in g  th e  s o lu t io n  to  th e  f i n i t e  e lem en t m odel. I n  m otor a n a ly s is ,  
one i s  u s u a l ly  concerned w ith  d e te rm in in g  th e  m otor c h a r a c te r i s t i c  
p a ram ete rs  such  a s  th e  to rq u e  c o n s ta n t ,  back  emf waveform, en e rg ized  
to rq u e -a n g le  c u rv e , d e te n t  to rq u e -a n g le  cu rv e  and  f lu x  l in k a g e -c u r re n t 
cu rv e . The d e te rm in a tio n  o f  some o f  th e s e  c h a r a c te r i s t i c s  re p re s e n ts  
a  la rg e  amount o f  p o s t  p ro c e ss in g  and  many f i n i t e  elem ent s o lu t io n s .  
Methods o f  d e te rm in in g  th e se  p a ram ete rs  a r e  p re se n te d  in  t h i s  c h a p te r . 
Where p o s s ib le ,  methods a r e  p re s e n te d  w hich r e q u ir e  few er f i n i t e  
e lem ent s o lu t io n s  and s tre a m lin e  th e  c a lc u la t io n s .
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The c a lc u la te d  p a ra m e te rs  a r e  th e n  compared t o  t h e  exjperim ental 
ones found in  C hapter I I  and th e  o v e ra l l  accu racy  o f  th e  f i n i t e  
elem ent model i s  e v a lu a te d . I t  i s  shown t h a t  tw o-d im ensional f i n i t e  
elem ent a n a ly s is  seems t o  p r e d ic t  th e  to rq u e  c o n s ta n t  and to rq u e -a n g le  
c h a r a c t e r i s t i c  w e ll b u t  i s  d e f i c i e n t  in  p r e d ic t in g  in d u c tan ce  and 
d e te n t  to rq u e . Q uestio n s  a r e  r a is e d  a s  t o  th e  c au se  o f  th e s e  d x sc re — 
p e n c ie s  and a r e  ad d resed  f u r th e r  in  C hapter IV.
T T T .l The F in it e  E lem en t M odel 
TTT.Ia Tfe sh  iv ^ el otiuen t
The mesh t h a t  was c re a te d  was a  ' r e g u l a r ' , f i r s t  o rd e r  t r i a n g u la r  
mesh. By 'r e g u l a r '  i t  i s  m eant a  mesh t h a t  i s  formed by f i r s t  
c r e a t in g  a  g r id  a s  shown in  F ig u re  I I I - l .  T h is  g r id  can  b e  i n  e i t h e r  
a  c a r t e s ia n  o r  a  p o la r  c o o rd in a te  system . G rid  in c rem en ts , o r  
sp ac in g , i s  s e le c te d  i n  advance depending upon th e  geom etry o f  th e  
problem  b e in g  m odeled. A f te r  th e  g r id  i s  c re a te d , in d iv id u a l  nodes 
can  b e  moved s l i g h t l y  so  t h a t  th e  mesh f i t s  th e  problem  geom etry 
b e t t e r .  T r ia n g u la r  f i r s t  o rd e r  e lem en ts a r e  a u to m a tic a l ly  formed 
d u rin g  th e  g e n e ra tio n  o f  th e  r e g u la r  mesh. In  t h i s  p a r t i c u l a r  code, 
th e  t r i a n g u la r  e lem en ts a r e  formed by p la c in g  a  d ia g o n a l betw een th e  
u pper l e f t  and  low er r i g h t  c o rn e r  o f  each  sq u are  formed by  th e  g r id .
T here a r e  advan tages and d isad v an tag es  t o  t h i s  ty p e  o f  mesh. I t s  
p r in c ip a l  advan tage l i e s  in  th e  e a se  w ith  which a  mesh can  b e  c re a te d .  
By sim ply  sp e c ify in g  th e  number o f  nodes on th e  to p  and s id e  
b o u n d arie s , a s  w e ll a s  th e  sp ac in g  o f  th o s e  nodes, t h e  e n t i r e  mesh i s  
c re a te d . Then, one sim p ly  needs t o  map th e  m a te r ia l  p r o p e r t ie s  o f  th e  
problem  o n to  th e  mesh. C are sh o u ld  b e  e x e rc is e d  when s p e c ify in g  th e
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T y p ica l d ia g o n a l u sed  
to  form t r i a n g u la r  e lem en ts  
from  g r id  sq u are
Node
T y p ic a l
T r ia n g u la r
E lem ent
F ig u re  I I I - l  
'R e g u la r ' F in i te  Element Mesh
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node sp a c in g  s o  a s  n o t  t o  exceed a s p e c t r a t i o s  f o r  th e  t r i a n g le s  o f  
5 :1 . T h is  i s  b ecau se  th e  f i n i t e  e lem en t fo rm u la tio n  r e s u l t s  i n  a  
m a tr ix  w hich h a s  a s  i t s  components, c o ta n g e n ts  o f  th e  elem ent a n g le s .
A 5 :1  a s p e c t  r a t i o  g iv e s  a  m argin o f  s a f e ty  so  t h a t  t h e  in c lu d ed  
an g le s  do n o t  became to o  sm all and cau se  num erica l e r r o r s  when th e  
c o ta n g e n ts  a r e  form edc4] .
The g r id  ty p e  n a tu re  o f  th e  mesh le a d s  t o  a  node numbering scheme 
t h a t  i s  a l s o  v e ry  r e g u la r .  The nodes a r e  numbered s e q u e n tia l ly  by  row 
s t a r t i n g  a t  t h e  u p p er l e f t  c o m e r  o f  t h e  g r id  and end ing  a t  th e  bottom  
r i g h t  c o m e r  o f  t h e  g r id .  T h is  numbering scheme a llo w s  easy  
m an ip u la tio n  o f  th e  mesh p ro p e r t ie s  because  th e  r e l a t i o n  betw een in ­
d ic ia s  f o r  a d ja c e n t  nodes rem ains f ix e d . I t  a l s o  r e s u l t s  in  a  sp a rs e  
m a tr ix  w hich can  b e  so lv ed  ra p id ly .  I n  a d d i t io n ,  a lg o rith m s  f o r  
v a r io u s  ty p e s  o f  p r e -  and p o s t -  p ro c e ss in g  o p e ra t io n s  can  b e  developed 
w ith  r e l a t i v e  e a s e .  T h is  was an  im p o rtan t f a c to r ,  s in c e  we w ere ex­
p lo r in g  many d i f f e r e n t  id e a s  t o  a id  i n  th e  c r e a t io n  o f  mesh models f o r  
m otors - a s  w e ll  a s  d i f f e r e n t  id e a s  f o r  p o s t  p ro c e s s in g  o p e ra tio n s  t o  
answer q u e s tio n s  t h a t  w ere s p e c i f i c  t o  m otor perform ance.
One o f  t h e  p rim ary  d isad v an tag es  o f  t h i s  ty p e  o f  m eshing i s  t h a t  i t  
i s  n o t  p o s s ib le  t o  r e f in e  th e  mesh by  p la c in g  a  la rg e  number o f  
elem ents i n  a  l o c a l  a re a  w ith o u t a l s o  r e f in in g  th e  mesh in  o th e r  a re a s  
a s  w e ll .  I n  g e n e ra l ,  a  h ig h e r  number o f  f i r s t  o rd e r  e lem ents i s  
n ece ssa ry  t o  o b ta in  th e  same le v e l  o f  accu racy  a s  c o u ld  be  o b ta in ed  
w ith  a  s m a l le r  number o f  h ig h e r  o rd e r  e lem en ts . A lthough even w ith  
h ig h e r  o rd e r  e lem en ts , one needs t o  keep th e  e lem en t s i z e  sm all 
because t h e  p e rm e a b il i ty  i s  u s u a l ly  assumed c o n s ta n t  o v e r th e  h ig h e r  
o rd e r  e lem en t. T h is  assum ption can  b e  a  so u rc e  o f  e r r o r  in  h ig h e r
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order formulations.
The mesh c r e a te d  f o r  th e  p ro to ty p e  m otor i s  to o  d e t a i l e d  t o  show 
w ith  c l a r i t y  i n  t h i s  t e x t .  However, an  o u t l in e  f o r  t h e  q u a r te r  
s e c tio n  m odelled  i s  shown i n  F ig u re  I I I - 2 . T h is  mesh h a s  90 d iv is io n s  
in  th e  t h e t a  d i r e c t i o n ,  e q u a l ly  spaced a t  1 d eg ree  i n t e r v a l s .  The 
mesh h as  55 d iv i s io n s  i n  th e  r a d ia l  d ir e c t io n .  Those d iv i s io n s  and 
th e  s e c t io n s  o f  t h e  m otor th e y  correspond t o  a r e  shown i n  T ab le  I I I - l .
ITT.lb Mrrfc*n inty th e  Penrnneait Magnet
The b a s ic  p re m ise  i n  m ost models o f  perm anent m agnets u sed  in  
f i n i t e  e lem ent m ag n e tic  m odels i s  t h a t  th e  perm anent m agnet can  b e  
re p re se n te d  by an  e q u iv a le n t  c o i l .  T h is p rem ise i s  d e r iv e d  from th e  
f a c t  t h a t  on an  a to m ic  l e v e l ,  m agnetic d ip o le  moments a r e  caused  by 
sp in n in g  e le c t r o n s 151 . These sp in n in g  e le c tro n s  a r e  e q u iv a le n t  t o  
c u r re n t  lo o p s on an  a tom ic  s c a le .  T h ere fo re , i t  i s  r e a s o n a b le  t o  
assume t h a t  th e  m a g n e tiz a tio n  o f  a  permanent magnet can  b e  d e sc r ib e d  
by e q u iv a le n t volum e and s u r fa c e  c u r re n ts 1-61 • c7] . The m agnitude o f  
th e  c u r r e n ts  u sed  i n  th e  e q u iv a le n t c o i l  depends on th e  s t r e n g th  o f  
th e  perm anent m agnet, i . e :  i t s  r e s id u a l  f lu x  d e n s ity  l e v e l  and p e r­
m e a b ili ty , th e  th ic k n e s s  o f  th e  permanent m agnet, and th e  d i r e c t io n  
and u n ifo rm ity  o f  i t s  m a g n e tiz a tio n . Ampere's e i r c u i t i a l  law  i s  used  
to  determ ine  th e  v a lu e s  o f  th e s e  c u r re n ts c8] • C91 .
i  = J H -d l ( I I I - l )
I f  th e  perm anent m agnet i s  u n ifo rm ly  m agnetized, th e n  i t  can  b e  
re p re se n te d  in  t h e  f i n i t e  elem ent model by s h e e t  c u r r e n ts  a t  i t s  
edges. T h is  i s  d em o n stra ted  a s  fo llo w s. Suppose one i s  m o d e llin g  th e  
segment o f  perm anet m agnet, shown in  F igure  I I I - 3 , and t h a t  th e
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T ab le  IXX-1
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perm anent m agnet i s  u n ifo rm ly  m agnetized so  t h a t  th e  H f i e l d  w ith in  
th e  perm anent m agnet i s  un ifo rm ly  d ir e c te d  and c o n s ta n t i n  m agnitude. 
To f in d  an  e q u iv a le n t  c u r r e n t  by E quation  I I I - l ,  an  in t e g r a t io n  p a th  
m ust b e  s e le c te d .  T hree  sam ple p a th s  a r e  shewn i n  th e  f ig u re .  F i r s t  
th e  e q u iv a le n t c u r r e n t  i n  th e  i n t e r i o r  o f  t h i s  magnet i s  e a s i l y  shown 
t o  b e  z e ro . Apply E q u a tio n  I I I - l  t o  p a th  2 in  F ig u re  H I - 3 ; i f  one 
s t a r t s  a t  p o in t  A and  e v a lu a te s  th e  l i n e  in te g r a l  in  th e  c o u n te r  
c lockw ise  d i r e c t io n  f o r  each  o f  th e  fo u r  l i n e  segm ents, E q u a tio n  I I I -  
2a r e s u l t s .  There i s  no c o n tr ib u tio n  from l i n e  segm ent BC o r  DA 
because  each  o f  th e s e  i s  p e rp e n d ic u la r  t o  E. C o n tr ib u tio n s  f o r  l i n e  
segm ents AB and CD a r e  eq u a l in  magnitude and o p p o s ite  in  s ig n ,  
le a v in g  a  n e t  m a g n e tiz a tio n  c u r re n t  o f  ze ro .
b c D A
i  =IH d l  + XH d l  + JH d l  + JU d l  ( I I I - 2 a )
A B C D
i j  = Hc a  + 0 -  Hca  + 0 ( I I I -2 b )
T h is  exam ple can  b e  ex tended  t o  show t h a t  anywhere on th e  i n t e r i o r  
o f  th e  un ifo rm ly  m agnetized  magnet, th e  e q u iv a le n t magnet c u r r e n t  i s  
z e ro . I n  f a c t ,  o n ly  p a th s  which en c lo se  an  edge o f  t h e  magnet w i l l  
have nonzero c o n t r ib u t io n s .  T h is  i s  dem onstrated  by ap p ly in g  E q u a tio n
I I I - l  t o  p a th  1 o f  F ig u re  I I I - 3 .  I f  one s t a r t s  a t  p o in t  A o f  p a th  1 
and a p p l ie s  E q u a tio n  I I I - l  th e  r e s u l t in g  e q u iv a le n t c u r r e n t  m agnitude 
i s :
^  = Hca  + 0 + 0 + 0 = Hca  ( I I I - 3 )
S im ila r ly  f o r  p a th  3:
i j  =  0 + 0 -  Hc a  + 0 = -Hc a  ( I I I - 4 )
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The same r e s u l t  i s  o b ta in ed  i f  th e  a n a ly s i s  i s  a p p l ie d  to  th e  
p ro to ty p e  m otor m agnets, which a r e  a r c  shaped and  r a d i a l l y  o r ie n te d .
These m a g n e tiz a tio n  sh e e t c u r re n ts  on th e  edges a r e  d i s t r i b u te d  a s  
c u r r e n t  d e n s i t i e s  i n  th e  edge e lem ents.
TTT.Ir; Tnnliirtim the Magnetic Mtapl inafrrities of the Iren
The n o n lin e a r  n a tu re  o f  th e  s t a t o r  i r o n  was accoun ted  f o r  by  u s in g  
th e  v i r g i n  m a g n e tiz a tio n  B-H curve t o  f in d  r e l u c t i v i t y ,  ( th e  in v e rs e  
o f  p e rm e a b i l i ty ) , v e rs u s  f lu x  d e n s ity  d a ta  f o r  M19 e l e c t r i c a l  g rad e  
s t e e l .  S im ila r ly ,  th e  B-H curve f o r  1020 s o f t  s t e e l  was in c lu d ed  in  
th e  model f o r  th e  r o t o r  back i ro n . The B-H and  r e l u c t i v i t y  v e rsu s  B 
cu rv es  a r e  shown i n  F ig u res  I I I - 4 a  th ro u g h  I I I - 4 d .  Cubic s p l in e s  a r e  
used  t o  in t e r p o la t e  v a lu e s  between th e  s p e c if ie d  d a ta  p o in t s .
M agnetic h y s te r e s i s  i s  n o t in c lu d ed  s in c e  i t  would re q u ir e  
knowledge o f  lo c a l  m agnetic h is to r y .  T h is  i s  n o t  p r a c t i c a l  t o  
im plem ent.
ITT.2 FinitA Flampnt  ia=»«ai1tfi
Each f i n i t e  e lem en t s o lu tio n  p ro v id es  th e  u s e r  w ith  th e  v a lu e s  o f  
th e  m agnetic  v e c to r  p o te n t ia l  a t  every  node. From t h i s  in fo rm atio n  
th e  f lu x  d e n s i ty ,  r e l u c t i v i t y ,  f i e l d  in t e n s i ty  and  coenergy  o f  every  
elem ent can  a l s o  b e  determ ined . The v e c to r  p o t e n t i a l  s o lu t io n  i s  u sed  
t o  p l o t  l i n e s  o f  c o n s ta n t v e c to r  p o te n t ia l .  F ig u re  I I I - 5  i s  an 
example f i n i t e  e lem en t s o lu tio n  p lo t  o f  th e  c o n to u rs  o f  c o n s ta n t 
m agnetic  p o t e n t i a l  w hich occur when th e  r o to r  i s  a t  t h e  peak  to rq u e  
p o s i t io n  and  th e  c o i l  i s  en e rg ized . The d i r e c t io n  o f  th e  f lu x  d e n s ity  
a t  any p o in t  i s  alw ays ta n g e n t t o  a  l i n e  o f  c o n s ta n t  p o t e n t i a l110 3 .
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F igu re  I I I - 5  
F in i t e  Elem ent S o lu tio n  Contour P lo t
T h is  a llow s th e  u s e r  t o  v i s u a l iz e  f lu x  p a th s  w ith in  th e  m otor, w hich 
w i l l  make i t  p o s s ib le  t o  d es ig n  s in p l e r  lumped p aram eter m odels. The 
f lu x  d e n s ity  in fo rm a tio n  a llo w s th e  u s e r  t o  id e n t i f y  re g io n s  o f  h ig h  
f lu x  d e n s i ty  w here m agnetic s a tu r a t io n  o f  i ro n  m a te r ia l  m igh t o ccu r. 
Thus, th e  m otor d e s ig n e r  can  u se  t h i s  in fo rm a tio n  t o  a l t e r  th e  
geom etry o f  th e  d e s ig n  t o  d ec re a se  s a tu r a t io n  and perh ap s in c re a s e  th e  
to rq u e  p roducing  c a p a b i l i ty  o f  th e  d e v ic e .
In  F ig u re  I I I - 5 ,  th e  l i n e  sp ac in g  i s  in d ic a t iv e  o f  t h e  m agnitude 
o f  th e  f lu x  d e n s i ty .  The f lu x  betw een any two p o in ts  i s  eq u a l t o  th e  
produuL o f  t h e i r  p o te n t ia l  d if f e r e n c e  and  th e  d is ta n c e  betw een them , 
( to  b e  shown l a t e r  in  t h i s  c h a p te r ) . S in c e  th e  p o te n t ia l  co n to u rs  
drawn a re  o f  eq u a l increm en ts, th e  f lu x  betw een any two co n to u r l i n e s  
i s  th e  same. Thus, th e  f lu x  d e n s ity  i s  h ig h e r  in  re g io n s  where th e  
co n to u rs  a r e  c l o s e r  to g e th e r .  I n  a r e a s  where th e r e  a r e  few o r  no con­
to u r s  drawn, such  a s  in  th e  a irg a p  re g io n  between th e  t e e t h ,  th e  f lu x  
d e n s i ty  i s  lew .
The co n to u rs  shown in  F ig u re  I I I - 5  can  a ls o  be  drawn i n  c o lo r .  As 
i t  p a s se s  th ro u g h  an  elem ent, each  c o n to u r  can  b e  c o lo re d  in  a  manner 
w hich would in d ic a te  th e  m agnitude o f  a  f i e l d  p aram eter, such  a s  f lu x  
d e n s ity ,  f i e l d  in t e n s i ty ,  r e l u c t i v i t y  o r  coenergy. A lte rn a t iv e ly ,  
e lem en ts , in s te a d  o f  c o n to u rs , co u ld  b e  c o lo re d  acco rd in g  t o  th e  
m agnitude o f  any o f  th e se  f i e l d  p a ra m e te rs . T h is  l a t t e r  scheme i s  th e  
one m ost o f te n  u sed  in  many com m ercially  a v a i la b le  f i n i t e  elem ent 
packages.
In  a d d i t io n  t o  th e  v is u a l  feedback  and  in s ig h t  o b ta in e d  from a  p l o t  
l i k e  th e  one shown in  F igu re  I I I - 5 ,  t h e  v e c to r  p o te n t ia l  s o lu t io n  can  
b e  u sed  t o  c a lc u la te  th e  c h a r a c t e r i s t i c  m otor param eters  t h a t  were
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d e sc r ib e d  i n  C hap ter I I .  The v a r io u s  methods o f  c a lc u la t io n  u sed  t o  
d e term ine  th o s e  p a ram e te rs  a r e  d isc u sse d  in  th e  fo llo w in g  s e c t io n s .  
In  m otor d e s ig n , th e s e  p o s t  p ro c e s s in g  o p e ra tio n s  a r e  o f te n  m ore im­
p o r ta n t  th a n  knowing w hat th e  f i e l d  s o lu t io n  looks l i k e .  I n  m otor 
d e s ig n , one i s  p r im a r i ly  in te r e s te d  in  knowing how much to rq u e  th e  
m otor can  p roduce , o r  t h e  shape o f  th e  to rq u e -a n g le  c u rv e , o r  t h e  
w inding in d u c ta n c e .
TTT.Sa C a lcn la ticg i o f  Torque
Torque can  b e  c a lc u la te d  from th e  f i n i t e  elem ent r e s u l t s  b y  
s e v e ra l  m ethods; V ir tu a l  Workt11] , Maxwell S tr e s s  T ensor1123 , 
M agnetizing  C u rre n t1133 , a r e  a  few o f  th e s e .  The one w hich i s  m ost 
commonly u se d  i s  t h e  v i r t u a l  work method o r  'c o e n e rg y ' m ethod. Torque 
i s  approxim ated by  th e  change in  m agnetic coenergy f o r  a  change in  




( H I - 5 )39 i AS
W hile t h i s  method i s  reaso n ab ly  a c c u ra te , i t s  p rim ary  d isad v an tag e  
i s  t h a t  i t  r e q u ir e s  two s o lu t io n s .  These s o lu tio n s  m ust b e  o b ta in e d  
from two s l i g h t l y  d i f f e r e n t  r o to r  p o s i t io n s .  (Recent workc 14 3 shows 
t h a t  a  coenergy  change can  b e  found from a  s in g le  s o l u t i o n . )
A nother method i s  th e  a p p l ic a t io n  o f  th e  Maxwell s t r e s s  t e n s o r .
I n  t h i s  approach  th e  t o t a l  fo rc e  on a  body i s  determ ined  by  th e  
in te g r a t io n  o f  m agnetic  s t r e s s  o v e r a  c lo se d  s u r fa c e . T h is  method 
u s u a l ly  s u f f e r s  accu racy  problem s whenever f i r s t  o rd e r  t r i a n g u l a r
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elem en ts  a r e  u sed . T h is  i s  because  i t s  accu racy  depends on th e  
accu racy  o f  th e  FEM in  p r e d ic t in g  th e  d i r e c t io n  o f  B, w hich i s  
n e c e s s a r i ly  c o n s ta n t  o v e r  a  f i r s t  o rd e r  t r i a n g u la r  elem ent.
A nother method e x i s t s  w hich can  b e  u sed  t o  f in d  fo rc e , p ro v id ed  one 
i s  t r y in g  t o  f in d  th e  fo r c e s  on perm anent m agnets mounted on a  non­
s a l i e n t  back  i r o n .  T h is  method u s e s  th e  L oren tz  fo rc e  e q u a tio n . I n  
th e  FEA i t  was found t h a t  th e  m agnet co u ld  b e  modeled a s  an  e q u iv a le n t  
c o i l  and t r e a t e d  a s  a  c o i l  in  a lm o st ev e ry  r e s p e c t .  T h is  in c lu d e s  th e  
manner i n  w hich fo rc e s  a r e  g en e ra ted  on th e  m agnet. The fo rc e  on a  
c u r r e n t  c a r ry in g  co n d u c to r in  an  e x te rn a l  m agnetic  f i e l d  i s  g iv e n  by  
th e  lo r e n tz  fo rc e  e q u a tio n , shown i n  E quation  I I I - 6 .
T h is  e q u a tio n  can  b e  u sed  on th e  e q u iv a le n t s h e e t  c u r re n ts  used  t o  
model th e  EMs. W hile t h i s  e x p re ss io n  i s  alw ays v a l id ,  one needs t o  
remember t h a t  i t  m igh t n o t  y ie ld  th e  t o t a l  fo rc e  b e in g  g e n e ra te d  on a  
r o to r  member. F o rces  can  a l s o  b e  g e n e ra te d  due t o  v a r ia b le  r e lu c ta n c e  
e f f e c t s .  These fo rc e s  a r e  n o t ta k e n  in to  acco u n t by E quation  I I I - 6  
and o th e r  m ethods, such  a s  th e  coenergy m ethod, o r  th e  m agnetiz ing  
c u r r e n t  method, m ust b e  u sed  in s te a d .
The lo r e n tz  fo rc e s  on th e  perm anent m agnets can  be broken down 
in to  two components: Fx o r  Fg, and Fy o r  Fp . These r e la t io n s  a r e  g iv e n
F = I  d l  x  B
by:
( H I - ?)
( I I I - 8 )
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The v e c to r  r e l a t i o n  in d ic a te d  in  E quation  I I I - 6  i s  a lre a d y  taJcen 
in to  acc o u n t because  th e  c u r r e n t  and f lu x  d e n s ity  d i r e c t io n s  a r e  
alw ays p e rp e n d ic u la r  i n  th e  two d im ensional f i n i t e  e lem en t model. 
Torque i s  c a lc u la te d  by  m u ltip ly in g  th e  ta n g e n t ia l  component o f  fo rc e  
by  th e  av e rag e  ra d iu s  o f  th e  elem ent under c o n s id e ra tio n .
D ata o b ta in e d  from th e  FEA. u s in g  t h i s  method was c a lc u la te d  and 
compared t o  d a ta  o b ta in e d  u s in g  th e  coenergy method. A com parison i s  
shown i n  F ig u re  I I I - 6 .  H ie method u s in g  th e  L orentz  fo rc e  e q u a tio n , 
( r e fe re d  t o  h e r e a f t e r  a s  th e  IxB m ethod), i s  deno ted  by  0 ' s ,  th e  
coenergy  method i s  deno ted  by  A 's .
One s e e s  t h a t  t h e  to rq u e  produced by th e  IxB method ap p ea rs  t o  
have a  DC le v e l .  I n  e i t h e r  th e  u n s ta b le  o r  s ta b le  e q u ilib r iu m  
p o s i t io n s  th e  n e t  to rq u e  produced by th e  m otor sh o u ld  b e  z e ro . I n  
o rd e r  f o r  th e  IxB method t o  a c c u ra te ly  p r e d ic t  t h i s ,  t h e  B f i e l d  found 
i n  e lem en ts  c o n ta in in g  one s e t  o f  magnet edge c u r r e n ts  m ust b e  
id e n t i c a l  i n  m agnitude and o p p o s ite  in  s ig n  t o  th e  B f i e l d  found in  
th e  o th e r  s e t  o f  edge c u r r e n t  e lem en ts. U n fo rtu n a te ly , w h ile  th e  
ty p e  o f  FEA used  g iv e s  good o v e ra l l  average r e s u l t s  i n  te rm s o f  th e  
f i e l d  s o lu t io n ,  lo c a l  e r r o r s  occu r. These lo c a l  e r r o r s  a r e  due t o  a  
com bination  o f  th e  f i r s t  o rd e r  fo rm u la tio n  and th e  f a c t  t h a t  a l l  
t r i a n g u la r  e lem en ts a r e  c re a te d  by p la c in g  a  d ia g o n a l from  u p p er l e f t  
c o m e r  t o  bottom  r i g h t  c o rn e r  o f  a  g r id  sq u are . The l a t t e r  r e s u l t s  in  
an  asym m etric mesh t h a t  th e  form er i s  n o t q u i te  a c c u ra te  enough t o  
com pensate.
The av erag e  DC le v e l  a t  th e  ze ro  to rq u e  p o in ts  i s  a  good 
app rox im ation  f o r  th e  averag e  DC le v e l  o f  th e  waveform. I f  t h i s  v a lu e  
i s  s u b tra c te d  from each  p o in t  found on th e  cu rve , th e  r e s u l t s  compare





















F igure  I I I - 6  
Comparison o f  The D e ten t Torque-Angle 
Curve C a lcu la ted  by IxB, (S o lid  L in e ) , 
and Change in  Coenergy, (Dashed L ine)
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w e ll w ith  t h e  coenergy  s o lu t io n .  The IxB d a ta  w ith  th e  DC l e v e l  
removed i s  d en o ted  b y  X 's  i n  F ig u re  111-7. The coenergy  d a ta  i s  a g a in  
denoted  by 'A 's .
In  t h e  IxB method, th e  to rq u e  was found f o r  each  o f  fo u r te e n  r o t o r  
p o s i t io n s .  These r o t o r  p o s i t io n s  w ere in  1 degree  increm en ts  from  0 .5  
t o  14.5  d e g re e s . I n  t h e  coenergy  method, th e  coenergy  v a lu e s  from  two 
s o lu t io n s  1 d eg ree  a p a r t  w ere u sed  t o  f in d  th e  to rq u e  a t  th e  av e ra g e  
r o to r  p o s i t io n  o f  t h e  two s o lu t io n s .  W hile th e  ap roach  used  d o es  n o t  
a llo w  a  r ig o ro u s  q u a n t i t a t iv e  cam parsion o f  th e  to rq u e s  a t  e a c h  s o lu ­
t i o n  p o s i t io n ,  i t  d o es  p ro v id e  a  q u a l i t a t iv e  com parison and shows t h a t  
th e  two m ethods p roduce  com parable r e s u l t s .  Throughout m ost o f  th e  
r e s t  o f  t h i s  work, t h e  IxB method w i l l  b e  u sed  because  o f  th e  
advantage o f  c a lc u la t in g  to rq u e  v a lu e s  from a  s in g le  FEM s o lu t io n .
TTT.2al D e ten t Ttanoue P re d ic t io n
A com parison o f  t h e  c a lc u la te d  d e te n t  to rq u e  v e rsu s  an g le  cu rv e  
and ex p erim en ta l d e t e n t  to rq u e  v e rsu s  an g le  cu rve  i s  shown in  F ig u re  
I I I - 8 . The s o l id  l i n e  i s  th e  e x p e rim e n ta lly  o b ta in ed  d e te n t  to rq u e  a s  
a  fu n c tio n  o f  a n g le . The symbol 'X ' re p re s e n ts  d a ta  p o in ts  o b ta in e d  
from th e  f i n i t e  e lem en t a n a ly s i s .  I t  i s  obvious t h a t  n e i th e r  t h e  
waveform shape  n o r  t h e  m agnitude c o r r e l a te  v e ry  w e ll .  The model shows 
a  la rg e  harm onic i n  t h e  waveform around th e  u n s ta b le  e q u ilib r iu m  
p o in t .  The e x p e rim en ta l waveform shows much l e s s  o f  t h i s  e f f e c t .  I f  
one were t o  compare m agnitudes o n ly  and n e g le c t waveform shape one 
o b ta in s  t h e  fo llo w in g  r e s u l t s :
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Figure I I I - l  
Comparison of Coenergy Predicted Detent 
Torque, (Triangles), and IxB Predicted 
Detent Torque with DC Level Removed, (X's)
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Comparison o f  M easured, (S o lid  L in e ) , 
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Peak D e te n t Torque (measured) -  61 .8  o z - in
Peak D e te n t Torque (model)________ -  45. O z-in
% error o f  model = -27.2%
T h is  i s  a  re a so n a b ly  la r g e  e r r o r .  However, b e fo re  any  d is c u s s io n  o r  
f u r th e r  in v e s t ig a t io n s  in to  p o s s ib le  cau ses  f o r  t h i s  e r r o r  a r e  made, 
th e  rem ain ing  m otor c h a r a c t e r i s t i c s  a r e  e v a lu a te d . H ie r e s u l t s  o f  
th o se  e v a lu a tio n s  le n d  in s ig h t  in to  th e  s e n s i t i v i t y  o f  p r e d ic te d  
param eters on th e  FEM.
TTT.2a2 Calculating the Stator Taroue-Anctle Carve
Hie s t a t o r  to rq u e -a n g le  cu rve  can b e  c a lc u la te d  u s in g  th e  f i n i t e  
elem ent a n a ly s is  t o  n u m e ric a lly  determ ine th e  to rq u e  a t  a  v a r i e t y  o f  
r o to r  p o s i t io n s .  By c a lc u la t in g  th e  to rq u e  o v e r a  r o t o r  span  o f  a t  
l e a s t  one h a l f  o f  an  e l e c t r i c a l  c y c le , th e  t o t a l  to rq u e  v e rs u s  an g le  
r e la t io n s h ip  can  b e  o b ta in e d . I t  m ust b e  remembered, however, t h a t  
t h i s  c o n ta in s  th e  d e t e n t  to rq u e  in fo rm atio n  a s  w e ll .  To o b ta in  j u s t  
th e  s t a t o r  to rq u e  i t  i s  n e c e ssa ry  to  s u b t r a c t  th e  d e te n t  to rq u e  which 
was o b ta in ed  from p re v io u s  a n a ly s is .  T h is  p ro c e ss  im p l ic i t l y  assum es, 
t h a t  m agnetic  s a tu r a t io n  i s  n o t  s ig n i f i c a n t .  However, i f  t h e  same 
p ro cess  o f  d e te n t  to rq u e  s u b tra c t io n  i s  u sed  on b o th  ex p erim en ta l and 
FEM r e s u l t s ,  th e  s a tu r a t io n  le v e ls  shou ld  b e  c lo s e  enough so  t h a t  a  
v a l id  com parison betw een th e  s t a t o r  to rq u e -a n g le  c u rv e s  can  b e  made.
A com parison o f  ex p erim en ta l and FEA s t a t o r  to rq u e -a n g le  cu rv es  i s  
shown in  F ig u re  I I I - 9 .  I n  b o th  c a se s , d a ta  was o b ta in e d  f o r  a  o n e-




















F i g u r e  I I I - 9  
C o m p a r i s o n  o f  M e a s u r e d ,  ( S o l i d  L i n e ) ,  
a n d  F i n i t e  E le m e n t  P r e d i c t e d ,  ( D a s h e d  L i n e ) ,  
O n e - P h a s e - O n  S t a t o r  T o r q u e - A n g le  C u v e s
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phase-on  c u r r e n t  o f  2 .0  Amps. The s o l id  l i n e  in d ic a te s  Treasured d a ta  
and th e  dashed  l i n e  in d ic a te s  EEA d a ta .  One s e e s  t h a t  th e r e  i s  v e ry  
good c o r r e l a t i o n  betw een th e  two cu rv es .
TTT.2a3 PredicH nq th e  Torque Constan t from th e  F in ite  reigmpnt
The f i n i t e  e lem en t model was u sed  t o  c a l c u la te  peak  s t a t o r  to rq u e  
f o r  s e v e ra l  d i f f e r e n t  v a lu e s  o f  phase  c u r r e n t .  The to rq u e  v a lu e s  w ere 
c a lc u la te d  r is in g  th e  IxB method w ith  th e  r o t o r  90 e l e c t r i c a l  d eg ree s  
away from i t s  s t a b l e  e q u ilib r iu m  p o s i t io n .
These v a lu e s  w ere compared t o  th e  ones de term ined  ex p e rim e n ta lly  
a s  d e sc r ib e d  i n  S e c tio n  I I . 4 . F ig u re  111-10 shows th e  com parison. The 
experim en ta l d a ta  i s  deno ted  by t r i a n g le s  and  th e  s o l id  l i n e  in d ic a te s  
th e  b e s t  f i t  l i n e  th ro u g h  t h a t  d a ta .  D ata o b ta in e d  from th e  f i n i t e  
elem ent model i s  p lo t t e d  a s  'X 's„  C a lc u la t in g  th e  to rq u e  c o n s ta n t 
frcrn th e  s lo p e  o f  a  l i n e a r  l e a s t  sq u a re s  e r r o r  f i t  o f  th e  f i n i t e  
e lem ent r e s u l t s  y ie ld s :
^texp = 50*23 oz-in/anp 
= 49.77 oz-in/aitp
% error = -0.92%
R e c a lc u la tio n  o f  th e  to rq u e  c o n s ta n t u s in g  a  FEM assum ing l i n e a r ly  
m agnetic i r o n  y i e ld s  no s ig n i f i c a n t  d i f f e r e n c e  i n  p re d ic te d  to rq u e  
c o n s ta n t . T h is  i s  i n  s p i t e  o f  th e  s a tu r a t io n  observed  in  th e  f lu x  
l in k a g e -c u r re n t  c h a r a c t e r i s t i c  and th e  f a c t  t h a t  th e  f i e l d  s o lu t io n  
shown in  F ig u re  I I I - 5  shows p o r t io n s  o f  th e  i r o n  t o  b e  a t  a lm o st 2 .0  
T es la .
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F igure  111-10 
Comparison o f  M easured, (T r ia n g le s ) ,  
and  F in i te  Elem ent P re d ic te d , (X 's ) ,
Peak One-Phase-On S ta to r  Torque v e rs u s  C u rren t
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m . 2 b  C a lc u la t in g  The Bade B nf Waveform
The f i n i t e  e lem en t a n a ly s is  can b e  u sed  t o  p r e d i c t  a  back  emf 
waveform t h a t  w ould b e  observed  in  th e  modeled d e v ic e .  C a lc u la tio n  o f  
th e  back emf waveform p ro ceed s in  th e  fo llo w in g  m anner. F i r s t ,  f i e l d  
s o lu tio n s  f o r  j u s t  t h e  r o to r  f i e l d  a r e  found. T h is  i s  done f o r  
s e v e ra l d i f f e r e n t  r o t o r  p o s i t io n s  o v er one s l o t  p i t c h .  S in ce  th e  f i e l d  
s o lu tio n  i s  c y c l i c  w ith  a  p e r io d  o f  one s l o t  p i t c h ,  once i t  i s  known 
how th e  f i e l d  s o lu t io n  changes o ver one s l o t  p i t c h  , i t  i s  known f o r  
any r o to r  p o s i t io n .  H ie  f i e l d  s o lu tio n s  a r e  u se d  t o  d e term in e  th e  
f lu x  th ro u g h  th e  c o i l .  T h is  can  be done i s  s e v e ra l  d i f f e r e n t  ways.
One method o f  f in d in g  th e  t o t a l  f lu x  th ro u g h  t h e  c o i l  i s  t o  u se  th e  
average r a d i a l  component o f  f lu x  d e n s ity ,  a s  a  fu n c tio n  o f  an g le , o v e r 
th e  re g io n  o f  th e  c o i l  span , shown in  F ig u re  I I I - l l .  The d a ta  shown 
in  t h i s  f ig u r e  was o b ta in e d  by averag ing  th e  r a d i a l  component o f  f lu x  
d e n s ity  f o r  a  column o f  e lem en ts  over a  s e le c te d  number o f  rows. (See 
F ig u re  111-12). F ig u re  I I I - l l  shows t h a t  th e  f lu x  d e n s i ty  i n  each 
to o th  shank re g io n  i s  n e a r ly  c o n s ta n t, and t h a t  th e  f lu x  d e n s ity  in  
th e  s l o t  re g io n s  i s  v e ry  sm a ll compared t o  t h a t  i n  t h e  to o th  shanks. 
The f lu x  th ro u g h  each  o f  t h e  re g io n s  i s  determ ined  by  m u ltip ly in g  th e  
average f lu x  d e n s i ty  i n  t h e  re g io n  by th e  r e g io n  a r e a .  A summary o f  
th o se  c a lc u la t io n s  i s  shown in  Table I I I - 2 .
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F igure  I I I - l l  
Average R ad ia l Component o f  
A irgap  Flux D en sity  Due to  th e  C oil
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Column o f  
E lem ents
Region
F ig u re  111-12 
Motor O u tlin e  Showing C o il Span Region
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T ab le  I I I - 2  
F lux  Through R egions Shown i n  F ig u re  111-10
Region B (T elsa) 0 (Wb)
1 0 .0 0 .0










12 0 .96 7.98E-05
13 0 .0 0 .0
The f lu x  th ro u g h  any s l o t ,  (an odd numbered re g io n ) , i s  app rox im ate ly  
two o rd e rs  o f  m agnitude l e s s  th a n  th e  f lu x  th rough  any to o th ,  (an even 
numbered r e g io n ) . T h e re fo re , th e  s l o t  f lu x  c o n tr ib u tio n s  a r e  n e g l ig ­
i b l e .
T ab le  I I I - 2  ta b u la te s ,  f o r  a  s in g le  r o to r  p o s i t io n ,  th e  f lu x  found 
i n  each  o f  th e  re g io n s  w here c o n s ta n t f lu x  d e n s ity  i s  a  v a l id  
assum ption . T h is  p ro c e s s  i s  re p e a te d  f o r  s e v e ra l  r o to r  p o s i t io n s  o v er 
one s l o t  p i t c h .  S in ce  t h e  d a ta  i s  p e r io d ic  o v e r one s l o t  p i t c h ,  th e  
f lu x  in  each  o f  th e s e  re g io n s , and hence th e  t o t a l  f lu x ,  i s  known f o r  
any r o t o r  p o s i t io n .
An a l t e r n a t e  method o f  c a lc u la t in g  th e  f lu x  i s  t o  u se  a  
com bination  o f  th e  d iv e rg en ce  theorem  and S tokes theorem  t o  a r r i v e  a t  
an  e x p re s s io n  w hich s t a t e s  t h a t  th e  l i n e  in t e g r a l  o f  th e  m agnetic 
v e c to r  p o te n t i a l ,  A, around a  c lo se d  co n to u r i s  eq u a l t o  th e  f lu x  
th ro u g h  th e  en c lo sed  s u r f a c e c8] .
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$  =  J  A • dl (111-10)
To f in d  t h e  f lu x  th rough  a  s in g le  t u r n  o f  w ire  o f  one o f  th e  c o i l s ,  
one w ould e v a lu a te  t h i s  e x p re ss io n  around th e  l i n e  d e f in e d  by th e  
w ire . F o r any  p la n a r  r o t o r  problem , t h i s  can  u s u a l ly  b e  b roken down 
in to  fo u r  s e p e ra te  l i n e  segm ents, shown in  F ig u re  111-13. T h is  f ig u re  
shows a  c lo s e d  p a th  around a  s in g le  to o th .  L in es  o f  f lu x  ru n  th ro u g h  
th e  to o th  i n  th e  p la n e  o f  th e  to o th .  The m agnetic  v e c to r  p o te n t i a l ,  A, 
i s  alw ays norm al t o  th e  p la n e  o f  t h e  to o th ,  however th e  m agnitude and 
s ig n  r a y  v a ry .
A p p lic a tio n  o f  E quation  111-10 t o  th e  p a th  shown i n  F ig u re  111-13 
y ie ld s :
$ = A ,z + 0 — AgZ + O ( I I I - l l )
Only th e  l i n e  segm ents AB and CD have a  nonzero  c o n tr ib u t io n .  L ine 
segm ents BC and CD a re  p e rp e n d ic u la r  t o  A and th e r e f o r e  have no 
c o n t r ib u t io n .  T h is  w i l l  alw ays b e  t r u e  f o r  t h e  p la n a r  problem .
One s e e s  t h a t  t h i s  method a llo w s f lu x  t o  b e  c a lc u la te d  i n  a  v e ry  
s tra ig h tfo rw a rd  manner. T h is  method can  b e  u sed  t o  f in d  f lu x  th rough  
la rg e  r e g io n s  s in c e  no assum ptions a r e  made a s  t o  vdie ther th e  f lu x  
d e n s ity  i s  c o n s ta n t  over th e  re g io n .
Once th e  f lu x  th rough  th e  t e e t h  a s  a  fu n c tio n  o f  r o t o r  an g le  i s  
known, i t  i s  a  s im p le  m a tte r  t o  c a l c u la te  th e  t o t a l  f lu x  l in k in g  N 
tu rn s  o f  t h e  c o i l .  One lias sim ply t o  d e f in e  th e  c o i l  lo c a t io n  and th e  
number o f  tu r n s  on th e  c o i l .  The t o t a l  f lu x  l in k in g  th e  c o i l  i s  th e  
p ro d u c t o f  t h e  number o f  tu r n s  on th e  c o i l  and th e  t o t a l  f lu x  th rough  
a l l  o f  t h e  a re a  t h a t  th e  c o i l  i s  wrapped around.
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Single Tooth Structure
Closed Path of Integration
F igu re  111-13 
C losed  P a th  o f  I n te g r a t io n  to  
F ind  F lux Through a  Tooth
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A c o i l  f o r  t h i s  m otor c o n s is t s  o f  two w ind ings. The f i r s t  w inding 
h as  N, tu r n s  and spans t e e th  2 ,3 ,4 ,5  i n  F ig u re  111-14. The second 
w inding h as  N2 tu r n s  and spans t e e t h  1 ,2 ,3 ,4 ,5 ,6 .  T ab le  I I I - 2  showed 
t h a t  th e  f lu x  th ro u g h  th e  s l o t s  i s  t y p i c a l l y  two o rd e rs  o f  m agnitude 
l e s s  th a n  t h a t  th ro u g h  th e  t e e th ;  th e r e f o r e  th e  t o t a l  f lu x  l in k in g  th e  
c o i l  i s  c a lc u la te d  from  th e  to o th  c o n tr ib u t io n s  o n ly . F ig u re  I I I - 1 5 a  
shows th e  f lu x  i n  a  s in g le  to o th  a s  a  fu n c tio n  o f  r o t o r  p o s i t io n .  
F ig u re  I I I -1 5 b  shows th e  r e s u l t in g  p l o t  o f  f lu x  l in k in g  th e  c o i l  a s  a  
fu n c tio n  o f  r o t o r  p o s i t io n .  N um erical d i f f e r e n t i a t i o n  o f  th e  d a ta  
shown in  F ig u re  15b y ie ld s  an  approx im ation  o f  th e  p a r t i a l  d e r iv a t iv e  
o f  f lu x  lin k a g e  w ith  r e s p e c t  t o  r o t o r  a n g le . As was shown in  C hapter 
I I ,  E quation  I I - 4 ,  t h i s  p a r t i a l  d e r iv a t iv e  te rm  d e f in e s  th e  back  emf 
waveform. I n  o rd e r  t o  c a c u la te  an  a c tu a l  back  emf v o l ta g e  t h a t  would 
ap p ea r i n  t h e  c o i l  due t o  a  p a r t i c u l a r  r o to r  speed , t h e  back  emf 
waveform m ust b e  m u l t ip l ie d  by r o to r  speed . F ig u re  I I I - 1 S  shews a  
com parison o f  c a lc u la te d  and ex p erim en ta l back  emf waveforms. The 
s o l id  l i n e  in d ic a te s  ex p erim en ta l d a ta  and th e  dashed  l i n e  in d ic a te s  
FEM r e s u l t s .
ITT.2c Flror T.inkage Curve
The f lu x  l in k a g e  v e rs u s  c o i l  c u r r e n t  c h a r a c t e r i s t i c  was a l s o  
c a lc u la te d  u s in g  th e  FEM. The method o f  d e te rm in in g  th e  t o t a l  f lu x ,  \ ,  
l in k in g  th e  c o i l  i s  th e  same a s  d e s c r ib e d  i n  th e  p re v io u s  s e c t io n  on 
d e te rm in in g  th e  back  emf waveform. I n  t h i s  c a se , how ever, one i s  
d e te rm in in g  th e  t o t a l  f lu x  l in k a g e  a s  a  fu n c tio n  o f  c o i l  c u r r e n t s ,  
in s te a d  o f  a s  a  fu n c tio n  o f  r o to r  p o s i t io n .
A com parison o f  ex p erim en ta l and FEM p re d ic te d  f lu x  l in k a g e  v e rsu s
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c u r re n t  c 3 ia ra c te r is t i .e s  i s  shown in  F ig u re  H I -1 7 .  Experim ented d a ta  
i s  shown a s  s o l i d  l i n e s  and FEM r e s u l t s  a r e  shewn b y  x ' s ,  w ith  a  
dashed l i n e  in d ic a t in g  th e  b e s t  f i t  l i n e  th ro u g h  t h e  d a ta .  T here a re  
two s e t s  o f  c u rv e s  shown. One i s  f o r  th e  m otor w ith  th e  r o t o r  magnets 
i n  p la c e  on th e  r o t o r  back  i ro n  -  cu rves (3) and (4 ) .  The o th e r  i s  f o r  
th e  m otor w ith  j u s t  th e  r o to r  back  iro n  i n  p la c e  and  no r o t o r  magnets 
-  cu rv es  (1) and  (2 ) .
In  th e  c a s e  w here th e  r o to r  m agnets w ere p re s e n t ,  \  was found w ith  
th e  perm anent m agnet r o to r  in  th e  s ta b le  e q u ilib r iu m  p o s i t io n  f o r  th e  
p a r t i c u l a r  c o i l  e n e rg iz e d . I n  th e  experim en ta l d e te rm in a tio n , hQ, th e  
f lu x  lin k a g e  a t  z e ro  c u r r e n t ,  was unknown and s e t  e q u a l t o  z e ro . In  
o rd e r  t o  compare th e  experim en ta l and FEM d a ta  on  an  eq u a l b a s i s ,  th e  
v a lu e  o f  \  found w ith  th e  FEM was su b tra c te d  from each  subsequent 
v a lu e  o f  \  p r e d ic te d  by  th e  FEM.
In  lo o k in g  a t  F ig u re  111-17 one se e s  t h a t  th e r e  i s  a  s u b s ta n t i a l  
d if f e re n c e  betw een th e  experim en ta l and FEM r e s u l t s .  S in ce  b o th  s e t s  
o f  d a ta  in d ic a te  a  l i n e a r  c h a r a c te r i s t i c ,  t h e  s lo p e s ,  L, o f  each  were 
determ ined  and com pared. T able I I I - 3  shows th e  r e s u l t s .
T ab le  I I I - 3  
Comparison o f  F lux  L inkage-C urren t S lo p es
\ - i Exp. s lo p e FEM s lo p e % d i f f e r e n c e
d e s c r ip t io n (H enries) FEM from  exp.
W ith m agnet 0.0062 0.0046 -2 6 .0
No magnet 0.0100 0.0078 -2 2 .0
In  b o th  c a s e s ,  t h e  s lo p e  p re d ic te d  by th e  FEM was more th a n  20% low er 
th a n  determ ined  e x p e rim e n ta lly . The m ost l i k e l y  c a u se  o f  t h i s  
d isc rep a n cy  i s  'e n d  e f f e c t s ' .  The two d im ensional FEM assum es th a t
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th e  m otor i s  i n f i n i t e l y  long  and, th e r e f o r e ,  t h a t  th e  b u n d le s  o f  w ire  
on th e  ends o f  th e  m otor connecting  th e  c o i l s  i n  th e  s l o t s ,  do n o t  
e f f e c t  th e  f lu x  i n  th e  c ro s s  s e c tio n  o f  th e  d e v ic e . Depending on th e  
r e l a t i v e  le n g th  and w id th  o f  th e  c o i l ,  th e s e  end  tu r n s  co u ld  
co n ce iv ab ly  c o n t r ib u te  a  s ig n i f i c a n t  amount o f  f lu x .  T h is  w i l l  b e  
f u r th e r  e x p lo re d  i n  C hapter IV.
TTT.3 Summary o f  F in i t e  R e s u lts
The p re c e e d in g  a n a ly s is  has shown t h a t  good c o r r e la t io n  was 
o b ta in ed  betw een th e  FEM p re d ic te d  to rq u e  c o n s ta n t ,  to rq u e -a n g le  
waveform, and  back  emf c o n s ta n t and waveform. However, i t  was 
d e f ic ie n t  i n  p r e d ic t in g  th e  m agnitude and shape o f  th e  d e te n t  to rq u e , 
and th e  f lu x  l in k a g e -c u r re n t  c h a r a c te r i s t i c .  H ie in a ccu racy  o f  th e  
FEM in  p r e d ic t in g  th e  d e te n t  to rq u e  cu rv e  s u g g e s ts  an  e r r o r  i n  e i t h e r  
th e  perm anent magnet model o r  th e  m a te r ia l  p ro p e r ty  m odel. The f lu x  
lin k a g e -v e rsu s  c u r r e n t  e r r o r s  cou ld  b e  due t o  end e f f e c t s ,  a s  
su g g ested . However, t h i s  r a i s e s  s e v e ra l  q u e s tio n s  co n ce rn in g  th e  FEM. 
I f  end e f f e c t s  a r e  s ig n i f i c a n t  in  th e  f lu x  l in k a g e -c u r re n t  r e l a t i o n  
s h o u ld n 't  th e y  a l s o  have an a f f e c t  on th e  s in g le -p h a se  to rq u e , and 
to rq u e  c o n s ta n t ,  p re d ic t io n s ?  I f  th e  f lu x  l in k a g e -c u r re n t  e r r o r s  a re  
n o t  due t o  end  e f f e c t s ,  th e n  th e y  m ust b e  due t o  m a te r ia l  p ro p e r ty  o r  
geom etry m o d e llin g . A gain th e  q u e s tio n  a r i s e s ,  i f  th e  problem  l i e s  in  
th e  m odels o f  t h e  m a te r ia l  p ro p e rty , why does th e  FEM p r e d ic t  same o f  
th e  o th e r  p a ram e te rs  so  accu a te ly ?  F urtherm ore, i f  t h e  r o t o r  magnet 
model i s  in a c c u ra te  and produces such  po o r c o r r e la t io n  i n  th e  d e te n t  
to rq u e , w o u ld n 't  t h i s  a l s o  r e s u l t  i n  e r r o r s  i n  p r e d ic t in g  s t a t o r  
to rq u e  and  b ack  emf? Or, i s  i t  j u s t  t h a t  th e  d e te n t  to rq u e  i s  much
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more s e n s i t i v e  t o  seme a s p e c ts  o f  th e  model? I s  i t  p o s s ib le  t h a t  a  
p o o r r o t o r  magnet model and  end e f f e c t s  ccsnbined i n  such  a  manner a s  
t o  r e s u l t  i n  th e  m is le a d in g ly  good c o r r e la t io n s  o f  th e  to rq u e  and back 
emf d a ta ?  C le a r ly ,  f u r th e r  in v e s t ig a t io n  o f  th e  FEM model i s  neces­
s a ry .  C h ap ter IV a d d re s s e s  same o f  th e s e  q u e s tio n s .
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CHAPTER IV
PURfflER INVESnrGATTCN OF THE FINITE ELEMENT KDCEL
In  C h ap te r I I I  i t  was shewn t h a t  th e  tw o-dim ensional FEM was 
a c c u ra te  i n  p r e d ic t in g  same m otor p a ra m e te rs , such a s  s t a t o r  to rq u e  
and back  em f, b u t  was n o t  v e ry  s u c c e s s fu l  i n  p re d ic t in g  o th e r s .  As 
d isc u sse d , t h e r e  a r e  s e v e ra l p o s s i b i l i t i e s  t h a t  cou ld  e x p la in  th e  
d if f e r e n c e s  betw een FEM p re d ic te d  and m easured d e te n t  to rq u e s  and f lu x  
l in k a g e -c u r re n t  c h a r a c t e r i s t i c s : 1) The mesh i s  n o t f in e  enough;
2) The m a te r ia l  p e rm e a b il ity  models a r e  in c o r r e c t ;  3) End e f f e c t s  due 
t o  th e  t h r e e  d im en sio n a l n a tu re  o f  th e  m oto r a re  n o t n e g ig ib le ;  4) The 
perm anent m agnet model i s  in c o r r e c t .  In v e s t ig a t io n s  in to  same o f  
th e s e  p o s s i b i l i t i e s  w ere made and th e  r e s u l t s  a re  d esc rib e d  i n  th e  
c h a p te r . I t  was found t h a t  th e  p r in c ip a l  cau ses  o f  th e  d e sc re p a n c ie s  
found and o u t l in e d  i n  C hapter I I I ,  w ere end  e f f e c t s  and th e  perm anent 
magnet m odel. End e f f e c t s  were th e  p rim ary  so u rce  o f  e r r o r  i n  th e  i n ­
ductance c a lc u la t io n  and th e  perm anent m agnet model was th e  p rim ary  
so u rce  o f  e r r o r  in  th e  d e te n t to rq u e .
IV . 1 Usincr a  More R e fin ed  Mesh 
One o f  t h e  s h o r t  comings o f  f i r s t  o rd e r  f i n i t e  elem ents i s  t h a t  
f lu x  d e n s i ty  i s  assumed c o n s ta n t o v e r an  elem ent. A mesh w hich i s  to o  
c o a rse  o v e r  a  re g io n  where th e re  a r e  a c tu a l ly  la rg e  changes i n  d i r e c ­
t i o n  and m agnitude o f  th e  f lu x  d e n s i ty  can  r e s u l t  in  e r r o r s  i n  to rq u e  
c a lc u la t io n s .  To check  f o r  t h i s  p o s s i b i l i t y ,  th e  mesh was r e f in e d  i n
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-80-
t h e  re g io n  o f  t h e  to o th  t i p s ,  and magnet. Then, th e  d e te n t  to rq u e  and 
to rq u e  c o n s ta n t  w ere r e - c a ic u ia te d .
I n  th e  o r ig i n a l  REM, th e  to o th  t i p  was m odeled by one row o f  
f i n i t e  e lem en ts , th e  a i rg a p  was modeled by two rows o f  f i n i t e  e lem ents 
and th e  magnet was modeled by e ig h t  rows o f  f i n i t e  e lem en ts . The mesh 
was r e f in e d  so  t h a t  th e  to o th  t i p s  c o n s is te d  o f  f i v e  row s o f  e lem en ts. 
The a irg a p  was k e p t  a t  tw o rows o f  e lem en ts, s in c e  th e s e  e lem ents were 
a lre a d y  v e ry  t h i n ,  and th e  magnet was made t o  b e  tw e n ty -f iv e  elem ents 
th ic k .
The d e te n t  to rq u e  p re d ic te d  w ith  t h i s  mesh i s  shown in  F ig u re  IV- 
1. The s o l id  l i n e  r e p re s e n ts  th e  r e s u l t s  from th e  o r ig in a l  FEM o f  
C hapter I I I .  The dashed  l i n e  r e p re s e n ts  th e  r e s u l t s  from  th e  more 
r e f in e d  mesh. One se e s  t h a t  th e r e  i s  l i t t l e  d i f f e r e n c e  in  shape o f  
th e  two c u rv e s . I f  peak  v a lu e s  a r e  compared, t h e  more r e f in e d  mesh 
p r e d ic ts  a  p eak  d e te n t  to rq u e  t h a t  i s  12% l e s s  th a n  th e  o r ig in a l  FEM 
p re d ic te d . S in c e  th e  o r ig in a l  FEM mesh p re d ic te d  a  p eak  d e te n t  to rq u e  
v a lu e  t h a t  was a lre a d y  27% low er th a n  th e  e x p e r im e n ta lly  determ ined 
one, c r e a t in g  a  more r e f in e d  mesh i s  o b v io u sly  n o t  th e  answ er t o  th e  
d isc rep an cy  q u e s tio n .
I t  sh o u ld  b e  n o ted  t h a t  n o t a l l  o f  th e  d i f f e r e n c e  i n  p re d ic te d  
d e te n t  to rq u e  i s  n e c e s s a r i ly  due t o  th e  re fin e m e n t o f  t h e  mesh. In  
u s in g  a  d i f f e r e n t  mesh, th e  placem ent o f  th e  edge c u r r e n ts  
r e p re s e n t in g  t h e  perm anent magnet was n o t e x a c t ly  t h e  same a s  in  th e  
p rev io u s  mesh. I t  i s  shown l a t e r  i n  t h i s  c h a p te r  t h a t  d e te n t  to rq u e  
i s  v e ry  s e n s i t i v e  t o  th e  lo c a t io n  o f  th e s e  edge c u r r e n ts .
The to rq u e  v e rs u s  c u r r e n t  c h a r a c te r i s t i c  f o r  b o th  FEM's a r e  shown 
in  F ig u re  IV -2. D ata marked by X 's  a r e  from th e  FEM mesh o f  C hapter
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I I I .  D ata marked by  A 's  shows r e s u l t s  from th e  more r e f in e d  mesh. 
S in ce  p re v io u s  a n a ly s is  showed th e  to r q u e -c u r re n t  r e l a t i o n  t o  be  v e ry  
l i n e a r ,  o n ly  two d a ta  p o in ts  w ere o b ta in e d  w ith  th e  r e f in e d  mesh. One 
a t  1 .0  amps and th e  o th e r  a t  2 .0  amps. One s e e s  t h a t  th e r e  i s  
v i r t u a l l y  no d if f e r e n c e  betw een th e  d a ta  o b ta in e d  from, th e  two meshes. 
I f  th e  d a ta  p re d ic te d  w ith  th e  r e f in e d  mesh i s  u sed  w ith  a  le a s t, 
s q u a re s  e r r o r  approach t o  c a lc u la te  a  to rq u e  c o n s ta n t ,  and t h i s  to rq u e  
c o n s ta n t  i s  compared t o  one found from th e  o r ig in a l  mesh, th e  d i f f e r e ­
nce  i s  l e s s  th a n  0.5%.
IV.2 Checking the Finite TClpgnent Model 
with a TforiaKlt* T l^uccanne Rotor
To check  th e  f i n i t e  elem ent model o f  th e  s t a t o r  geom etry and 
m a te r ia l  p r o p e r t i e s ,  a  v a r ia b le  r e lu c ta n c e , (VR), r o t o r  was 
c o n s tru c te d . T h is  r o to r  c o n ta in s  no perm anent m agnet m a te r ia l .  I t  i s  
a  c y l in d e r  o f  i r o n  w ith  th e  same o u te r  d ia m e te r  a s  th e  perm anent 
m agnet r o t o r ,  and h as  fo u r  s l o t s  c u t  i n t o  i t  a t  90 d eg ree  in te r v a ls .  
The d e p th  o f  th e  s l o t s  was made eq u a l t o  th e  th ic k n e s s  o f  th e  p e r­
m anent m agnet. The VR r o to r  was u sed  w ith  th e  p ro to ty p e  s t a t o r  to  
p roduce a  VR m otor. A c r o s s - s e c t io n a l  v iew  o f  t h i s  VR m otor i s  shown 
in  F ig u re  IV -3.
A f i n i t e  e lem ent model o f  th e  VR m otor was developed  by u s in g  th e  
same mesh t h a t  was c o n s tru c te d  f o r  t h e  p ro to ty p e  BIDCM and a l t e r in g  
th e  m a te r ia l  p ro p e r ty  d e s c r ip t io n  o f  th e  r o to r  e lem en ts  t o  f i t  th e  VR 
r o t o r  in s te a d  o f  th e  perm anent magnet r o to r .  Same f i n i t e  e lm ent nodes 
w ere a l s o  moved s l i g h t l y  to  f i t  th e  s l o t  geom etry o f  th e  VR r o to r  
b e t t e r .
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W hile th e  VR m otor has  no d e te n t  to rq u e , i t  does p roduce a  to rq u e  
when t h e  s t a t o r  i s  en e rg ized . I n  F ig u re  IV -4a, th e  m easured on e-p h ase- 
on to rq u e -a n g le  cu rv e , ( s o l id  l i n e ) , f o r  a  phase  c u r r e n t  o f  2 .5  amps 
i s  compared t o  a  f i n i t e  elem ent p r e d ic te d  to rq u e -a n g le  c u rv e , (dashed 
l i n e ) , f o r  th e  same phase c u r r e n t .  The e x c e l le n t  c o r r e l a t i o n  between 
th e  waveform shapes o f  th e  two c u rv e s  in d ic a te s  t h a t  th e  model f o r  th e  
geom etry and  m a te r ia l  p ro p e r t ie s  i s  good. In  com paring p eak  v a lu e s ,  
th e  FEM p r e d ic t s  a  peak  v a lu e  t h a t  i s  app rox im ate ly  8% g r e a t e r  th a n  
th e  e x p e rim e n ta lly  determ ined  one.
The l e v e l  o f  phase c u r re n t  u sed  i n  t h i s  com parison r e s u l t s  i n  a 
f lu x  d e n s i ty  i n  th e  s t a t o r  t e e th  o f  ap p rox im ate ly  1 .2  T e s la .  T h is  i s  
s i g n i f i c a n t l y  l e s s  th a n  th e  1 .8  T e s la  p r e s e n t  when th e  perm anent 
magnet r o t o r  i s  i n  p la c e . T h e re fo re , a n o th e r  com parison was made a t  a  
phase  c u r r e n t  o f  4 .0  Amps. T h is  was t h e  maximum v a lu e  t h a t  was f e l t  
co u ld  b e  u se d  and n o t b u m  th e  c o i l  in s u la t io n  d u rin g  th e  m easure­
m ents. T h is  le v e l  o f  phase c u r r e n t  r e s u l t s  i n  a  f lu x  d e n s i ty  o f  1 .6  
T e s la  i n  t h e  s t a t o r  t e e th .  T h is  v a lu e  i s  c lo s e  t o  t h a t  ach iev ed  w ith  
th e  perm anent m agnet r o to r  i n  p la c e ,  an d , s in c e  th e  60% in c re a s e  in  
phase c u r r e n t  o n ly  r e s u l t s  i n  a  30% in c re a s e  in  f lu x  d e n s i ty ,  in d i ­
c a te s  t h a t  th e  t e e t h  a r e  w e ll in to  s a tu r a t io n .  The ex p erim en ta l and 
FEM to rq u e -a n g le  cu rv es  a t  t h i s  l e v e l  o f  phase  c u r re n t  a r e  shown in  
F ig u re  IV -4b. A gain, th e re  i s  good c o r r e l a t i o n  between waveform 
shap es . A com parison o f  peak  v a lu e s  r e v e a ls  t h a t  th e  FEM p r e d ic t s  a  
peak  v a lu e  t h a t  i s  approx im ately  6% g r e a t e r  th a n  th e  e x p e rim e n ta lly  
determ ined  one.
O v e ra ll ,  th e  good c o r r e la t io n  betw een FEM and e x p e rim e n ta lly  
determ ined  to rq u e -a n g le  cu rves f o r  t h e  tw o d i f f e r e n t  le v e l s  o f  phase







AN GL E  Q a g r s a - s
F ig u re  IV-4a 
Comparison o f  M easured, (S o lid  L in e ) , and 
F in i t e  Elem ent P re d ic te d ,  (Dashed L in e ) ,
V a ria b le  R e luc tance  S ta to r  Torque-Angle C urves, 1 -2 .5  Amps














AN6LE D e g re s s
F ig u re  IV-4b 
Comparison o f  M easured, (S o lid  L in e ) ,  and 
F in i t e  Element P re d ic te d ,  (Dashed L in e ) ,
V a r ia b le  R e lu c tan ce  S ta to r  Torque-A ngle C urves, 1=4.0 Amps
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c u r r e n t  in d ic a te s  t h a t  th e  m a te r ia l  s a tu r a t io n  m odels and geom etry 
re p re s e n te d  by th e  REM a r e  p ro b ab ly  good. T h is  would le a d  one t o  
b e l ie v e  t h a t  p rim ary  cause  f o r  th e  d escrepancy  found i n  C hap ter I I I  
betw een ex p erim en ta l and FEM d e te n t  to rq u e -a n g le  cu rv es  m ust l i e  in  
th e  perm anent magnet model.
IV. 3 End E f f e c ts  
I t  was su g g es ted  p re v io u s ly  t h a t  scane o f  th e  d isc rep a n cy  betw een 
ex p erim en ta l and f i n i t e  elem ent r e s u l t s  co u ld  b e  a t t r i b u t e d  t o  end 
e f f e c t s .  End e f f e c t s  i s  a  g e n e ra l te rm  used  t o  d e s c r ib e  th e  e f f e c t s  
due t o  th e  th ree -d im e n sio n a l n a tu re  o f  th e  problem . The consequences 
o f  th e s e  e f f e c t s  a r e  n o t in c lu d ed  i n  a  tw o-d im ensional mode].. The 
f a c t  t h a t  a  tw o-dim ensional model was u sed  can  r e s u l t  i n  same d i f f e r e ­
n ces  betw een ex p erim en ta l and a n a ly t ic a l  r e s u l t s .
I n  o rd e r  t o  g e t  an  id e a  o f  th e  p o s s ib le  e r r o r s  in tro d u c e d  by u s in g  
a  two d im ensional model, one can  lo o k  a t  th e  d i f f e r e n c e  i n  r e s u l t s  
o b ta in e d  from b o th  a  tw o- and th re e -d im e n s io n a l a n a ly s is  o f  th e  f lu x  
d e n s i ty  d i s t r i b u t io n  and n e t  f lu x  th ro u g h  a  r e c ta n g u la r  lo o p  o f  w ire  
i n  a i r ,  F ig u re  IV -5a.
The B io t-S a v a r t Iawc9] g iv e s  th e  f a r  f i e l d  approx im ation  f o r  B a t  
a  p o in t  P, i n  a i r ,  due t o  a  d i f f e r e n t i a l  p ie c e  o f  w ire  lo c a te d  a  
d is ta n c e  p  away a s :
_  fi0 I d l x p
6 3 = w ~r~ (IV" 1)
In  t h i s  c a s e , t h e  ta n g e n t ia l  component o f  B i s  th e  o n ly  e x i s t in g  
component. T h e re fo re , th e  B io t-S a v a r t law  can  b e  reduced  t o  a  s c a la r










F igu re  IV-5a 
Geometry Used fo r  C a lc u la tio n  
o f  Flux D en sity  a t  a  P o in t P
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e x p re s s io n , and th e  n e t  B due t o  a  s t r a i g h t  w ire  o f  le n g th  L i s :
From F ig u re  I7 -5 a , one se e s  t h a t  th e  fo llo w in g  s u b s t i tu t io n s  can  
be  made i n  E quation  IV -2:
d l  = pda cosa 
sin/3 = x /p  




J cosa  da =  —  { s in a f -47IX s in a  }O J (IV-3)
Where: a = son 0
V + y 2
h ~ y
^ x ^ ^ - y ) 2
Ih e se  e x p re s s io n s  can  now b e  u sed  t o  e v a lu a te  an  e x p re s s io n  f o r  B 
w ith in  t h e  p la n e  d e f in e d  by two i n f i n i t e l y  lo n g  w ire s , (2D m odel), and
w ith in  t h e  p la n e  o f  a  r e c ta n g u la r  c o i l  o f  w ire , (3D m odel).
A pply ing  E quation  IV-3 t o  th e  geom etry shewn i n  F ig u re  IV-5b,
y ie ld s  an  e x p re ss io n  f o r  B in  th e  p la n e  d e f in e d  by  two i n f i n i t e l y  long
w ire s .
B = ^o1 W2ir x(w-x) (IV-4)




- o o - o o
F ig u re  IV-5b 
Two I n f i n i t e l y  Long, C urren t C arry in g  W ires
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A pply ing  E quation  IV-3 t o  th e  geom etry shown in  F ig u re  IV-5c 
y ie ld s  a n  e x p re ss io n  f o r  B in  th e  p la n e  d e f in e d  by a  r e c ta n g u la r  loop  
o f  w ire .
x  ^ x ’+ a ^ - y 2) (I^ -y ) ^ x 2+ ( I^ -y )2
h - y  
  + x
w-x
+ +
(I^-Y)  ^(w-x) 2+ (lg-v ) 2 (w-x) ^ (w-x) 2+ ( l^ =y ) 2
v + w-x ,  X (TV-5)
y  ^ (w-x) 2+y2 y  ^ x 2+y2
F ig u re  TV-6a shows f lu x  d e n s ity  d i s t r i b u t io n  c a lc u la te d  from E quations 
IV-4&5 assum ing a  sq u are  loop  o f  w ire , 0 .1  m e te r on a  s id e .  Curves 
(1) th ro u g h  (5) in d ic a te  th e  r e s u l t s  from th e  3D model, (Equation 5 ) , 
and a r e  f o r  v a r io u s  p o s i t io n s  a lo n g  th e  le n g th  o f  th e  c o i l .  Curve (6) 
r e s u l t s  from  th e  2D model, (E quation 4 ) ,  and i s  th e  same everywhere 
a lo n g  th e  c o i l  le n g th . H ie n e t  r e s u l t  i s  t h a t  th e  3D model p roduces a  
f lu x  d e n s i ty  d i s t r i b u t io n  t h a t  i s  alw ays o f  g r e a te r  m agnitude. Hence, 
th e  t o t a l  f lu x  th rough  th e  c o i l  i s  alw ays g r e a te r  th a n  th e  2D model 
p r e d ic t s .
F ig u re  IV-6b shows th e  e f f e c t s  o f  making th e  c u r r e n t  loop  more 
r e c ta n g u la r .  The le n g th  was in c re a se d  t o  0 .3  m eters  t o  y ie ld  a  le n g th  
t o  w id th  r a t i o  o f  3 . One can  se e  t h a t  th e r e  i s  much l e s s  o f  a  
d i f f e r e n c e  betw een th e  2D a n a ly s i s -  Curve (6 ) , and th e  3D a n a ly s i s -





/U =3--------  W  ES»/
F i g u r e  IV - 5 c  
R e c t a n g u l a r  L o o p  o f  W ir e  i n  A i r
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P Q 8 ir iO H  I ts ta r a
F ig u re  IV-6a 
F lu x  D en s ity  D is tr ib u t io n s  a t  S e v e ra l S l ic e s  
A long th e  S ide o f a  Square Wire Loop, (w=0.1in) 
Curve ( 1 ) -  y=0.01m; Curve ( 2 ) -  y=0.02m;
Curve ( 3 ) -  y=>0.03m; Curve ( 4 ) -  y*=0.04m;
Curve ( 5 ) -  y=0.05m; Curve ( 6 ) -  Two-Dimensional Model
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a
8.1
S . I S8.838.648.121.88
PaSiriQN Its tars
Figure IV-6b
Flux d e n s ity  D istributions a t  Several S lic e s  Along 
the Side o f  a Rectangular Loop o f  Wire, (w*=0.1m,Lw=0.3m) 
Curve ( 1 ) -  y=0.03m; Curve ( 2 ) -  y=0.06m?
Curve ( 3 ) -  y=0.Q9m; Curve ( 4 ) -  y=0. 12m;
Curve ( 5 ) -  y=0.15m; Curve (6) -  Two-Dimensional Model
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Curves (1) th ro u g h  (5 ) .
U n fo rtu n a te ly , th e  ex p re ss io n s  sho rn  in  E qu atio n s  4 and 5 a r e  f o r  
w ires  i n  a i r ,  n o t  f o r  w ire s  wound around s t a t o r  i r o n .  They can  n o t be  
used  t o  e v a lu a te  how much h i t l e r  th e  f lu x  d e n s i ty  w i l l  b e  in  th e  r e a l  
m otor th a n  th e  2D FEM p r e d ic ts .  However, th e y  do shew th e  g en e ra l 
e f f e c t s ;  th e  f lu x  d e n s i ty  in s id e  a  re c ta n g u la r  c o i l  i s  g r e a te r  th a n  
th e  f lu x  betw een p a r a l l e l  w ire s . Hence, end tu r n s  in c re a s e  th e  f lu x  
th rough  th e  c o i l .
To f u r th e r  e x p lo re  end e f f e c t s  i n  th e  m otor, a  FEM was made o f  an 
r - z  s l i c e  o f  th e  m otor. F ig u re  IV-7 shows th e  f lu x  p l o t  r e s u l t in g  
from an  a n a ly s i s  o f  th e  end tu rn s .  End tu r n s  a r e  th o s e  s e c tio n s  o f  
th e  c o i l  w hich s e rv e  t o  connect th e  bund les o f  w ire  ly in g  in  th e  
s l o t s .  T hese end  tu r n s  a r e  lo c a te d  a t  each  end o f  th e  m otor and ty p i ­
c a l ly  l i e  on th e  s u r fa c e  o f  th e  end la m in a tio n . One s e e s  in  t h i s  
f ig u re  t h a t  much o f  th e  f lu x  produced due t o  end tu r n s  i s  leakage f lu x  
t h a t  does n o t  l i n k  th e  a i r  gap. I n  f a c t ,  co u n tin g  f lu x  l i n e s ,  which 
d e l in e a te  tu b e s  c o n ta in in g  equal amounts o f  f lu x ,  shows t h a t  
approx im ate ly  60% o f  th e  f lu x  produced by th e  end tu r n s  i s  leakage and 
does n o t  l i n k  th e  a i r  gap . T herefo re , any f lu x  i n  th e  m otor caused  by 
end tu r n s  would p ro b ab ly  have th e  g r e a t e s t  e f f e c t  on in d u c tan ce , and a  
l e s s e r  e f f e c t  on s t a t o r  to rq u e . I n  a d d i t ie . . ,b lo w in g  c h a t f lu x  
d e n s ity  te n d s  t o  b e  in v e rs e ly  p ro p o r tio n a l t o  th e  d is ta n c e  from th e  
so u rce , i t  i s  obv ious t h a t  a s  th e  a x ia l  le n g th  o f  th e  m otor in c re a se s , 
th e  f lu x  d e n s i ty  i n  m iddle o f  th e  m otor d e c re a se s . Hence, th e  r a t i o  
o f  f lu x  l in k in g  th e  a i r  gap to  end leak ag e  f lu x  would a l s o  te n d  to  
d ec re a se . As th e  m otor i s  made lo n g e r, end tu r n s  w ould have l e s s  
e f f e c t  on e i t h e r  in d u c tan ce  o r  to rq u e .
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F u r th e r  e v a lu a tio n  o f  end tu rn  e f f e c t s  and  i t s  r e l a t i o n  t o  m otor 
a x ia l  le n g th  and th e  f lu x  l in k a g e -c u r re n t c h a r a c t e r i s t i c  a re  shown in  
F ig u re  IV -8. T h is  f ig u r e  shows two s o l id  l i n e s  t h a t  w ere th e  r e s u l t  
o f  m easuring  tw o f lu x  l in k a g e -c u r re n t c h a r c t e r i s t i c s .  One i s  f o r  a  
double s ta c k  s t a t o r  and  r o to r ,  (a m otor o f  tw ic e  th e  normal s ta c k  
le n g th ) , Curve (1 ) .  H ie second i s  f o r  a  s in g le  s ta c k  s t a t o r  and 
r o to r ,  C urve(2 ) . I n  b o th  c a se s  th e  r o t o r  perm anent m agnets, (EM 's), 
w ere removed and  o n ly  th e  r o to r  back  i r o n  was p r e s e n t .  T h is  was done 
p r im a r i ly  becau se  we d id  n o t  have enough m agnet segm ents t o  make a  
double s ta c k  r o to r .  N o tice  t h a t  th e  s lo p e  o f  th e  cu rv e  f o r  th e  double 
s ta c k  i s  n o t  tw ic e  th e  s lo p e  o f  th e  s in g le  s ta c k  cu rv e . I f  end tu r n s  
e f f e c t s  w ere n o t  p r e s e n t ,  th e n  do u b lin g  th e  m otor le n g th  shou ld  double 
th e  s lo p e  o f  th e  f lu x  l in k a g e -c u r re n t c h a r a c t e r i s t i c ,  a s  th e  tw o- 
d im ensional FEM p r e d ic t s ,  Curves (3) and  (4 ) ,  i n  t h i s  f ig u re .
A summary o f  s lo p e  com parisons betw een FEM and experim en ta l d a ta  i s  
shown i n  T ab le I V - l .  In c lu d ed  in  t h i s  t a b l e  i s  d a ta  from T able I I I - l .  
I n  com paring s in g le  and double s ta c k  le n g th  r e s u l t s ,  one se e s  t h a t  a s  
th e  s ta c k  le n g th  i s  in c re a se d  th e  tw o-d im ensional FEM becomes more 
a c c u ra te .
T able IV -l
Summary o f  F lu x  L inkage-C urren t S lope  Comparisons
\ - i  d e s c r ip t io n Exp. S lope 
H enries
FEM S lope  
H en rie s
%Error o f  FEM
S in g le  S ta c k  EM 0.0062 0.0046 -2 6 .0
S in g le  S ta c k  no EM 0.0100 0.0078 -2 2 .0
Double S ta c k  no EM 0.0179 0.0156 -1 2 .8
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1 .5 2.1l . l 1.11 .5
C U R R E N r  A n p a
F igure  IV-8 
Comparison o f  Measured and F in i t e  Element 
P re d ic te d  F lux Linkage v e rsu s  C u rre n t 
Curve (1 ) -  Measured D ata, Double S tac k  Motor 
Curve ( 2 ) -  Measured D ata, S in g le  S tac k  Motor 
Curve ( 3 ) -  F in i t e  Elem ent P re d ic te d  R e s u l ts ,  Double S tack  Motor 
Curve ( 4 ) -  F in i t e  E lem ent P re d ic te d  R e s u l ts ,  S in g le  S tack  Motor
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I f  one u sed  th e  s in g le  and double  s ta c k  no EM d a ta  t o  e x t r a p o la te  
e r r o r  based  on s ta c k  le n g th ,  one se e s  t h a t  th e  e r r o r  i s  n e a r ly  h a lv ed  
a s  th e  s ta c k  le n g th  i s  doub led . S in ce  th e  le n g th  t o  w id th  r a t i o  o f  
th e  s in g le  s ta c k  p ro to ty p e  m otor c o i l  i s  approx im ate ly  1 :1 , one would 
need t o  have a  m otor w ith  c o i l  le n g th  t o  w id th  r a t i o s  o f  1 0 :1  b e fo re  
t h e  e r r o r  in  p r e d ic t in g  in d u c tan ce  was l e s s  th a n  3%.
Given th e  p ro cee d in g  a n a ly s is  and d is c u s s io n , we sh o u ld  s e e  t h a t  
th e  FEM p re d ic t io n  o f  t h e  f lu x  d e n s ity  in  th e  m otor a i rg a p  sh o u ld  be  
low er th a n  m easured v a lu e s .  To c o rro b o ra te  t h i s ,  a  FEM o f  t h e  m otor 
w ith o u t perm anent m agnets mounted on th e  r o to r  back  i r o n  was u sed .
H ie c o i l  c u r r e n t  was s e t  t o  b e  2 .0  amps and th e  d i s t r i b u t i o n  o f  th e  
r a d i a l  component o f  f lu x  d e n s i ty  a lo n g  th e  m idpoin t o f  th e  a i rg a p  was 
c a lc u la te d .  H ie same c o n d itio n s  w ere e s ta b l is h e d  e x p e r im e n ta lly  and a  
g au ss  p robe was u sed  t o  m easure th e  r a d i a l  component o f  f lu x  d e n s i ty  
o v e r th e  to o th  fa c e s  o f  th e  p ro to ty p e  s t a t o r .  H ie FEM and e x p e r i­
m ental r e s u l t s  a r e  shewn i n  F ig u re  IV -9. FEM r e s u l t s  a r e  shown a s  th e  
s o l id  l i n e  and m easured v a lu e s  a r e  shown a s  X 's . One s e e s  t h a t  th e  
peak  FEM v a lu e s  a r e  app rox im ate ly  6% low er th a n  th e  m easured v a lu e s .  
W hile t h i s  i s  c o n s is te n t  w ith  th e  p rev io u s  d is c u s s io n  on end e f f e c t s ,  
t h e  co n fidence  l e v e l  o f  th e  measurement accuracy  i s  n o t  h ig h  enough 
f o r  th e  r e s u l t s  t o  b e  c o n c lu s iv e .
IV . 4 Veacifviirr t h e  Perm anent Magnet- Mortal
To check th e  f i n i t e  e lem ent model f o r  th e  perm anent m agnet, i t  was 
d ec id ed  t o  c o n s tru c t  and model a  s t e e l  annulus w ith  an  a i rg a p  la rg e  
enough t o  a llo w  d i r e c t  measurement o f  th e  f lu x  d e n s i ty  i n  t h e  a i r  gap 
re g io n  w ith  a  h a l l  p ro b e . An annulus o f  s o f t  s t e e l  was c o n s tru c te d



















AN6LE D e g r e s s
F ig u re  IV-9
Com parison o f  M easured, (X 's ) ,  and F in i t e  Element 
P re d ic te d ,  (S o l id  L ine ) ,  A irgap  Flux D e n s ity  Due to  th e  C o il
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w ith  an  o u te r  d ia m e te r  and le n g th  th e  same a s  th e  r o to r ,  and w ith  an  
in n e r  d ia m e te r  0 .060 in c h es  g r e a te r  th a n  th e  r o t o r  o u te r  d ia m e te r . A 
G aussm eter, (B e ll model 615) was used  w ith  a  t r a n s v e r s e  p ro b e , (B e ll 
model STJ1-0404), in s e r t e d  in  t h e  a i r  gap  o f  t h i s  annulus and th e  
r o to r  was r o ta t e d  w h ile  th e  r a d i a l  component o f  f lu x  d e n s ity ,  Bpad , 
was m easured a s  a  fu n c tio n  o f  a n g le . The measurement was ta k e n  a t  
th e  m idpo in t o f  th e  s ta c k  le n g th  o f  th e  r o t o r  m agnet. Probe a c t iv e  
a re a  was 0 .040  in c h es  in  d ia m e te r and i t s  th ic k n e s s  was 0.040 in c h e s . 
L in e a r i ty  o f  th e  d e v ic e  was s p e c if ie d  a s  0.1% up t o  1 T e s la . The 
r e s u l t in g  measurement ta k e n  o v e r two magnet segm ents, (180°) i s  shown 
in  F ig u re  IV -lO a.
In  a d d i t io n ,  a  measurement o f  Bpad was ta k e n  a t  th e  c e n te r  o f  th e  
a r c  span o f  th e  magnet w h ile  th e  p o s i t io n  o f  th e  p robe was v a r ie d  o v e r 
th e  a x ia l  le n g th  o f  th e  r o to r .  T h is  m easurem ent i s  shown i n  F ig u re  
IV-lOb.
I t  was n e c e ssa ry  t o  compare t h i s  t o  a  f i n i t e  e lem ent model, o f  th e  
perm anent m agnet. A f i n i t e  elem ent model was c o n s tru c te d  o f  a  q u a r te r  
s e c tio n  o f  th e  d e v ic e , and th e  perm anent magnet was modeled by  edge 
c u r r e n ts ,  j u s t  a s  i n  th e  p ro to ty p e  model. T h is  model assumes t h a t  th e  
magnet was m agnetized  u n ifo rm ly  i n  th e  r a d i a l  d i r e c t io n .  U sing  th e  
m anufac tu rer- 's  s p e c i f i c a t io n  f o r  th e  i n t r i n s i c  s t r e n g th  o f  t h e  m agnet, 
th e  r e s u l t in g  f i n i t e  e lem ent a n a ly s is  p r e d ic t s  t h e  average f lu x  
d e n s ity  in  th e  a i r  gap t o  b e  a s  shown i n  F ig u re  IV -11. The r a d i a l  
component, Br a d , t h e t a  component, B0, and m agnitude, |B | ,  a r e  shown in  
t h i s  p lo t .  I f  one compares Bpad shapes and m agnitudes in  F ig u re s  IV - 
10a and IV-11 th e r e  a r e  obvious d if f e re n c e s  betw een th e  ex p erim en ta l 
and f i n i t e  e lem ent model r e s u l t s .  The f i n i t e  e lem en t model
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d i s t r i b u t i o n  i s  f l a t  topped  w h ile  th e  ex p erim en ta l d i s t r i b u t i o n  shows 
'h o r n s ' . The average  v a lu e  o f  th e  f l a t  topped  re g io n  found from th e  
f i n i t e  e lem en t model i s  0 .65  T e s la . The av erag e  v a lu e  o f  th e  
ex p e rim en ta l d i s t r i b u t io n  o v er th e  same re g io n  i s  0 .5 5  T e s la .
The d i f f e r e n c e s  in  d i s t r i b u t io n  's h a p e s ' in d ic a te s  t h a t  th e  magnet 
segm ents a r e  n o t  m agnetized un ifo rm ly  i n  th e  r a d i a l  d i r e c t io n .  The 
d i f f e r e n c e s  i n  av erag e  v a lu e s  in d ic a te s  e i t h e r  an  in a c c u ra c y  in  th e  
s a tu r a t io n  model f o r  s o f t  s t e e l ,  o r  a  v a r ia t io n  i n  a c tu a l  magnet 
m a g n e tiz a tio n  from th e  m a n u fa c tu re r 's  s p e c i f i c a t io n .  S in c e  th e  VR 
a n a ly s i s ,  perform ed in  S ec tio n  IV .2 , v e r i f i e d  th e  m a te r ia l  p ro p e r ty  
m odels, th e  d if f e r e n c e  m ust b e  due t o  t h e  l a t t e r .
IV. 5 Exploring Alternate Models far ft** Unt-nr Magnets
The p re v io u s  s e c t io n  h as  shown t h a t  th e  m agnet model u sed  in  th e  
FEM i s  n o t  a c c u ra te  enough t o  p r e d ic t  th e  f i e l d  p roduced  by  th e  magnet 
w h ile  i n  th e  ann u lu s. O bviously, one would l i k e  t o  im prove th e  p e r ­
m anent m agnet model so  t h a t  good c o r r e la t io n  w ith  th e  an n u lu s  d a ta  i s  
o b ta in e d . Then, th e  new model c c u ld  b e  u sed  t o  r e c a lc u la te  th e  d e te n t  
to rq u e  and to rq u e  c o n s ta n t . U ltim a te ly , however, w hat i s  sought i s  a  
method o f  id e n t ify in g ,  o r  develop ing , a  magnet model b a se d  on some 
ex p erim en ta l m easurem ents. I f  t h i s  a b i l i t y  co u ld  b e  ach iev ed , th e n  
one co u ld  id e n t i f y  th e  m ag n e tiza tio n  model o f  m agnets t h a t  a re  o f  
unknown o r ig in  and h is to r y .
How t o  de te rm in e  th e  changes n ece ssa ry  t o  im prove th e  p re s e n t  
magnet model i s  n o t  c l e a r .  There a r e  s e v e ra l app roaches t h a t  cou ld  b e  
ta k e n . One, we cou ld  model th e  m ag n e tiza tio n  p ro c e s s  o f  th e  magnet 
u s in g  f i n i t e  e lem en ts. T h is  would re q u ire  d e t a i l e d  knowledge o f  th e
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m a g n e tiz e r geom etry, v o lta g e  le v e ls  and c a p a c i to r s  u sed , e t c .  I t  
m igh t a l s o  r e q u ir e  a  f i n i t e  elem ent a n a ly s is  o f  th e  t r a n s i e n t  f i e l d  
b ecau se  t h e  r a r e  e a r th  m agnets have a  h ig h  i r o n  c o n te n t ,  a llo w in g  th e  
p re se n c e  o f  la rg e  eddy c u r r e n ts ,  w hich co u ld  e f f e c t  th e  m a g n e tiz a tio n  
o f  t h e  segm ent.
Secondly , g iv e n  th e  m easurem ents made i n  t h e  an n u lu s , we c o u ld  t r y  
t o  make an  i n t e l l i g e n t  g u ess  a s  t o  th e  m a g n e tiz a tio n  d i s t r i b u t io n  o f  
t h e  i n t e r i o r  o f  t h e  magnet. The FEM o f  th e  an n u lu s  would b e  u sed  t o  
p ro v id e  feedback  and th e  model co u ld  b e  m o d ified  a s  n e c e ssa ry  t o  make 
th e  p r e d ic te d  and m easured f lu x  d e n s ity  d i s t r i b u t i o n s  f o r  th e  annulus 
m atch . T h is  m ight n o t  b e  a s  d i f f i c u l t  a s  i t  a p p e a rs , p ro v id ed  we know 
som ething ab o u t th e  way in  w hich i t  was m agnetized , such  a s  i t s  
g e n e ra l d i r e c t io n  o f  o r ie n ta t io n .
T h ird , we co u ld  sim ply  make th e  av erag e  v a lu e  o f  th e  d i s t r i b u t io n  
p r e d ic te d  by  th e  FEM o f  th e  annu lus m atch th e  av e rag e  v a lu e  o f  th e  
m easured d i s t r i b u t io n .  I t  m igh t be  p o s s ib le  t h a t  th e  c h a r a c t e r i s t i c  
p a ram e te rs  o f  th e  m otor a r e  n o t  o v e r ly  s e n s i t i v e  t o  t h e  magnet model, 
o n ly  t o  t h e  av erag e  v a lu e s .  A p r e c i s e  m agnet model m igh t n o t  b e  
r e q u ire d  f o r  o u r p u rp o ses .
A ll  o f  th e  p roceed ing  o p tio n s  have s ig n i f i c a n t  draw backs. 
P erfo rm ing  a  f i n i t e  elem ent a n a ly s is  o f  th e  m a g n e tiz a tio n  p ro c e s s  
w ould r e q u ir e  d e ta i l e d  in fo rm a tio n  o f  th e  m a g n e tiz a tio n  p ro c e s s . T h is  
in fo rm a tio n  i s  u s u a l ly  p r o p r ie ta r y  and u n a v a i la b le  f o r  r a r e  e a r th  
m agnets. I n  a d d i t io n ,  i t  does n o t  h e lp  u s  in  c a s e s  w here we a r e  
t r y i n g  t o  develop  a  model f o r  a  magnet i n  w hich l i t t l e  i s  known abou t 
t h e  m a g n e tiz a tio n  p ro c e ss .
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T rying  t o  make an  i n t e l l i g e n t  guess a s  t o  th e  in t e r n a l  
m ag n e tiza tio n  o f  t h e  perm anent magnet segment i s  d i f f i c u l t  becau se  
th e r e  i s  no way o f  e n su r in g  t h a t  th e  guess i s  c o r r e c t  -  o th e r  th a n  
u s in g  a  scan n in g  e le c t r o n  m icroscope t o  map th e  m agnetic  domain 
o r ie n ta t io n  w ith in  a  sam ple. I n  a d d itio n , th e  d i s t r i b u t io n  o f  th e  
r a d ia l  component o f  B i n  th e  annu lus may n o t  b e  u n iq u e ; even i f  th e  
d i s t r i b u t io n  were fo rc e d  t o  m atch th e re  i s  no g u a ran tee  t h a t  th e  
c u r re n t  d i s t r i b u t io n  s e le c te d  would be  c o r re c t .  I n i s  m ight r e s u l t  in  
s ig n i f i c a n t  e r r o r s  i n  p r e d ic t in g  same m otor c h a r a c te r i s t i c  p a ram e te rs .
Of th e  th r e e  m ethods p re v io u s ly  m entioned f o r  im proving o r  
a l t e r in g  th e  magnet m odel, th e  second two: gu essin g  th e  m a g n e tiz a tio n  
and making th e  average  v a lu e s  o f  th e  d is t r ib u t io n s  m atch, w ere 
in v e s t ig a te d . T h is  was done because  th e  p ro p r ie ta ry  n a tu re  o f  th e  
m ag n e tiza tio n  p ro c e ss  p re v e n ts  t h e  in v e s t ig a to r  from m odeling i t .
One f a c t  we m ight u s e  in  develop ing  an improved model o f  t h e  
magnet i s  t h a t  th e  f lu x  d e n s i ty  measurement o f  th e  annu lus  showed 
h ig h e r  f lu x  d e n s i t i e s  a t  th e  edges o f  th e  magnet th a n  i n  th e  m idd le . 
The perm anent magnet ap p ea rs  t o  b e  more s tro n g ly  m agnetized  on th e  
edges th a n  in  th e  m id d le . As m entioned p re v io u s ly , i t  was th o u g h t 
t h a t  t h i s  co u ld  b e  due t o  eddy c u r re n ts  having p lay ed  a  s ig n i f i c a n t  
r o le  d u rin g  th e  m a g n e tiz a tio n  p ro c e ss . S ince th e  perm anent m agnets 
were p ro b ab ly  m agnetized  by  a  p u ls e  f i e l d ,  t h i s  seemed p la u s ib le .  
D uring th e  tim e  t h a t  t h e  f i e l d  i s  b u ild in g , eddy c u r r e n ts  c o u ld  b e  
g en era ted  i n  th e  i n t e r i o r  o f  th e  body t h a t  p re v e n t th e  f i e l d  from  r e ­
ach ing  le v e ls  t h a t  would com ple te ly  s a tu r a te  th e  m a te r ia l .  T h is  cou ld  
cause  th e  o u ts id e  edges o f  th e  perm anent magnet t o  b e  m agnetized  more 
s tro n g ly  th a n  th e  i n t e r i o r .  I f  t h i s  i s  t r u e ,  th e n  t o  model th e
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m ag n etiza tio n , i t  would b e  n e c e ssa ry  t o  p la c e  c u r re n t  d e n s i t i e s  i n  th e  
i n t e r i o r  o f  th e  perm anent m agnet. S in ce  th e  i n t e r i o r  m a g n e tiz a tio n  i s  
n o t known, th e  m agnitude and p lacem ent o f  th e s e  c u r re n ts  would have t o  
b e  determ ined  by a  t r i a l  and e r r o r  p ro c e ss .
R ecent work h as  shown t h a t  eddy c u r r e n ts  do n o t  p la y  a  s ig n i f i c a n t  
r o le  in  th e  m a g n e tiz a tio n  o f  r a r e  e a r th  m agnets. H am edc151 perform ed 
a  f i n i t e  elm ent a n a ly s is  o f  t h e  T ra n s ie n t f i e l d  produced by  a  
m agnetizer. He shewed t h a t  w h ile  eddy c u r re n ts  do ap p ea r i n  th e  r a r e  
e a r th  m a te r ia l  d u rin g  m a g n e tiz a tio n , th e y  do n o t a f f e c t  th e  f i n a l  
m ag n e tiza tio n  o f  th e  m a te r ia l .
A nother e x p la n a tio n  f o r  th e  h ig h e r  s t r e n g th  on th e  edges th a n  in  
th e  m iddle m ight l i e  in  th e  manner in  which a  r a d ia l  o r ie n ta t io n  was 
c re a te d . Magnet m an u fa c tu re rs  have in d ic a te d  t h a t  th e  com bination  o f  
powder m e ta lu rg ic a l p ro c e s se s , (p re ss  and s i n t e r ) , and h ig h  
m agnetiz ing  f i e l d s  n e c e ssa ry  f o r  r a r e  e a r th s ,  make i t  v e ry  d i f f i c u l t  
t o  c r e a te  a  t r u l y  r a d i a l l y  o r ie n te d ,  s in te r e d  r a r e  e a r th  m agnet. F or 
many m a te r ia ls ,  g r a in  o r ie n ta t io n  i s  ach ieved  by ap p ly in g  a  low le v e l  
f i e l d  d u rin g  th e  form ing o f  th e  p ie c e .  However, d u rin g  th e  p re s s in g  
o p e ra tio n  th e r e  a r e  h ig h  amounts o f  f r i c t i o n  between p a r t i c l e s .  Thus, 
h ig h  f i e l d s  a r e  re q u ire d  t o  p roduce s u f f i c i e n t  fo rc e s  t o  overcome th e  
f r i c t i o n  and a llow  th e  p a r t i c l e s  t o  r o t a t e  so  t h a t  th e  easy  a c c e ss  o f  
m ag n e tiza tio n  o f  th e  g r a in  i s  a l ig n e d  w ith  th e  f i e l d .  Because h ig h  
f i e l d s  a re  p re s e n t ,  any i r o n  'used t o  d i r e c t  th e  f i e l d  i s  u s u a l ly  
s a tu ra te d .  Once th e  i r o n  i s  s a tu r a te d ,  much o f  o n e 's  a b i l i t y  t o  
d i r e c t  th e  f i e l d  i s  l o s t .  The r e s u l t in g  d i r e c t io n  o f  m ag n e tiza tio n  
cou ld  b e  more s t r a ig h t- th ro u g h  th a n  r a d i a l .  Again, t o  d e term ine  th e  
a c tu a l  d i r e c t io n  o f  m a g n e tiz a tio n  one would have t o  lo o k  a t  th e  domain
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orientation within the material.
In  o rd e r  t o  p roduce a  magnet which h a s  seme o f  t h e  same e x te rn a l  
c h a r a c t e r i s t i c s  a s  a  r a d i a l l y  o r ie n te d  magnet, th e  m a n u fa c tu re r  a l t e r s  
th e  f lu x  d e n s i ty  d i s t r i b u t io n  by rem agnetiz ing  th e  specim en i n  d i f f e ­
r e n t  ways. The m an u fac tu re r f i r s t  m agnetizes th e  m a te r ia l ,  a tte m p tin g  
t o  (create a  r a d i a l  m a g n e tiz a tio n . The a c tu a l  d i r e c t io n  o f  m agnetiza­
t i o n  m y  b e  s t r a ig h t- th ro u g h ,  o r ,  somewhere in  betw een a  r a d i a l  
o r ie n ta t io n  and  a  s t r a ig h t- th ro u g h  o r ie n ta t io n .  The d i s t r i b u t i o n  o f  
Brad p r e d ic te d  by  th e  FEM o f  th e  s o l id  annu lus w ith  perm anent magnets 
m agnetized s t r a ig h t- th r o u g h  i s  shown in  F ig u re  IV -12. One s e e s  t h a t  
th e  d i s t r i b u t i o n  i s  much more s in u s o id a l th a n  th e  one p roduced  by  th e  
r a d ia l  o r ie n te d  m agnets, F ig u re  IV-11. I n  o rd e r  t o  fo rc e  t h e  d i s ­
t r i b u t io n  shown i n  F ig u re  IV-12 t o  more c lo s e ly  resem ble  t h a t  o f  
F ig u re  IV -11, i t  i s  cb v lau s  t h a t  th e  m ag n e tiza tio n  i n  th e  c e n t e r  o f  
th e  o f  th e  specim en m ust be  le sse n e d . T h ere fo re , t h e  m a n u fa c tu re r 
a p p l ie s  a  s m a l le r  r e v e r s e  f i e l d  t o  th e  m idd le o f  th e  segm ent, 
le s s e n in g  i t s  m a g n e tiz a tio n .
U n fo r tu n a te ly , th e  FEM o f  th e  magnet m agnetized s t r a i g h t  th ro u g h  
re q u ire s  e q u iv a le n t  c u r r e n ts  o f  d i f f e r e n t  m agnitudes t o  b e  p la c e  
around th e  e n t i r e  o u ts id e  boundary o f  th e  m agnet. I t  would b e  v e ry  
d i f f i c u l t  w ith  such  a  model t o  determ ine , by  t r i a l  and  e r r o r ,  a  s e t  o f  
e q u iv a le n t c u r r e n t s  t h a t  would produced th e  Bpad d i s t r i b u t i o n  t h a t  
m atched th e  an n u lu s  d a ta  shewn in  F igu re  IV -lO a. However, t o  d e te r ­
m ine a  s im p le  s e t  o f  edge and i n t e r i o r  c u r re n ts  t h a t  p ro d u ces  a  d i s ­
t r i b u t io n  s im i l a r  t o  th e  one shown in  F ig u re  IV-lOa i s  r e l a t i v e l y  
s t r a i g h t  fo rw ard .















F igure  IV-12 
F in i t e  E lem ent P re d ic te d  D is t r ib u t io n  o f  R adial 
Comoonent o f  A irgap  Flux D en sity  in  A nnulus, fo r  
a  Perm anent Magnet M agnetized S t r a ig h t  Through
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I f  we lo o k  a t  F ig u re s  IV-13, th e  d i s t r i b u t io n  o f  th e  r a d ia l  
component o f  f lu x  d e n s i ty  over one o f  th e  p o le  f a c e s ,  i t  appears  to  b e  
th e  s u p e rp o s it io n  o f  two f ie ld s .  T h is  co n cep t i s  i l l u s t r a t e d  i n  
F ig u re  IV -14a-d . Suppose th e  m ag n e tiza tio n  o f  th e  perm anent magnet 
was a t  two d i s c r e t e  l e v e ls ,  (M, and K, i n  F ig u re  IV -14a). Then th e  
perm anent m agnet c o u ld  b e  modeled a s  two p a i r s  o f  c u r r e n t  s h e e ts ,  one 
s e t  on th e  o u ts id e  edges  and th e  o th e r  s e t  i n  th e  m idd le . The s ig n  
and r e l a t i v e  m agnitude o f  th e  c u r re n ts  f o r  t h i s  exam ple a re  shown in  
F ig u re  IV -14b. The l a r g e r  edge c u r re n ts  p roduce a  f i e l d  in  one d i r e c ­
t i o n  and th e  l e s s e r  in n e r  c u r re n ts  produce a  s m a lle r ,  o p p o s ite ly  d i r e ­
c te d  f i e l d .  The n e t  d i s t r i b u t io n  o f  B „ ,  would b e  th e  sum o f  th e  twor a d
Brad d i s t r i b u t io n s ,  (F ig u re  IV -14c). T h is  would r e s u l t  i n  a  f lu x  
d e n s ity  v e r s u s  p o s i t i o n  waveform w ith  th e  c h a r a c t e r i s t i c  d ip  observed  
ex p e rim e n ta lly . Of c o u rse , in  th e  a c tu a l  perm anent m agnet specim en, 
th e  m a g n e tiz a tio n  p ro b ab ly  would n o t b e  d isc o n tin o u s  b u t  would b e  same 
co n tin o u s  fu n c tio n  o f  p o s i t io n  w ith in  th e  magnet., (F ig u re  IV -14d). 
T h ere fo re , t h e  e q u iv a le n t  c u r re n t  d e n s ity  d i s t r i b u t io n  would v ary  over 
th e  i n t e r i o r  o f  t h e  magnet in  a  manner w hich depends upon th e  o r ig in a l  
m a g n e tiz a tio n .
Through a  t r i a l  and  e r r o r  p ro c e ss , a  s e t  o f  c u r r e n t  d e n s ity  d i s ­
t r i b u t io n s  was s e le c te d  f o r  th e  FEM o f  t h e  magnet in  th e  ann u lu s.
These c u r r e n t  d e n s i t i e s  r e s u l te d  in  a  B „ ,  d i s t r i b u t io n  which m atchedr  9 g
th e  ex p erim en ta l c u rv e s  reasonab ly  w e ll .  A com parison o f  th e  FEM and 
experim en ta l d i s t r i b u t io n s  i s  shown in  F ig u re  IV -15. The p lacem ent o f  
th e  c u r r e n t  d e n s i ty  d is t r ib u t io n s  used  t o  ach iev e  th e  FEM produced 
Bpad d i s t r i b u t io n ,  a r e  shown in  F ig u re  IV -16. The FEM w hich u se s  t h i s  
s e t  o f  c u r r e n t  d e n s i ty  d i s t r ib u t io n s  w i l l  be  c a l l e d  model 1. The
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Figure IV-13 
Distribution of Radial Component of  ^
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F igure  IV-14b 
E q u iv a le n t C u rren t M ag n e tiza tio n  S heet 
C u rre n ts  R equired to  Produce M ag n e tiza tio n  
D is t r ib u t io n  Shown in  F ig u re  IV -14a










F igure IV-14c 
In d iv id u a l  and N et D is tr ib u t io n s  o f  R ad ia l 
Component o f  F lux D ensity  Due to  O u te r and 















F igure rv-14d 
A More R e a l i s t i c  A pproxim ation f o r  th e  
E q u iv a le n t C u rren t M agnetization  D is t r ib u t io n
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F igu re  IV-15
Comparison o f  M easured, (S o lid  L in e ) , and F in i te  
Elem ent P re d ic te d , (Dashed L in e ) , D is t r ib u t io n  o f  
R a d ia l Component o f  A irgap  F lux D en sity  
Over One Pole Face o f  R otor in  Annulus
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- I 2 d i s t r i b u t e d  
even ly , th ro u g h o u t 
e le m e n ts  i n  t h i s  a r e a
d i s t r i b u t e d  
e v e n ly  th ro u g h o u t 
e le m e n ts  i n  t h i s  a r e a
- I ,  d i s t r i b u t e d  . 
e v e n ly  th ro u g h o u t 
th e s e  e lem en ts
+1, d i s t r i b u t e d  
e v e n ly  th ro u g h o u t 
th e s e  e le m e n ts
1 1 , | -  2 5 0 0  A m p s  
| I a j -  470 Amps
F igure  IV-16 
D is t r ib u t io n  o f  M agnetization  C u rren ts
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o r ig in a l  FEM developed in  C hapter I I I ,  u s in g  j u s t  th e  edge c u r r e n ts ,  
w i l l  b e  c a l l e d  model 0.
I n  a d d i t io n ,  an  FEM o f  th e  r o to r  and annu lus  was developed where 
t h e  perm anent m agnet m ag n e tiza tio n  was assumed t o  b e  r a d ia l ly  un ifo rm , 
and th e  av e ra g e  v a lu e  o f  th e  FEM p re d ic te d  Bpad d i s t r i b u t io n  was made 
t o  m atch t h e  m easured one, (0 .56  T esla) - I t  was found th a t  th e  edge 
m a g n e tiz a tio n  c u r re n ts  n eccessa ry  t o  fo rc e  t h i s  c o n d itio n  w ere 83% o f  
t h e  o r i g i n a l  e q u iv a le n t c u r re n ts  t h a t  w ere b ased  on th e  m a n u fa c tu re r 's  
s p e c i f i c a t io n s  f o r  th e  magnet s t r e n g th .  T h is  FEM w i l l  be  c a l le d  model 
2 . Comparing d e te n t  to rq u e  cu rv es  p re d ic te d  by  m odels 1 and 2 shou ld  
in d ic a te  w h eth er a  h ig h  degree  o f  p r e c is io n  in  th e  magnet model i s  
n e c e ssa ry , i . e .  w hether th e  d e te n t  to rq u e  i s  s e n s i t i v e  t o  th e  i n t e r i o r  
e q u iv a le n t  c u r r e n ts  in  th e  magnet model.
As f u r t h e r  v e r i f i c a t io n  o f  model 1 , a  measurement was made o f  
Br a d '  wi**1 th e  r o to r  in  a i r  o n ly . T h is  m easurem ent was compared t o  
FEM p r e d ic te d  r e s u l t s  f o r  th e  same geom etry. The d a ta  i s  compared in  
F ig u re  IV -17 . One se e s  t h a t  th e r e  i s  good c o r r e la t io n  between th e  
waveform s. T h is  seems t o  in d ic a te  t h a t  t h e  m agnet c u r re n t  
d i s t r i b u t i o n  developed e m p ir ic a lly , and shown in  F ig u re  IV-16, i s  r e a ­
so n ab le  good.
T hese tw o m odels were u sed  t o  f in d  to rq u e  c o n s ta n ts  and d e te n t  
to rq u e s ,  i n  o rd e r  t o  make com parisons w ith  m easured fin d in g s  t o  ev a lu ­
a t e  w hich p ro v id ed  th e  b e s t  r e s u l t s .  They c o u ld  a l s o  be  compared to  
t h e  o r g in a l  FEM r e s u l t s ,  (model 0 ) ,  arid t o  each  o th e r  t o  e v a lu a te  th e  
s e n s i t i v i t y  o f  th e  to rq u e s  t o  th e  perm anent m agnet re p re s e n ta t io n .













F ig u re  IV-17 
Com parison o f  M easured, (S o lid  L in e ) , and 
F in i t e  E lem ent P re d ic te d ,  (Dashed L in e ) , 
D is t r ib u t io n  o f  R a d ia l Component o f  F lux 
D e n s ity  Over One P o le  Face o f  R otor in  A ir
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IV .5 a  D e te n t T orque P re d ic te d  b y  Wt IpI s  1  an d  2
The d e te n t  to rq u e , a s  a  fu n c tio n  o f  a n g le , was c a lc u la te d  and 
compared t o  t h e  e x p e rim e n ta lly  m easured c u rv e . T h is  com parison was 
done f o r  b o th  m odels: model 1 , edge c u r r e n ts  and i n t e r i o r  c u r r e n ts ;  
and model 2 , edge c u r r e n ts  o n ly . The com parison  i s  shown in  F ig u re  
IV -18. The s o l i d  l i n e  i s  th e  e x p e rim e n ta lly  o b ta in e d  d e te n t  to rq u e  cis 
a  fu n c tio n  o f  a n g le .  The symbol 'O ' r e p re s e n ts  d a ta  o b ta in e d  from  th e  
f i n i t e  e lem en t a n a ly s i s  u s in g  magnet model 1 . The symbol 'X ' 
r e p re s e n ts  d a ta  o b ta in e d  from th e  f i n i t e  e lem en t a n a ly s i s  u s in g  magnet 
model 2 . I t  i s  obv ious t h a t  n e i th e r  th e  waveform shape  n o r  th e ' ' 
m agnitude from e i t h e r  model c o r r e la te  v e ry  w e ll w ith  m easured d a ta .  
Both m odels p r e d ic t  a  s e v e re  f l a t t e n in g  o f  t h e  waveform shape  around 
th e  u n s ta b le  e q u ilib r iu m  p o in t ,  ( in d ic a t in g  a  f a i r l y  l a r g e  second 
harm onic c o n te n t i n  t h e  waveform). The ex p e rim en ta l waveform shows 
much l e s s  o f  t h i s  e f f e c t .  I f  one w ere t o  compare m agnitudes o n ly  and 
n e g le c t  waveform shape one o b ta in s  th e  r e s u l t s  shown i n  T ab le  IV -2. 
In c lu d ed  i n  t h i s  t a b l e  i s  Model 0 ; th e  o r ig in a l  FEM model r e s u l t s  from 
C hap ter I I I .
One s e e s  from  T ab le  IV-2 t h a t  th e  e r r o r  i n  p r e d ic t in g  d e te n t  to rq u e  
a c tu a l ly  in c re a se d  w ith  e i t h e r  model 1 o r  model 2 , w hich w ere 
developed  t o  m atch m easured f lu x  d e n s ity  w ith in  a  s o l i d  a n n u lu s . In
Table IV-2 
Comparison o f  D eten t Torque M agnitudes
D e sc r ip tio n  Mag. o f  D eten t I % e r r o r



















ANGLE U f l j jrsss
F ig u re  17-18
C o m p a r i s o n  o f  M e a s u r e d ,  ( S o l i d  L i n e ) ,  a n d  F i n i t e  
E l e m e n t  M o d e l 1 ,  ( O ' s ) ,  a n d  M o d e l 2 ,  ( X ' s ) ,  
P r e d i c t e d  D e t e n t  T o r q u e  v e r s u s  A n g l e
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a d d it io n , i t  i s  c l e a r  t h a t  th e r e  i s  n o t  a  g r e a t  d i f f e r e n c e  i n  th e  
waveform shape  o f  th e  d e te n t  to rq u e  p re d ic te d  by  m odels 1 and 2 . 
However, t h e  m agnitude o f  th e  i n t e r i o r  c u r re n ts  i n  model 2 w ere much 
l e s s  th a n  edge c u r r e n t  m agnitudes. T h ere fo re , th e  i n t e r i o r  c u r r e n ts  
m ight n o t  have produced a  la rg e  e f f e c t  on th e  waveform shape.
O bviously , o th e r  e x p la n a tio n s  f o r  th e  d i f f e r e n c e s  betw een FEM and 
m easured d e te n t  to rq u e  w i l l  have t o  be  exp lo red . T hese d i f f e r e n c e s  do 
n o t  ap p ea r t o  b e  caused  by  th e  la c k  o f  re fin em en t o f  t h e  m agnet m odel.
IV.5b Torraif* Qnnstant Predncted hy Mrripig l  and 2
Both m odels f o r  th e  perm anent magnet w ere u sed  t o  c a l c u la te  th e  
peak  s t a t o r  to rq u e  f o r  s e v e ra l  d i f f e r e n t  v a lu e s  o f  p h ase  c u r r e n t .
D ata p roduced  from model 1, (edge c u r re n ts  and i n t e r i o r  c u r r e n t s ) , i s  
p lo t te d  i n  F ig u re  IV-19 a s  'O 's .  Data o b ta in ed  from  model 2 i s  
p lo t te d  a s  'X 's .  The average  peak  s t a t o r  to rq u e  v a lu e s  w ere ta k e n  
from th e  m easured to rq u e -a n g le  cu rv es  and p lo t te d  a s  a  fu n c tio n  o f  
phase c u r r e n t .  T h is  i s  deno ted  by  th e  s o l id  l i n e  m arked w ith  
t r i a n g le s  i n  F ig u re  IV -19. C a lc u la tin g  th e  to rq u e  c o n s ta n t  from  a  
l e a s t  sq u a re s  f i t  o f  th e  d a ta  t o  f in d  th e  s lo p e  f o r  each  o f  th e  th r e e  
c a se s  y ie ld s :
T able IV-3 
Comparison o f  Torque C o n s tan ts
K,.exp = 50 .2  oz-iryam p
Kjq = 49 .8  oz-in /am p % error < -1.%
Kt1 = 40 .8  oz-in /am p % error = -18.7%
Kjg =  43 .2  oz-in /am p % error = -13.9%
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C U R R E N T  A n p s
F igure IV-19 
Com parison o f  Measured, (T r ia n g le s ) ,  and F in i te  
E lem ent Model 1 , (O 's ) ,  and  Model 2 , (X 's ) ,  
P r e d ic te d  Peak S ta to r  Torque v e rsu s  C u rren t
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Kj-q i s  th e  to rq u e  c o n s ta n t  found from th e  o r ig in a l  FEM used  i n  C hap ter
I I I .
A com parison o f  th e  m easured and FEM p re d ic te d  to rq u e  c o n s ta n ts  
shows t h a t  t h e  more r e f in e d  models f o r  th e  r o to r  magnets in c re a s e  th e  
e r r o r s  in  to rq u e  p r e d ic t io n .  Thus, one would su sp e c t t h a t  t h e r e  i s  
a n o th e r c au se  f o r  th e  d iscrepancy- and th e  o r ig in a l  FEM m odel, mntfei o, 
com pensated f o r  m ost o f  t h a t  e r r o r  t o  r e s u l t  i n  m is le a d in g ly  good 
c o r r e l a t io n  betw een m easured and FEM p re d ic te d  r e s u l t s .
IV . 6 D eten t Torque S e n s i t i v i ty
In  se a rc h in g  f o r  c a u se s  o f  th e  d isc rep a n cy  between m easured and 
p re d ic te d  d e te n t  to rq u e s ,  th e  s e n s i t i v i t y  o f  th e  d e te n t  to rq u e  t o  th e  
lo c a t io n  o f  th e  FM edge c u r r e n ts  in  th e  FEM was in v e s t ig a te d .  The 
o r ie n ta t io n  and  m agnitude o f  th e  edge c u r r e n t  w ere h e ld  c o n s ta n t  b u t  
t h e  a rc  w id th  o f  t h e  m agnet model was a l t e r e d .  The magnet edge c u r ­
r e n ts  u sed  w ere th o s e  o f  model 0 from th e  FEM used  in  C hap ter I I I .  
D eten t to rq u e  c u rv e s  w ere c a lc u la te d  f o r  s i x  d i f f e r e n t  m agnet a r c  
w id th s . Those w id th s  w ere in  one m echanical d eg ree  in c re m en ts . T h is  
corresponded  t o  moving th e  magnet edge c u r re n t  in  th e  FEM by  one g r id  
increm ent.
F ig u re  TV-20 shows th e  r e s u l t in g  th e  d e te n t  to rq u e -a n g le  c u rv e s .
The FEM r e s u l t s  a r e  shown i n  s o l id  l i n e s  and th e  measured c u rv e  i s  
shown a s  a  dashed  l i n e .  The change in  d eg rees  o f  magnet a r c  w id th  
from th e  o r ig in a l  model i s  marked f o r  each  cu rv e . The peak  d e te n t  
to rq u e  v a lu e s  f o r  th e s e  cu rv es  a r e  shown in  T ab le  IV -4. One s e e s  t h a t  
f o r  ail 11% d e c re a se  i n  magnet w id th  th e  m agnitude o f  th e  d e te n t  to rq u e  
in c re a se d  by  50%. I n  com paring v a lu e s  o v e r th e  range o f  w id th s  in v e s -
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F ig u re  IV-20 
F in i t e  Elem ent P re d ic te d  D eten t Torque-A ngle 
Curves f o r  S ix  D if f e r e n t  Magnet Arc W idths, (75 D egrees 
P lu s  th e  Amount Shown f o r  Each C urve), Measured 
D e ten t Torque i s  Shown a s  a  Dashed L ine
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t i g a te d ,  f o r  a  t o t a l  change in  magnet w id th  o f  f iv e  d e g re e s , th e  
minimum w id th  i s  14% l e s s  th a n  th e  maximum w id th , and th e  co rrespond­
in g  change i n  t h e  p eak  d e te n t  to rq u e  i s  65%.
Table IV-4 
Comparison o f  Detent: Ttorrjia M agnitudes
A rc W idth 
change from 
o r ig in a l  (deg)
% change D eten t
in  M agnitude
Arc W idth o z - in
%change i n  D eten t 
M agnitude from 








- 2 . 6
-3 .9
-5 .2
1.3 41.3  










The r e s u l t s  o f  th o s e  in v e s t ig a t io n s  showed t h a t  b e t t e r  c o r r e la t io n  
between m easured and  FEM p re d ic te d  d e te n t  to rq u e  cu rv es  c o u ld  b e  
o b ta ined by re d u c in g  th e  a rc  w id th  o f  th e  magnet model by  2 d e g re e s . 
T here i s  re a so n a b le  c o r r e la t io n  between waveform shape and  good c o r r e -
There i s  same p h y s ic a l  j u s t i f i c a t i o n  f o r  th e  d isc re p a n c y  
in d ic a te d . M an ufac tu rers  in d ic a te  t h a t  th e r e  i s  o f te n  a  l a y e r  from 
0.010 t o  0 .020  in c h e s  on th e  o u te r  su rfa c e  o f  th e  magnet w hich h as  
p o o re r  magnet p r o p e r t i e s  th a n  th e  rem ainder o f  th e  m agnet. T h is  la y e r  
r e s u l t s  from a  more r a p id  co o lin g  o f  th e  o u te r  s u r fa c e  o f  t h e  magnet 
compared t o  t h e  in n e r .  Sometimes i t  i s  recommended t h a t  t h e  m agnet 
o u te r  s u r fa c e s  b e  ground t o  o b ta in  a  more un ifo rm  m agnet. I f  0.020 
in ch es  w ere ground from  b o th  edges o f  th e  m agnet, th e n  th e  a r c  w id th  
o f  th e  magnet would b e  reduced by approxim ately  th r e e  d e g re e s .
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A nother rea so n  f o r  t h e  d isc rep an cy  between th e  a c tu a l  a r c  w id th  o f  
th e  magnet and th e  'a p p a r e n t ' a r c  w idth  cou ld  b e  due  t o  in a c c u ra c ie s  
in tro d u ced  by  m odeling th e  magnet edge c u r re n ts  a s  d i s t r i b u t e d  i n  a  
' s t a i r c a s e '  s e t  o f  e lem en ts  in s te a d  o f  in  a  c o n tin o u s  l i n e  o f  c u r re n t  
d i s t r i b u te d  a long  th e  a c t u a l  edge o f  th e  m agnet. S ee F ig u re  IV-21.
A f u r th e r  com parison o f  th e  d e te n t  to rq u e  cu rv e  p r e d ic te d  by th e  
FEM o f  th e  tw o-degree n a rro w er m agnet, w ith  th e  e x p e rim en ta l d e te n t  
to rq u e  curve can b e  made by  a  F o u r ie r  s e r i e s  spectrum  a n a ly s i s  on b c th  
s e t s  o f  d a ta .  The r e s u l t s  a r e  shown in  T ab le IV -5. ■ O nly th o s e  
harm onics w ith  m agnitudes g r e a te r ,  th an  1% o f  th e  fundam ental m agnitude 
a r e  shown.
The FEM p re d ic te d  d e t e n t  to rq u e  has a  l a r g e r  second  harm onic th a n  
th e  m easured cu rv e , r e s u l t i n g  in  th e  c h a r a c te r i s t i c  d ip  around th e  un­
s t a b l e  e q u ilib r iu m  p o in t .  U n fo rtu n a te ly , i t s  cau se  i s  unknown.
The models f o r  th e  m agnet from  th e  annulus a n a ly s i s ,  i . e :  th e  
magnet c u r re n ts  shown i n  F ig u re  IV -16, and th e  d e te n t  to rq u e  
s e n s i t i v i t y  a n a ly s is ,  (a  two d eg ree  narrow er m agnet), w ere combined 
in to  one com posite FEM, (model 3 ) .  F i r s t ,  th e  d i s t r i b u t i o n  o f  Brad in
T ab le  IV-5 
Comparison o f  D eten t Torque Harmonics
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Staircase Magnet Current
F ig u re  IV-21
F in i te  E lem ent Model O u tlin e  Showing Modeled Magnet Edges
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th e  s o l id  an n u lu s  was checked, F igure  IV-22. Then, model 3 was used 
t o  p r e d ic t  d e t e n t  to rq u e , to rq u e  c o n s ta n t and back  emf waveform, 
F ig u re s  IV -23 ,24 ,25  r e s p e c t iv e ly .  In  each  o f  th e s e  l a t e r  F ig u re s , th e  
s o l id  l i n e  in d ic a te s  experim en ta l d a ta  and th e  dashed  l i n e  in d ic a te s  
FEM r e s u l t s .
F ig u re  IV-22 shows a  com parison o f  th e  d i s t r i b u t i o n  o f  B .gd 
p re d ic te d  by  model 3 , (dashed l i n e ) , w ith  th e  m easured Brad d i s t r i b u ­
t i o n .  Waveform c o r r e l a t i o n  i s  n o t a s  good a s  i t  was p re v io u s ly  in  
F ig u re  IV -15, however i t  i s  s t i l l  reaso n ab le . The p eak  v a lu e s  a t  th e  
'h o rn s 7 a r e  now 8% la r g e r  th a n  measured e x p e r im e n ta lly .
F ig u re  IV -23 shows a  d e te n t  to rq u e  com parison. The m agnitude i s  
s t i l l  ap p ro x im ate ly  17% low . I f  th e  magnets had  been  made th r e e  
d eg rees  n a rro w er in s te a d  o f  two, th e  d e te n t  would p ro b ab ly  have 
matched b e t t e r ,  and t h i s  change would have had  v e ry  l i t t l e  e f f e c t  on 
th e  to rq u e  c o n s ta n t .  Making th e  magnets th r e e  d e g re e s  narrow er would 
have h e lp ed  t o  com pensate f o r  th e  sm a lle r  m agnitude magnet edge cu r­
r e n t s  t h a t  w ere u sed  a s  a  r e s u l t  o f  th e  annu lus in v e s t ig a t io n .
F ig u re  IV-24 shows a  com parison o f  peak  to rq u e  d a ta .  The to rq u e  
c o n s ta n t p r e d ic te d  by  th e  FEM i s  s t i l l  14% low , (43 .15  oz in /a irp  com­
p ared  t o  50 .2  oz in /am p ). T h is  i s  c lo se  t o  th e  model 1 r e s u l t s  from 
S e c tio n  IV .5b . T here , t h e  p re d ic te d  to rq u e  c o n s ta n t  was 18.7% low. 
Thus, com bining th e  narrow ing  o f  th e  modeled m agnets w ith  th e  model 
t h a t  had  b o th  edge and i n t e r i o r  eq u iv a le n t c u r r e n ts  o n ly  r e s u l te d  in  a  
4% change i n  to rq u e  c o n s ta n t .  C o n tra stin g  t h i s  w ith  t h e  35% change in  
th e  m agnitude o f  th e  d e te n t  to rq u e , one s e e s  t h a t  narrow ing  th e  
m agnets had  l i t t l e  e f f e c t  on peak to rq u e .
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F ig u re  IV-25 shews a  com parison o f  FEM p re d ic te d  and measured back 
emf waveforms a t  200 ra d /s e c -  The peak  v a lu e  p r e d ic te d  by  th e  FEM i s  
11.5% low er th a n  th e  experim en ta l r e s u l t s .  T h is  i s  ex p ec ted  s in c e  th e  
to rq u e  c o n s ta n t  i s  a l s o  low and th e  back  emf c o n s ta n t  and to rq u e  con­
s t a n t  a r e  r e l a t e d .  However, i t  shou ld  b e  n o ted  t h a t  th e  FEM p re d ic te d  
back  emf waveform shape s t i l l  c o r r e la te s  w e ll w ith  th e  m easured 
waveform. Thus, th e  a l t e r a t io n s  in  th e  model have n o t  a f f e c te d  th e  
back  emf waveform shape.
To summarize th e  e v a lu a tio n  o f  th e  com posite model f o r  th e  p e r­
manent m agnet r o t o r ,  (model 3) ,one can  say  t h a t  t h i s  model p r e d ic ts  
th e  peak  o f  th e  Brad d i s t r i b u t io n  m easured in  an  annu lus w ith in  8%; 
p r e d ic ts  th e  m agnitude o f  th e  d e te n t  w ith in  -17%; p r e d ic t s  th e  to rq u e  
c o n s ta n t w ith in  -15%; p r e d ic ts  th e  back emf w ith in  -11%; and shows 
good c o r r e l a t i o n  in  p re d ic t in g  back  emf and d e te n t  to rq u e  waveforms.
I t  i s  p o s s ib le  t h a t  an o th e r i t e r a t i o n  o f  narrow ing th e  magnet w id th  
f u r th e r ,  u n t i l  t h e  d e te n t  to rq u e  m agnitude a g a in  m atched more c lo s e ly , 
m ight a l s o  r e s u l t  i n  an  improvement in  to rq u e  c o n s ta n t  c o r r e la t io n .  
However, i t  h a s  been  shown t h a t  th e  p e rce n tag e  change i n  to rq u e  con­
s t a n t  w hich r e s u l t s  from a  change in  magnet w id th , i s  n o t  a s  g r e a t  a s  
th e  r e s u l t in g  p e rc e n ta g e  change in  m agnitude o f  th e  d e te n t  to rq u e . In  
a d d i t io n ,  t h e  m atch betw een measured and FEM p r e d ic te d  Brad d i s t r i b u ­
t i o n s  in  th e  an n u lu s  w i l l  worsen i f  th e  magnet w id th  i s  narrow ed 
f u r th e r .  T h e re fo re , one m ight have t o  u se  th e  narro w er magnet model 
and a d ju s t  e q u iv a le n t  c u r re n t  m agnitudes u n t i l  annu lus Brad d i s t r i b u ­
t i o n s  a g a in  m atched. Then, r e p e a t th e  e n t i r e  a n a ly s i s .
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F igure  IV-25
Comparison o f  M easured, (S o lid  L in e ) , and F in i te  
Element Model 3 P re d ic te d ,  (Dashed L in e ) , Back Emf V oltage  
Waveform Produced a t  a  R o to r Speed o f  A pproxim ately  200' r a d /s e c .
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IV -8  F i n i t e  E lem ent Mrrtel and  jfoagairanents Ifyfc* m  ^  
D if f e re n t  Permanent M aonet R o to r 
B efore c o n c lu s io n s  can  be drawn concern ing  th e  accu racy  o f  th e  FEM 
i t  was d e c id e d  t o  a p p ly  th e  model developm ent and v e r i f i c a t i o n  
te ch n iq u es  d is c u s s e d  i n  th e  p rev io u s  s e c t io n s  t o  a  d i f f e r e n t  perm anent 
magnet r o t o r .  The second p ro to ty p e  perm anent m agnet r o t o r  was con­
s t r u c te d  u s in g  C ru c ib le  M agnetics Nd-Fe-B m agnets. These m agnets w ere 
r e c ta n g u la r  i n  shape  and  m agnetized s t r a i g h t  th ro u g h . The m agnet seg ­
m ents w ere m ounted on a  c y l in d r ic a l  p ie c e  o f  s t e e l  w ith  f l a t s  machined 
on i t .  The r e s u l t i n g  r o to r  was th e n  ground t o  produce a  round  r o to r  
o f  th e  same o u te r  d ia m e te r  a s  th e  o r ig in a l ,  s e e  F ig u re  IV -26.
F i r s t ,  a  FEM o f  th e  new p ro to ty p e  r o to r  in  th e  s o l id  an n u lu s  was 
developed . The e q u iv a le n t  c u r re n ts  u sed  t o  model th e  m agnet w ere 
determ ined  b y  geom etry and th e  m a n u fa c tu re r 's  p u b lish e d  d a ta .  I t  was 
assumed t h a t  t h e  p u b lish e d  d a ta  f o r  th e  r e s id u a l  f lu x  d e n s i ty ,  Br , o f  
th e  m a te r ia l  was c o r r e c t  and t h a t  th e  magnet was m agnetized  s t r a i g h t  
th ro u g h , a s  t h e  m a n u fa c tu re r 's  d a ta  in d ic a te d . F ig u re  IV-27 shows how 
th e  geom etry was u sed  t o  determ ine d i s t r i b u t io n  o f  th e  e q u iv a le n t  c u r­
r e n t s .  The in c re m e n ta l le n g th , , in  th e  d i r e c t io n  o f  m a g n e tiz a tio n  
between nodes k  and  k+1 was used  t o  c a lc u la te  an  e q u iv a le n t c u r r e n t  
f o r  th e  in c re m e n ta l le n g th :
%  = I k+i ' h
(IV—6)
T h is  v a lu e  o f  c u r r e n t  was th en  d i s t r i b u te d  a s  a  c u r r e n t  d e n s i ty  in
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elem en ts  j  and  j+ 1  a s  shown in  F ig u re  IV-27.
The d i s t r i b u t i o n  o f  Bpad was p re d ic te d  and compared t o  m easured 
d a ta .  F ig u re  IV-28 shows t h i s  com parison. FEM d a ta  i s  in d ic a te d  by 
th e  s o l i d  l i n e ,  and m easured d a ta  i s  in d ic a te d  by  X 's .  U n like  th e  
f i r s t  p ro to ty p e ,  t h i s  d a ta  seams t o  c o r r e la te  w e ll .  H ie  FEM p re d ic te d  
waveform sh ap e  m atches w e ll  and th e  m agnitude i s  w ith in  6% o f  th e  ex­
p e r im e n ta l v a lu e .  T h is  would in d ic a te  t h a t  th e  o r ig i n a l  IM model, 
(model 0 ) ,  f o r  th e  f i r s t  p ro to ty p e  was p robab ly  in c o r r e c t  s in c e  
s im i la r  com parisons d id  n o t  c o r r e l a te  a s  w e ll .
S econd ly , peak  to rq u e  v a lu e s  f o r  th e  new p ro to ty p e  w ere p re d ic te d  
and m easured , F ig u re  IV -29. The same p ro to ty p e  s t a t o r  and  FEM s t a t o r  
models w ere  u se d  f o r  th e  new p ro to ty p e  a s  w ere u sed  f o r  th e  f i r s t  
p ro to ty p e . A com parison o f  to rq u e  c o n s ta n ts  o b ta in ed  from  t h i s  p l o t  
y ie ld s :
Kjjexp = 65.3 oz-in/am p 
^2  fem ~ 55,9 o z - i n / s s a p
% d if f e r e n c e  = -14.4%
T his p e rc e n ta g e  e r r o r  i s  c o n s is te n t  w ith  th e  f i r s t  p ro to ty p e  r e s u l t s  
once t h e  an n u lu s  d i s t r i b u t io n s  m atched, (-18.7% f o r  m odel 1, -14.8% 
f o r  model 3 , t h e  com posite m odel).
N ext t h e  d e te n t  to rq u e -a n g le  waveform was m easured and  compared t o  
th e  p r e d ic te d  one, F ig u re  IV -30. One se e s  t h a t  l i k e  t h e  f i r s t  
p ro to ty p e , th e r e  i s  la rg e  d isc rep a n cy  between th e  m agnitudes o f  th e  
two w aveform s. However, th e  c o r r e la t io n  between th e  waveform shapes 
i s  much b e t t e r  th a n  i t  was f o r  th e  f i r s t  p ro to ty p e . S in c e  th e  p re ­
v io u s  d e t e n t  to rq u e  s e n s i t i v i t y  a n a ly s is  h as  shown t h a t  th e  d e te n t  i s
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ex trem ely  s e n s i t i v e  t o  e q u iv a le n t c u r re n t  p lacem en t, i t  i s  a l s o  
assumed t o  b e  t h e  p rim ary  cause  o f  th e  d isc rep a n cy  h e re .
IV. 9 Summary
H ie o r ig in a l  i n t e n t  o f  t h i s  c h a p te r  was t o  a tte m p t t o  answ er same 
o f  th e  q u e s tio n s  r a is e d  a t  th e  end o f  C hapter I I I .  Those q u e s tio n s  
w ere prompte d  by  d is c re p a n c ie s  found between FEM p r e d ic te d  and 
m easured, f lu x  l in k a g e -c u r re n t  c h a r a c te r i s t i c s ,  and d e te n t  to rq u e -  
an g le  c u rv e s . W hile th e  d if f e re n c e s  i n  th e  f lu x  l in k a g e -c u r re n t  ch a r­
a c t e r i s t i c s  w ere ex p la in ed  by end e f f e c t s ,  i t  gave one cause  t o  wonder 
i f  o th e r  p a ram e te rs  were s ig n i f i c a n t ly  in f lu e n c e d  by end e f f e c t s .
I n  g e n e ra l ,  t h e  q u e s tio n  was r a is e d  a t  th e  end o f  C hap ter I I I  a s  to  
how i t  was p o s s ib le  t o  p r e d ic t  same o f  th e  p a ram ete rs  w ith  seem ingly 
g r e a t  a ccu racy , and n o t b e  a b le  t o  p r e d ic t  o th e r  p a ram e te rs , (such  a s  
th e  d e te n t  to r q u e ) , w ith in  50%. In  l i g h t  o f  t h e  p o o r c o r r e la t io n  
betw een p r e d ic te d  and experim en tal d e te n t  to rq u e  and f lu x  l in k a g e -  
c u r re n t  c h a r a c te r i s t i c s ,  i t  was f e l t  t h a t  th e  e x c e l le n t  c o r r e la t io n  
betw een p r e d ic te d  and experim en tal to rque  c o n s ta n ts  co u ld  have been 
c o in c id e n ta l .  Hence, t h i s  c h a p te r  documented a t te m p ts  t o  a s c e r ta in  
and e v a lu a te  re a so n s  fo r  poo r c o r r e la t io n .
I t  was su g g es ted  a t  th e  end o f  C hapter I I I  t h a t  c o r r e la t io n  
problem s c o u ld  b e  caused by co a rsen ess  o f  th e  mesh, in a c c u ra c ie s  in  
m odeling m a te r ia l  s a tu r a t io n  p ro p e r t ie s ,  in a c c u ra c ie s  i n  m odeling th e  
perm anent m agnet, and end e f f e c t s  due t o  th e  th r e e  d im ensional n a tu re  
o f  th e  problem , In  t h i s  c h a p te r  i t  was shown t h a t  mesh c o a rsen ess  and 
m a te r ia l  s a tu r a t io n  p ro p e r t ie s  w ere n o t a  so u rce  o f  in accu racy .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
- 1 4 3 -
I n  S e c t io n  IV. 1 th e  mesh was r e f in e d  and i t  was shown t h a t  t h i s  
had l i t t l e  e f f e c t  on th e  r e s u l t in g  to rq u e  c o n s ta n t .  T here  was a  sm all 
e f f e c t  on  t h e  d e te n t  to rq u e . However, in  l i g h t  o f  th e  subsequen t d i s ­
covery  co n ce rn in g  th e  extrem e s e n s i t i v i t y  o f  t h e  d e te n t  to rq u e  t o  th e  
p lacem en t o f  th e  perm anent magnet e q u iv a le n t c u r r e n ts ,  i t  i s  l i k e l y  
t h a t  t h i s  sm a ll e f f e c t  was p r im a r ily  due t o  t h i s  s e n s i t i v i t y ,  and n o t 
due t o  t h e  mesh re fin e m en t.
In  S e c t io n  IV. 2 , to rq u e -a n g le  c u rv e s  f o r  a  VR r o to r  in  th e  
p ro to ty p e  s t a t o r  w ere s im u la ted  and compared t o  m easured cu rv es . We 
were c a r e f u l  t o  p roduce app rox im ate ly  th e  same le v e l  o f  f lu x  d e n s i ty  
in  th e  s t a t o r  a s  was a t ta in e d  w ith  t h e  perm anent magnet r o to r .  Good 
c o r r e l a t i o n  betw een s im u la ted  and ex p erim en ta l cu rv es  in d ic a te  t h a t  
th e  s a tu r a t io n  m odels and mash geom etry  a re  s u f f i c i e n t l y  a c c u ra te  t o  
produce good r e s u l t s  in  th e  to rq u e  c a lc u la t io n s .  Thus, we a r e  o n ly  
l e f t  w ith  e v a lu a tin g  th e  end e f f e c t  and  perm anent magnet model in v e s­
t i g a t i o n s ,  and t h e i r  r e l a t io n  t o  th e  d e te n t  to rq u e  and f lu x  l in k a g e -  
c u r re n t  c h a r a c t e r i s t i c  d is c re p a n c ie s .
T ab le  IV -6 summarizes some o f  t h e  r e s u l t s  found in  t h i s  c h a p te r  
and in  C h ap te r I I I .  For th e  VR m otor model; p ro to ty p e  m otor 1-model 
0 ; p ro to ty p e  m oto r 1-model 3 ; and p ro to ty p e  m otor 2 , t h e  fo llo w in g  FEM 
p re d ic te d  and  e x p e rim en ta lly  m easured c h a r a c t e r i s t i c  com parisons a r e  
l i s t e d :  1) M agnitude o f  th e  peak d e te n t  to rq u e ; 2) O v e ra ll c o r r e la t io n  
o f  d e te n t  to rq u e -a n g le  curve shape; 3) Torque c o n s ta n t ;  4) O v e ra ll 
c o r r e la t io n  o f  back  emf waveform o r  to rq u e -a n g le  curve shape; 5) Peak 
v a lu e  o f  B „ .  in  th e  annu lus; 6) O v e ra ll c o r r e la t io n  o f  B „ ,  d i s t r i b u -r a d  •  r a d
t i o n  sh ape .
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T ab le  Tv-6 
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To ad d re ss  th e  q u e s tio n  co n ce rn in g  th e  d e te n t  to rq u e , S e c tio n  IV. 5 
c l e a r ly  showed t h a t  d e te n t  to rq u e  i s  v e ry  s e n s i t iv e  t o  th e  p lacem en ts  
o f  th e  e q u iv a le n t c u r r e n ts  u se d  t o  model th e  magnet. W hile end 
e f f e c t s  may a f f e c t  th e  d e te n t  to rq u e  s l i g h t l y ,  th e  extrem e s e n s i t i v i t y  
o f  th e  d e te n t  t o  t h e  e q u iv a le n t  c u r r e n t  p lacem ent would seem t o  b e  th e  
p rim ary  ca u se  f o r  t h e  d isc re p a n c y  betw een th e  FEM and m easured 
r e s u l t s .
T his le a v e s  th e  c o r r e la t io n  betw een to rq u e  c o n s ta n ts  and c o r r e la ­
t i o n  betw een an n u lu s  f lu x  d e n s i ty  d i s t r i b u t io n  t o  b e  e x p la in e d . Re­
c a p i tu la t in g ,  when th e  FEM and m easured annu lus f lu x  d e n s ity  d i s t r i b u ­
t i o n s  m atched w e ll ,  (P ro to  1-model 3 and  P ro to  2 ) ,  th e  c o r r e l a t i o n  
betw een FEM and ex p erim en ta l to rq u e  c o n s ta n ts  w ere low by  a lm o st 15%, 
(see  T ab le IV -6 ) . I t  i s  d o u b tfu l t h a t  t h i s  co u ld  b e  due t o  c o i l  end 
e f f e c t s  s in c e  th e  VR to rq u e  c o n s ta n ts  m atch v e ry  w e ll .  However, i t  
co u ld  be due t o  perm anent m agnet end e f f e c t s  o r  due t o  th e  FEM o f  th e  
perm anent m agnet.
I t  would seem t h a t  by  making th e  an n u lu s  d i s t r i b u t io n s  m atch, one 
would in c lu d e  m agnet end e f f e c t s ,  t o  same e x te n t .  T h is  i s  n o t
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n e c e s s a r i ly  t r u e .  Making th e  tw o-dim ensional FEM an n u lu s  r e s u l t s  
match th e  th r e e  d im en sio n a l ex p erim en ta lly  m easured r e s u l t s  by 
m odifying th e  mmf so u rc e , i s  analogous t o  a d ju s t in g  th e  v o lta g e  i n  a  
c i r c u i t  w ith  r e s i s ta n c e  R, i n  o rd e r  t o  g e t  th e  c u r r e n t  t o  match w ith  
t h a t  i n  a  second c i r c u i t  o f  r e s is ta n c e  . I f  one changes th e  r e s ­
is ta n c e s  o f  b o th  c i r c u i t s ,  even by th e  same amount, one w i l l  no lo n g e r  
g e t  th e  same c u r r e n t  i n  b o th  c i r c u i t s .  U sing t h e  an n u lu s  developed 
model i n  a  d i f f e r e n t  geom etry i s ,  in  e f f e c t ,  chang ing  th e  r e s is ta n c e  
o f  th e  c i r c u i t .  The n e t  r e s is ta n c e  o f  th e  th re e -d im e n s io n a l m agnetic 
c i r c u i t  i s  d i f f e r e n t  from  th e  tw o-dim ensional one m odeled. I f  i t  i s  
v e ry  d i f f e r e n t ,  t h e  an n u lu s  m atching method w i l l  n o t  y i e ld  good 
r e s u l t s .
T h e re fo re , i t  would seem t h a t  th e  d isc rep a n cy  i n  to rq u e  c o n s ta n ts  
i s  p ro b ab ly  due t o  a  com bination  o f  end e f f e c t s  and  perm anent magnet 
model. I f  we a llo w  t h a t  end e f f e c t s  w i l l  b e  d i f f e r e n t  depending upon 
th e  geom etry o f  t h e  d e v ic e , a  p a r t i c u la r  two d im en sio n a l model o f  a  
th r e e  d im ensional m agnet co u ld  r e s u l t  i n  d i f f e r e n t  l e v e l s  o f  accuracy , 
depending upon th e  geom etry  w ith  which i t  i s  u sed . Thus, based  on th e  
f lu x  l in k a g e  a n a ly s i s  o f  S e c tio n  IV. 3, i f  th e  le n g th  t o  w id th  r a t i o  o f  
th e  perm anent m agnet i s  l e s s  th a n  10:1 , one sh o u ld  b e  c a r e fu l  in  
develop ing  a  m agnet model b ased  on c o r r e la t io n  w i th  m easured d a ta  
o b ta in ed  from  a  s im p le  geom etry.
IV . 10 C onclusions
As a  r e s u l t  o f  th e  in v e s t ig a t io n s  d isc u sse d  i n  t h i s  c h a p te r  th e  
fo llo w in g  f a c t s  and c o n c lu s io n s  a r e  c le a r .
D eten t to rq u e  i s  ex trem ely  s e n s i t iv e  t o  th e  IM m odel, s p e c i f i c a l ly
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t o  th e  p lacem en t o f  c u r r e n ts  used t o  r e p re s e n t  t h e  m agnets. Sm all 
changes i n  t h e  lo c a t io n  o f  th e  c u r re n ts  can  r e s u l t  i n  la rg e  changes in  
d e te n t  to rq u e .  T h is  co u ld  make a c c u ra te  p r e d ic t io n  o f  d e te n t  f o r  more 
complex m agnet sh ap es  d i f f i c u l t .  T h is  i s  f u r th e r  co m p lica ted  b y  
im p e rfe c t m a g n e tiz a tio n  o f  th e  m agnets. I n  a d d i t io n ,  i f  one i s  d e s ig ­
n in g  m otors t o  have s p e c i f i c  d e te n t  to rq u e -a n g le  sh ap es , th e n  one w i l l  
have t o  make c e r t a in  t h a t  th e  magnet m an u fac tu re r can  p roduce th e  
modeled m agnet a c c u ra te ly  and re p e a ta b ly .
Peak S t a t o r  to rq u e  does n o t appear t o  b e  v e ry  s e n s i t i v e  t o  p r e c is e  
p lacem ent o f  m agnet c u r r e n ts ,  o n ly  t o  th e  m agnitudes o f  th o s e  
c u r r e n ts .  T h is  sh o u ld  in d ic a te  t h a t  s im p le r  m agnetic  lumped p a ram ete r 
m odels f o r  p eak  to rq u e  can  p robab ly  be  developed t h a t  a r e  o f  s u f f i ­
c i e n t  acc u racy . G iven th e  r e s u l t s  observed  in  t h e  in v e s t ig a t io n s  
d is c u s se d  i n  t h i s  c h a p te r ,  th e  s im p le s t model f o r  th e  m agnet t h a t  
s a t i s f i e s  o u r  req u irem eiits  i s  t o  u s e  th e  m a n u fa c tu re r 's  d a ta  f o r  th e  
magnet s t r e n g th  and make th e  magnet a r c  w id th  two d eg ree s  narro w er. 
T h is  would make th e  d e te n t  to rq u e , th e  to rq u e  c o n s ta n t  and s t a t o r  
to rq u e -a n g le  cu rv e , and th e  back emf c o n s ta n t and waveform m atch  w e ll . 
None o f  th e s e  p a ram e te rs  seem t o  b e  s e n s i t iv e  t o  a  more in v o lv e d  model 
t h a t  p r e d ic t s  th e  annu lus Brad shape more a c c u ra te ly .
Tw o-dim ensional f i n i t e  elem ent a n a ly s is  s u f f e r s  accu racy  problem s 
due t o  end e f f e c t s .  W hile end e f f e c t s  in f lu e n c e  in d u c tan ce , s t a t o r  
to rq u e  and b ack  emf, th e y  seem t o  have th e  g r e a t e s t  e f f e c t  on i n ­
d u c tan ce . W ires ly in g  in  th e  end tu r n  b und les p roduce f lu x  i n  th e  
s t a t o r  a i r  gap . These w ire s  a ls o  produce f lu x  a t  th e  ends o f  t h e  
m otor. O nly a irg a p  f lu x  a f f e c t s  to rq u e , b u t  b o th  c o n t r ib u t io n s  a f f e c t  
in d u c tan ce . Hence, end e f f e c t  f lu x  g e n e ra l ly  in c re a s e s  th e  in d u c tan ce
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o f  th e  d e v ic e  and can  n o t be  p re d ic te d  by th e  tw o-d im ensional f i n i t e  
elem ent m odel. By e q u iv a le n t c o i l  analogy , t h e  same argum ent can  be  
made f o r  th e  perm anent magnet. Thus, perm anent magnet end e f f e c t s  
produce a d d i t io n a l  f lu x  which te n d s  t o  p roduce h ig h e r  to rq u e  and back  
emf v o l ta g e s  th a n  a  two d im ensional FEM p r e d ic t s .
A f i n i t e  e lem en t model f o r  th e  perm anent magnet can  b e  developed 
by u s in g  a  t r i a l  and  e r r o r  p ro cess  o f  m atching f i n i t e  elem ent 
p r e d ic te d ,  and ex p e rim en ta lly  determ ined , d i s t r i b u t io n s  o f  r a d ia l  
component o f  f lu x  d e n s ity  produced by th e  m agnet in  th e  a i r  gap o f  a  
s im ple  geom etry . A magnet model c o n s tru c te d  i n  t h i s  manner y ie ld s  
re a so n a b ly  good r e s u l t s  in  p r e d ic t in g  o th e r  c h a r a c t e r i s t i c  p aram eters  
when t h a t  same model i s  used  in  a  more com p lica ted  geom etry . However, 
c a re  sh o u ld  b e  e x c e r is e d  i f  th e  geom etry i s  r a d i c a l l y  d i f f e r e n t ,  o r  i f  
th e  le n g th  t o  w id th  r a t i o  o f  th e  geom etry i s  l e s s  th a n  1 0 :1 .
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In  C hap ter I I I  i t  was shown how th e  FEM c o u ld  b e  u sed  to  
c a lc u la te  a  v a r i e t y  o f  m otor c h a r a c te r i s t i c s .  I n  a d d i t io n ,  th e  FEM 
was v e r i f i e d  a g a in s t  ex p e rim en ta lly  de term ined  m otor c h a r c t e r i s t i c s .
In  t h i s  c h a p te r ,  t h e  FEM i s  combined w ith  o th e r  a n a ly t ic a l  te ch n iq u es  
and u sed  a s  a  t o o l  t o  e x p lo re  th e  p a ram eters  w hich a f f e c t  th e  shape o f  
th e  to rq u e -a n g le  waveform. While i t  i s  obv ious t h a t  one cou ld  u se  th e  
methods d e s c r ib e d  p re v io u s ly  in  C hapter I I I  t o  d e te rm in e  th e  m otor 
to rq u e -a n g le  c u rv e  shape f o r  any a l t e r a t io n s  made in  t h e  m otor d e s ig n , 
th o se  m ethods o f te n  r e q u i r e  a  la rg e  number o f  f i n i t e  elem ent 
s o lu t io n s .  T h e re fo re , i n  t h i s  c h a p te r , s im p lify in g  assum ptions 
concern ing  th e  m ag n e tic  l i n e a r i t y  o f  th e  d e v ic e  a r e  made. These 
assum ptions a llo w  one t o  u se  th e  p r in c ip le  o f  s u p e rp o s itio n  and th e  
IxB method t o  p r e d i c t  to rq u e -a n g le  cu rve  shape from a  s in g le  FEM s o lu ­
t io n .  T h is  m ethod a llo w s  one t o  develop a  g e n e ra l  u n d ers tan d in g  o f  
th e  p rim ary  f a c t o r s  d e te rm in in g  th e  b a s ic  to rq u e -a n g le  waveform shape.
W hile t h i s  c h a p te r  fo cu ses  on one-phase-on  s t a t o r  to rq u e -a n g le  
curve sh ape , i t  i s  reco g n ized  th a t  d e te n t  to rq u e  p la y s  a  c r i t i c a l  r o l e  
in  th e  o v e r a l l  c u rv e  sh ape . S ince  many d e s ig n s  a t te m p t t o  m inim ize 
th e  d e te n t  to rq u e  i n  o rd e r  t o  le s s e n  i t s  e f f e c t s ,  th e  f i r s t  s e c t io n  o f  
t h i s  c h a p te r  d is c u s s e s  same o f  th o se  approaches and e x p la in s  how and 
why th e y  work. Then, i n  th e  second s e c tio n , w here th e  one-phase-on  
s t a t o r  to rq u e -a n g le  shape i s  addressed , th e  e f f e c t s  o f  th e  d e te n t
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m in im iza tion  te c h n iq u e s  on th e  s t a t o r  to rq u e -a n g le  cu rv e  a r e  a ls o  in ­
cluded .
V . l  P a te n t Torque
The p re se n c e  o f  d e te n t  to rq u e  i s  a lm ost alw ays a  cau se  o f  concern  
i n  th e  d e s ig n  o f  ELDOMs. O ften , i t  i s  d e s ire d  t h a t  th e  m otor produce 
smooth low speed  to rq u e .  D eten t to rq u e  u s u a l ly  adds an  unwanted 
harm onic component t o  th e  to rq u e -a n g le  cu rv e , r e s u l t i n g  in  lew  speed 
to rq u e  r i p p l e .  T h e re fo re , i n  many BUXMs, d e s ig n s  a r e  c re a te d  which 
a ttem p t t o  m inim ize t h e  d e te n t  to rq u e . In  th e  fo llo w in g  s e c t io n s ,  
fo u r  d i f f e r e n t  m ethods t h a t  ca r be  u sed  t o  red u ce  d e te n t  to rq u e  a r e  
d isc u sse d .
V-la deduction of Detent Ttaroue by Skewing
The m ost common method o f  red u c in g  th e  d e te n t  to rq u e  i s  t o  'skew ' 
e i t h e r  th e  r o to r  m agnets o r  th e  s t a t o r  la m in a tio n  s ta c k .  I n  a  skewed 
s t a t o r  s ta c k ,  each  s t a t o r  lam in a tio n  i s  r o ta t e d  a  f ix e d  inc rem en ta l 
an g le , t ,  from  th e  p rece ed in g  one in  th e  s ta c k . T h is  i s  i l l u s t r a t e d  
i n  F igu re  V - l .  N orm ally , th e  la m in a tio n  s ta c h  i s  skewed o v e r  one 
to o th  p i t c h  so  t h a t  t h e  la m in a tio n  on one end o f  t h e  s ta c k  i s  d i s ­
p la ced  from  th e  la m in a tio n  on th e  o th e r  end by an  a n g u la r  amount eq u a l 
t o  one to o th  p i t c h .  The la m in a tio n s  in  between a r e  d is p la c e d  by 
s u c c e s s iv e ly  l e s s e r  amounts so  t h a t  i n  lo o k in g  th ro u g h  th e  s t a t o r  a t  
th e  te e th ,  th e  m otor h a s  th e  appearance o f  h av ing  one end tw is te d  w ith  
re s p e c t  t o  th e  o th e r  end. The magnet edge i s  no lo n g e r  a lig n e d  w ith  a  
te e th  edge o v e r t h e  e n t i r e  le n g th  o f  th e  m otor.
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In  t h e  exam ple shewn in  F ig u re  V -l, th e  to o th  p i t c h  i s  eq u a l t o  
th e  p o le  p i t c h  o f  t h e  m agnet. The to o th  fa c e  o u t l in e s  a r e  shown a s  
p a ra lle lo g ra m s  b u t  a c tu a l ly  have jagged s id e s  due t o  th e  f i n i t e  th ic k ­
n ess  o f  th e  r e c ta n g u la r  shaped to o th  fa c e s  o f  th e  in d iv id u a l  s t a t o r  
la m in a tio n s .
I t  can  b e  shown t h a t  skewing r e s u l t s  in  th e  v i r t u a l  e l im in a tio n  o f  
d e te n t to rq u e . F i r s t ,  assume t h a t  each o f  th e  s t a t o r  la m in a tio n s  i s  
i n f i n i t e l y  t h i n  and  t h a t  th e  amount t h a t  each la m in a tio n  i s  phase 
s h if te d  i s  a  l i n e a r  fu n c tio n  o f  th e  a x ia l  p o s i t io n  o f  th e  la m in a tio n  
in  th e  s ta c k .  Second, reco g n ize  th a r  each  o f  th e  s t a t o r  la m in a tio n s  
can  be  th o u g h t o f  a s  h av in g  a  d e te n t  to rq u e -a n g le  c u rv e  t h a t  can  be 
re p re se n te d  by  a  F o u r ie r  s e r i e s  w ith  a  fundam ental p e r io d  o f  one to o th  
p i tc h ,  (a  'p e r  la m in a t io n / d e te n t  to rq u e -a n g le  c i r v e ) . Skewing 
produces a  s e t  o f  p h a se  s h i f te d ,  p e r  lam in a tio n , d e t e n t  to rq u e -a n g le  
cu rves. H ie t o t a l  d e te n t  to rq u e -a n g le  cu rv e  f o r  t h e  skewed m otor,
Tds (0 ), due t o  t h e  sum o f  th e  in d iv id u a l la m in a tio n  c o n t r ib u t io n s  i s  
g iven  by  E quation  V - l .  I n  a c tu a l  d ev ice s , th e  s t a t o r  la m in a tio n s  have 
same f i n i t e  th ic k n e s s .  Hence, Equation V -l i s  an  app rox im atio n  fo r  
th e  average  p hase  s h i f t  o f  each  lam in a tio n .
[ak sin (k (D mA6+ f * )  + b^ cos(k(DmA0+ f * ) ) ]dz (V-l)
b j j  sin(kD mA0) -sin (k (D (nA0 + 2m))]
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Where: k  = F o u r ie r  s e r i e s  harm onic index
ak = F o u r ie r  s e r i e s  s in e  c o e f f i c i e n t
k\, e F o u r ie r  s e r i e s  c o s in e  c o e f f i c i e n t
z = A x ia l p o s i t io n  o f  la m in a tio n  in  
t h e  s ta c k
&z s  A x ia l le n g th  o f  la m in a tio n  s ta c k
A = Number o f  n o r th  m agnet p o le s
0 a A ngular p o s i t io n  o f  r o to r
D = Number o f  s t a t o r  t e e t h  d iv id e d  by th e  
number o f  magnet n o r th  p o le s
I f  t h e  la m in a tio n s  can  b e  c o n s id e re d  i n f i n i t e l y  t h i n ,  have id e n t ic a l
d e te n t  to rq u e -a n g le  cu rv es , and th e  s t a t o r  i s  skewed i n  a  co n tin o u s
l i n e a r  m anner, th e n  th e  n e t  d e te n t  to rq u e  i s  z e ro . P h y s ic a l ly ,  what
o c c u rs  i s  t h a t  th e  n e t  d e te n t  to rq u e  i s  a  Sunsnation o f  th e  p e r
la m in a tio n  c o n tr ib u tio n s  t h a t  a r e  s h i f t e d  i n  eq u a l p h ase  increm en ts
o v e r  one e l e c t r i c a l  c y c le . T h e re fo re , one would e x p e c t com plete
c a n c e l la t io n .  I n  a c tu a l  p r a c t i c e ,  th e  th re e -d im e n s io n a l n a tu re  o f  th e
problem , magnet 'e n d  e f f e c t s 7, ( leak ag e  in  th e  a x i a l  d i r e c t io n  from
th e  ends o f  th e  magnets t o  th e  end la m in a t io n s ) , and im p rec ise  skewing
r e s u l t  i n  same la m in a tio n s  hav in g  s l i g h t l y  d i f f e r e n t  d e te n t  to rq u e s .
Hence, th e  summation o f  a l l  o f  th e s e  p hase  s h i f t e d  d e te n t  to rq u e
c u rv e s  does n o t  r e s u l t  i n  p e r f e c t  c a n c e l la t io n  and th e r e  i s  u s u a l ly
same sm all r e s id u a l  d e te n t  to rq u e .
I n  same d e v ic e s , th e  magnet p o le s  a r e  skewed in s te a d  o f  th e  s t a t o r  
la m in a tio n  s ta c k .  I n  t h i s  c a s e , E quation  V -l i s  a  v e ry  a c c u ra te  
d e s c r ip t io n  o f  th e  skew becau se  one i s  c o n s id e r in g  d i f f e r e n t i a l  s l i c e s  
o f  t h e  m agnet. The in d iv id u a l d e te n t  to rq u e -a n g le  cu rv es  t h a t  were 
d is c u s s e d  p re v io u s ly  a re  no lo n g e r  'p e r  la m in a tio n 7 b u t  'p e r  d i f f e ­
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r e n t i a l  m agnet s l i c e ' .  However, th e  same a n a ly s is  a p p l ie s .
Two skewed s t a t o r  s e c t io n s  w ere c o n s tru c te d  f o r  th e  p ro to ty p e  
m otor. One o f  th e s e  had  a  s t a t o r  s ta c k  le n g th  equal t o  th e  r o t o r  
d ep th . The o th e r  h ad  a  s t a t o r  s ta c k  lo n g e r  th a n  th e  r o to r .  I n  b o th  
c a se s  th e  skew a n g le  was th e  same. In  o th e r  w ords, th e  amount o f  
skew o v er th e  le n g th  o f  th e  r o to r  was th e  same.
D eten t to rq u e s  f o r  b o th  skewed m otors w ere m easured. I t  was 
d e s ire d  t o  s e e  i f  t h e  lo n g e r  s ta c k  skewed s t a t o r  would reduce  end 
e f f e c t s .  The r e s u l t i n g  d e te n t  to rq u e -a n g le  cu rves  f o r  th e  s in g le  
s ta c k  and lo n g  s ta c k ,  r e s p e c t iv e ly ,  a re  shown in  F ig u re  V-2a&b. One 
s e e s  t h a t  t h e  am p litu d e  o f  th e  d e te n t  i n  th e s e  f ig u re s  i s  approxim ­
a t e ly  th e  same. T h e re fo re , c r e a t in g  a  lo n g e r  skewed s t a t o r  d id  l i t t l e  
t o  reduce th e  end e f f e c t s .  On th e  o th e r  hand, i f  e i t h e r  o f  th e s e  
f ig u re s  i s  compared t o  t h e  o r ig in a l  d e te n t  f o r  th e  nonskewed s t a t o r ,  
(F igu re  I I - 6 ) , one s e e s  t h a t  th e  am plitude o f  th e  d e te n t  h a s  been  
reduced  from  o v e r  60 o z - in  t o  approx im ate ly  3 o z - in .  A f a c to r  o f  
tw enty!
O ne-phase-on s t a t o r  p h ase  to rq u e -a n g le  cu rv es  f o r  th e  s in g le  s ta c k  
skewed s t a t o r  w ere a l s o  m easured and a r e  shown in  F ig u re  V -3a. I f  one 
compares t h i s  f ig u r e  w ith  F ig u re  V-3b, th e  s in g le  phase  to rq u e -a n g le  
cu rv es  f o r  a  nonskewed s t a t o r ,  one se e s  t h a t  th e  tw e l f th  harm onic h as  
been s ig n i f i c a n t l y  red u ced  by skewing. Hence, skewing n o t o n ly  e l im i­
n a te s  th e  fundam ental and  harm onics o f  t h e  d e te n t ,  b u t  a l s o  e l im in a te s  
a l l  harm onics o f  t h e  one-phase-on  s t a t o r  to rq u e  t h a t  a r e  a  h ig h e r  f r e ­
quency th a n  th e  d e t e n t  to rq u e  fundam ental. As c u r r e n t  le v e ls  g e t  
h ig h e r , same o f  th e  tw e l f th  harm onic seems t o  re a p p e a r; t h i s  i s  p ro b ­
a b ly  due t o  a  com bination  o f  end e f f e c t s  o f  lo c a l  s a tu r a t io n  o f  th e
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to o th  t i p s .
The peak  to rq u e  d a ta  was ta k e n  from th e  skewed s in g le  p h ase  s t a t o r  
to rq u e -a n g le  cu rv es  and u sed  t o  f in d  f o r  each  o f  th e  skewed m otors:
Kt s s = 46 .11 o z - in  (Torque c o n s ta n t f o r  s in g le  s ta c k  skewed m otor) 
Kj. L s= 48.52 o z - in  (Torque c o n s ta n t f o r  lo n g  s ta c k  skewed m otor)
When th e s e  v a lu e s  a r e  compared t o  th e  to rq u e  c o n s ta n t m easured f o r  
th e  nonskewed s in g le  s ta c k  p ro to ty p e  m otor, (Klns = 5 0 .2  o z - in ) , one 
se e s  t h a t  K,.ss i s  ap p ro x im ate ly  8% l e s s  th a n  K,.n s , and K^[s i s  . 
approxim ately  3% l e s s .  (To b e  s t r i c t l y  r ig o ro u s , K,. ls sh o u ld  b e  
compared t o  f o r  a  nonskewed long  s ta c k  m o to r.)
T h e o re tic a l ly , t h e  re d u c t io n  in  f o r  th e  s in g le  s ta c k  skewed 
m otor shou ld  b e  ap p ro x im ate ly  1% l e s s  th a n  t h a t  o f  th e  nonskewed 
m otor. T h is  i s  shown by  an  a n a ly s is  s im ila r  t o  E quation  V - l .  I f  th e  
t o t a l  s t a t o r  to rq u e  i s  a  l i n e a r  fu n c tio n  o f  s ta c k  le n g th , (p rov ided  
s t a t o r  and r o to r  a r e  th e  same le n g th ) , th e n  th e  'p e r  la m in a tio n 7, o r  
d i f f e r e n t i a l  s t a t o r  to rq u e  i s :
K.
crrt0t = -jp n  sin(A(e +L^ ) )  (v-2)
Where: Tto t  = T o ta l to rq u e  produced
Y = amount o f  skew o v er m otor le n g th
A ll  o th e r  param eters  a r e  a s  d e f in e d  p re v io u s ly
The t o t a l  s t a t o r  to rq u e  f o r  th e  skewed s t a t o r  i s  found by 
in te g ra t in g  dTto t o v e r  th e  le n g th  o f  th e  m otor.
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I  sin(A (0  + (V -3)
= \  (1-cosAy ) z + (sinA y)2 K^ns I  sin(AO)
I f  an  e f f e c t iv e  to rq u e  c o n s ta n t , Kt e s s , i s  d e f in e d  f o r  t h e  skewed 
s ta c k  s t a t o r  i n  te rm s o f  th e  skew an g le , y,  and th e  to rq u e  c o n s ta n t  o f  
th e  nonskewed s t a t o r ,  Kln s  , a s :
Then, f o r  a  skew a n g le  o f  15 d eg rees , a s  i n  th e  p ro to ty p e  skewed 
s t a t o r ,  and a  4 p o le  r o t o r ,  Kj i s :
T h is  i s  a  v e ry  sm a ll re d u c tio n  in  to rq u e  c o n s ta n t .  The m easured 
re d u c tio n  was a c tu a l ly  g r e a te r .  The d isc rep an cy  c o u ld  b e  due t o  
n o n id e n tic a l p e r  la m in a tio n  s t a t o r  to rq u e -a n g le  cu rv es  o r  n e g le c tin g  
h ig h e r  harm onics i n  t h e  skewed to rq u e  c o n s ta n t a n a ly s i s .  The l a t t e r  
i s  m ost p ro b ab ly  th e  c a u se . Comparison o f  F ig u re s  V-3a and V-3b 
showed t h a t  skewing e l im in a te d  a  tw e lf th  harm onic from  th e  o n e-p h ase- 
on s t a t o r  to rq u e -a n g le  cu rv e . T h is  harmonic added t o  th e  peak  to rq u e . 
Thus, th e  e l im in a tio n  o f  t h i s  harm onic d ecreased  th e  to rq u e  c o n s ta n t 
more th a n  w ould have b een  expected  by an  a n a ly s is  o f  skewing e f f e c t s  
on a  s in u s o id a l  s in g le  p hase  s t a t o r  to rq u e -a n g le  c u rv e . I f  th e  to rq u e  
c o n s ta n t had  been  b ased  on th e  average peak  to rq u e , (exclud ing  th e  
r i p p l e ) , th e n  th e  re d u c t io n  in  K,. would have bean much l e s s .
^ e s s  = a F  J ( i - c 03^ ) 2 + (sinAy)2 * tns (V-4)
(V-5)
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V.lb Reduction of Detent Taroaa by Starryar-inef
I n  same c a se s , in s te a d  o f  skewing th e  m agnet shape , s e v e r a l  magnet 
segm ents a r e  c re a te d  and each, o f  th e s e  a re  s ta g g e re d  by  a  c e r t a i n  
a n g le , (F ig u re  V -4 ). T h is  i s  s im i la r  to  skewing th e  s t a t o r  
la m in a tio n s . When th e  la m in a tio n s  a r e  skewed th e  d e s ir e d  c o n tin o u s  
skew i s  r e a l l y  q u a n tiz e d  in to  a  s e t  o f  d i s c r e t e  a n g le s .  S ta g g e rin g  
magnet segm ents i s  a l s o  th e  q u a n tiz a tio n  o f  a  co n tin o u s  m agnet skew. 
The d i f f e r e n c e  i s  t h a t  when th e  s t a t o r  la m in a tio n s  a r e  skewed, th e  
r e s u l t  was a  r e l a t i v e l y  f in e  q u a n tiz a tio n  because  th e r e  a r e  u s u a l ly  a  
la rg e  number o f  s t a t o r  la m in a tio n s  in  a  s ta c k .  However, s ta g g e r in g  
a  few m agnet segm ents p roduces a  co a rse  q u a n tiz a t io n . T h is  c o a rs e  
q u a n t iz a t io n  a f f e c t s  t h e  n e t  d e te n t  to rq u e .
The n e t  d e te n t  to rq u e  w i l l  b e  a  fu n c tio n  o f  th e  number o f  p h ase  
s h i f t e d  d e te n t  to rq u e -a n g le  cu rv es , i . e .  t h e  number o f  s ta g g e re d  
m agnet segm ents, and th e  harm onic c o n te n t o f  each  cu rv e . F o r exam ple, 
suppose th e  'p e r  segm ent' d e te n t  to rq u e -a n g le  cu rv e  c o n s is te d  p u re ly  
o f  a  fundam ental w ith  no h ig h e r  harm onics. The d e te n t  to rq u e  c o u ld  b e  
e l im in a te d  by  c r e a t in g  tw o id e n t ic a l  magnet segm ents t h a t  w ere p h ase  
s h i f t e d ,  o r  's ta g g e r e d ' by  one h a l f  a  to o th  p i t c h ,  (s e e  F ig u re  V -5 a). 
F ig u re  V-5b shows th e  co rresp o n d in g  to rq u e -a n g le  c u rv e s . T^  1 , t h e  
d e te n t  to rq u e  due t o  magnet segment 1, i s  180 d eg ree s  o u t  o f  p h ase  
w ith  TJj 2 , th e  d e te n t  to rq u e  due t o  s e t  2 . T h e re fo re , t h e  n e t  d e te n t  
to rq u e  i s  z e ro .
The s t a t o r  to rq u e -a n g le  c u rv e s , TS1 and Ts2 , a r e  a l s o  shown in  
F ig u re  V -5b. These cu rv es  alw ays have a  g r e a t e r  p e r io d  th a n  th e  
d e te n t  to rq u e . C onsequenciy, th e r e  w i l l  b e  a  n e t  nonzero  s t a t o r  
to rq u e -a n g le  cu rv e  w ith  a  m agnitude which i s  reduced  by  th e  p ro c e s s  o f
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s ta g g e r  in g . I f  t h e r e  had  been  no s ta g g e r in g , th e se  c u rv e s  w ould have 
been in  phase and th e  m agnitude o f  th e  t o t a l  to rq u e  w ould s impl y  b e  
th e  sum o f  th e  two m agnitudes.
I n  g e n e ra l, t h e  amount t h a t  th e  n e t  s t a t o r  to rq u e  m agnitude i s  
reduced , i s  a  fu n c tio n  o f  th e  number o f  s tag g e re d  segm ents, t h e  an g le  
t h a t  each  segment i s  s ta g g e re d  and th e  r a t i o  o f  th e  number o f  s t a t o r  
t e e th  t o  r o to r  p o le s .  Each o f  th e s e  a s p e c ts  w i l l  a f f e c t  th e  r e l a t i v e  
phase  s h i f t  o f  th e  in d iv id u a l  s t a t o r  to rq u e -a n g le  cu rv es  w hich a r e  
summed.
The n e t  d e te n t  and s t a t o r  to rq u e  c o n tr ib u tio n s  can  a l s o  b e  
analyzed  e a s i ly  in  a  v e c to r  diagram , F ig u re  (V -5c). T h is  ty p e  o f  
re p re s e n ta tio n  becomes more advantageous a s  more s e t s  o f  p h ase  s h i f t e d  
d e te n t  to rq u e  cu rv es  a r e  added ( i . e .  more s e t s  o f  magnet segm ents) o r  
a s  h ig h e r  harm onics a r e  in c lu d e d , a s  i s  dem onstrated i n  th e  fo llo w in g  
example.
Suppose one h a s  th e  s i x  s l o t ,  th r e e  p h ase , two p o le  m otor shown in  
F ig u re  V-6. The p e r io d  o f  th e  s t a t o r  to rq u e , in  m echanical d e g re e s , 
i s  360 d iv id ed  try h a l f  th e  number o f  r o to r  p o le s , o r  360 m echan ica l 
d eg ree s . The p e r io d  o f  th e  d e te n t  to rq u e  corresponds t o  th e  to o th  
p i tc h ,  which i s  360 d iv id e d  by  th e  number o f  s t a t o r  t e e t h ,  o r  60 
m echanical deg rees in  t h i s  exam ple. Suppose fu r th e r ,  t h a t  t h e  r o t o r  
i s  d iv id ed  a x ia l ly  in to  fo u r  segm ents w hich a r e  s ta g g e re d  e v e n ly  o v e r 
one to o th  p i tc h ,  a s  was shown in  F ig u re  V-4. The p h y s ic a l s ta g g e r  
a n g le , a,  i n  m echanical d eg ree s  i s  eq u a l t o  th e  to o th  p i t c h  d iv id e d  by 
th e  number o f  s ta g g e re d  segm ents.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-1 6 4 -
Phase binding 1
Phase binding I
F ig u re  V-6 
Example S ix  S lo t ,  Two P o le , 
Three Phase B ru sh le ss  DC Motor
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-165-
Ts = 360/Np/ 2  =  360 
Td = 360/Nt =  60
% = Td /Ns = “ •
Where: Ng = Number o f  s tag g e re d  segm ents (4 f o r  t h i s  example) 
t s = S ta to r  to rq u e  p e r io d  
Td = D e ten t to rq u e  p e r io d  o r  to o th  p i t c h  
Nt = Number o f  s t a t o r  t e e th  (6 in  t h i s  example)
Np = Number o f  r o to r  p o le s  (2 in  t h i s  exam ple))
The r e s u l t  i s  t h a t  t h e r e  a r e  fo u r  s t a t o r  to rq u e -a n g le  c u rv e s ; one fo r  
each  magnet segm ent. Each h as  a  p e r io d  o f  360 m echan ical d e g re e s  and 
i s  phase s h i f t e d  b y  15 e l e c t r i c a l  d eg rees  from th e  to rq u e -a n g le  curve 
o f  th e  a d ja c e n t m agnet segment. Ih e re  a r e  a l s o  fo u r  d e te n t  to rq u e  
cu rv es . Each o f  th e s e  h a s  a  p e r io d  o f  60 m echanical d eg ree s  and i s  
s h i f te d  by 90 e l e c t r i c a l  d eg rees  from th e  n e x t d e te n t  to rq u e  cu rv e .
I f  i t  i s  assumed t h a t  th e r e  a r e  no harm onics p r e s e n t  i n  e i t h e r  th e  
s t a t o r  o r  d e te n t  to rq u e -a n g le  cu rv es , th e n  th e  v e c to r  r e p re s e n ta t io n s  
f o r  b o th  o f  th e s e  to rq u e s  a re  shown in  F ig u re  V-7a and V-7b. ^  1
th ro u g h  TD4 r e p re s e n t  t h e  d e te n t  to rq u e s . Tc , th ro u g h  Ts , r e p re s e n t  
th e  one-phase-on  s t a t o r  to rq u e s . TSnet i s  th e  r e s u l t i n g  one-phase-on  
s t a t o r  to rq u e . I t  i s  obvious t h a t  th e  n e t  d e te n t  to rq u e  i s  z e ro  and 
th e  n e t  s t a t o r  to rq u e  i s  l e s s  th a n  i t  would have b een  i f  a l l  fo u r  
v e c to rs  had been  i n  p h a se . Suppose, however, t h a t  h ig h e r  harm onics 
a re  added t o  th e  d e t e n t  to rq u e . The second th ro u g h  s ix th  harm onics 
a r e  in c lu d ed  and shown in  F igu re  V-7c. The number on each  v e c to r  in
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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t h i s  f ig u re  in d ic a te s  th e  harm onic; th e r e  a r e  fo u r  v e c to r s ,  c o r r e ­
sponding t o  th e  f o u r  d e te n t  to rq u e -a n g le  c u rv e s , f o r  each  harm onic.
I t  i s  c l e a r  t h a t  t h e  fundam ental, t h e  second, t h i r d  and f i f t h  and  
s ix th  harm onics c a n c e l .  However, th e  fo u r th  harm onic i s  s t i l l  p r e s e n t  
and i t s  m agnitude h a s  n o t  been reduced . I f  t h e  a n a ly s is  i s  c a r r i e d  
f u r th e r ,  one can  s e e  t h a t  th e  fo llo w in g  g e n e ra l iz a t io n s  can  b e  made:
1) I f  t h e  number o f  s tag g e re d  segm ents, Ns , i s  even , a l l  h ig h e r  
odd harm onics c a n c e l.
2) I f  t h e  number o f  s tag g e re d  segm ents, Ns , i s  odd, a l l  h ig h e r  
even harm onics c a n c e l.
3) A ll  h ig h e r  harm onics t h a t  a r e  an  in te g e r  m u l t ip le  o f  Ng w i l l  
b e  p r e s e n t  and  t h e i r  r e s u l t a n t  m agnitude w i l l  b e  t h e  same a s  f o r  
a  n o n s tag g ered  r o to r .
4) The g r e a t e r  th e  r a t i o  o f  s t a t o r  to rq u e  p e r io d  t o  d e te n t  
to rq u e  p e r io d , th e  l e s s e r  th e  re d u c tio n  i n  m agnitude o f  t h e  r e ­
s u l t a n t  s t a t o r  to rq u e  v e c to r .
O v e ra ll , one s e e s  t h a t  s ta g g e r in g  seems t o  b e  an  e f f e c t iv e  means 
o f  red u c in g  th e  d e te n t  to rq u e , p ro v id ed  a  rea so n ab le  number o f  
s tag g e re d  segm ents a r e  u sed . Hence, one would ex p ec t t o  u s e  t h i s  
method on lo n g e r  m o to rs .
V .lc  Bednrihirr> o f  D e te n t Torque By A lte r in g  t h e  M aanet A rc W idth
A nother method e x i s t s  w hich can b e  u sed  t o  reduce d e te n t  to n g u e  in  
a  perm anent m agnet BLDCM. I t  to o  i s  b ased  upon c a n c e l la t io n  o f  com­
ponent d e te n t  to rq u e s .  However, i t  i s  d i f f e r e n t  th a n  e i t h e r  s ta g g e r ­
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in g  o r  skew ing. Both o f  th o se  methods u se  th e  f a c t  t h a t  an  in c re ­
m ental le n g th  o f  m otor h as  a  d e te n t  to rq u e -a n g le  c u rv e  a s s o c ia te d  w ith  
i t ,  and t h a t  by  in tro d u c in g  a  phase s h i f t  betw een in c re m en ta l le n g th s , 
d ie  n e t  d e te n t  i s  d ec re ase d . T h is  method a l t e r s  t h e  d e te n t  to rq u e  by 
changing th e  m agnet a r c  w id th .
I n  C hap ter IV , S e c tio n  IV. 5 i t  was shown t h a t  th e  m agnitude o f  th e  
d e te n t  to rq u e  changed by  a s  much a s  70% f o r  a  5 d e g re e , (14%), change 
in  magnet w id th  f o r  th e  p ro to ty p e  m otor. T hat in v e s t ig a t io n  was re p e ­
a te d  in  t h i s  s e c t io n  f o r  r a d i a l l y  o r ie n te d  a rc  segm ent m agnets, a s  
shown i n  F ig u re  V -8. To e l im in a te  th e  e f f e c t s  o f  s a tu r a t io n  in  t h i s  
in v e s t ig a t io n ,  a  m a g n e tic a lly  l i n e a r  m a te r ia l  model f o r  th e  s t a t o r  and 
r o to r  back  i r o n s  was u sed . The r e s u l t in g  s e t  o f  d e te n t  to rq u e -a n g le  
cu rv es  i s  shown i n  F ig u re  V-9a and V-9b. F ig u re  V -9a shows a  s e t  o f  
cu rv es  f o r  m agnet a r c  w id th s  from 90 d eg rees  t o  81 d e g re e s . F ig u re  V- 
9b shows a  s im i la r  s e t  f o r  magnet a r c  w id th s  from 81 d e g re e s  t o  76 
d eg ree s . One s e e s  t h a t  a t  76 d eg rees  th e  d e te n t  to rq u e  i s  
s i g n i f i c a n t ly  red u ced . I n  f a c t ,  i t  h a s  d ecreased  from  60 o z - in  f o r  a  
f u l l  w id th  m agnet, t o  approx im ate ly  10 oz* in .
I n  a d d i t io n  t o  th e  change in  d e te n t  to rq u e  m agnitude, one s e e s  
from th e s e  f ig u r e s  t h a t  th e  d e te n t  to rq u e  cu rv e  shape i s  m ost s in ­
u s o id a l  around 85 d e g re e s . I n  th e  p rev io u s  s e c t io n ,  w hich d esc rib e d  
a  component d e te n t  to rq u e  c a n c e la tio n  scheme, s ta g g e r in g  magnet se g e - 
m ents was d is c u s s e d . I t  was shown t h a t  i f  th e  d e te n t  to rq u e -a n g le  
cu rve  was p u re ly  s in u s o id a l  one would on ly  need t o  have two s tag g e re d  
m agnet segm ents t o  com ple te ly  e l im in a te  th e  d e te n t  to rq u e . O bviously, 
th e  a b i l i t y  t o  a l t e r  th e  d e te n t  to rq u e -a n g le  cu rv e  shape t o  make i t  
more s in u s o id a l  i s  v e ry  d e s ir a b le .  A com bination o f  t h e  two schemes:
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M agnet
E q u iv a le n t
C u rre n t
cw
F ig u re  V-8 
F in i t e  E lem ent O u tlin e  fo r  4 P o le ,
24 S lo t  Motor w ith  90 Degree Arc Shaped Magnets
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F ig u re  V-9b 
Comparison o f  D e te n t Torque-Angle Curves 
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a l t e r in g  th e  m agnet w id th  t o  ach iev e  a  more s in u s o id a l  c u rv e , and  th e n  
s ta g g e r in g  m agnet segm ents, can  b e  u sed  t o  a ch iev e  a  f u r th e r  re d u c t io n  
o f  th e  d e te n t .
In  t r y i n g  t o  u n d e rs tan d  why th e  d e te n t  to rq u e  i s  s i g n i f i c a n t l y  
reduced  a s  t h e  m agnet a r c  w id th  i s  reduced  t o  75 d e g re e s , s u p e rp o s i­
t i o n  and th e  IXB method can  be  u sed . F i r s t ,  c o n s id e r  t h e  s h e e t  
c u r r e n t  u sed  t o  r e p re s e n t  th e  edge o f  th e  m agnet. I f  t h e  s h e e t  
c u r r e n t  w ere p la c e d  i n  a i r ,  a  sym m etric f i e l d  would b e  p ro d u ced .
Thus, any f o r c e s  g e n e ra te d  in  one s e c t io n  o f  th e  s h e e t  c u r r e n t  would 
b e  can ce led  b y  e q u a l and o p p o s ite  fo rc e s  g e n e ra te d  in  i t s  sym m etric 
c o u n te rp a r t .  However, in  th e  p resen ce  o f  iro n ,  th e  f i e l d  i s  d i s to r t e d  
so  i t  i s  n o t  sym m etric in  th e  re g io n  o f  th e  s h e e t  c u r r e n t .  T h e re fo re , 
a  n e t  fo rc e  o c c u rs  on th e  s h e e t  c u r r e n t  t h a t  can  b e  c a lc u la te d  by  th e  
IxB method. T h is  fo r c e  causes  a  to rq u e  t o  be  produced on  t h e  r o t o r .  
O bviously , i f  more th a n  one s h e e t  c u r r e n t  i s  p re s e n t  th e n  t h e  t o t a l  
d e te n t  to rq u e  on th e  r o to r  w i l l  b e  th e  sum o f  th e  t o t a l  d e t e n t  to rq u e -  
an g le  cu rv es  f o r  each  s h e e t  c u r re n t .
The d e t e n t  to rq u e  c o n tr ib u tio n s  a r e  i l l u s t r a t e d  i n  F ig u re  V-lOa 
and V-lOb. F ig u re  V-lOa shows r e s u l t s  from  a  magnet a r c  w id th  o f  83 
d eg rees  and F ig u re  V-lOb shows r e s u l t s  from a  magnet a r c  w id th  o f  76 
d eg ree s . T h ree  c u rv e s  a re  shown in  each  o f  th e s e  f ig u r e s .  Curve (1) 
i s  th e  to rq u e  c a lc u la te d  by  u s in g  th e  IxB method on s h e e t  c u r r e n t  1. 
T h is  cu rve r e p r e s e n ts  one com plete c y c le  o f  th e  d e te n t  to rq u e -a n g le  
cu rv e  f o r  t h i s  c u r r e n t  s h e e t .  S im ila r ly ,  cu rv e  (2) shows t h e  to rq u e  
due t o  s h e e t  c u r r e n t  2 . Curve (3) i s  th e  n e t  to rq u e  due t o  t h e  sum o f  
Curves (1) an d  (2 ) .  I n  b o th  f ig u re s ,  cu rv es  (1) and (2) h ave  a  la rg e  
DC b ia s .  The b ia s  r e s u l t s  from a  f i e l d  i n  th e  re g io n  o f  eac h  c u r r e n t
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s h e e t  t h a t  i s  caused  b y  th e  p re se n c e  o f  th e  o th e r  c u r r e n t  s h e e t .  In  
t h e  s h e e t  c u r r e n t  model th e r e  i s  an  in te r a c t io n  betw een s h e e t c u r re n ts  , 
c a u s in g  fo rc e s  on each  o th e r .  T h is  in te r a c t io n  i s  w hat p re v e n ts  one 
frcm  c o n s id e r in g  th e  d e te n t  to rq u e  r e s u l t in g  from  a  s in g le  c u r r e n t  
s h e e t  a lo n e , and th e n  ad d in g  o th e r  phase  s h i f t e d  c u r r e n t  s h e e ts  so  
t h a t  t h e  co rresp o n d in g  p h ase  s h i f t e d  d e te n t  to rq u e -a n g le  cu rv es  add in  
such  a  manner a s  t o  a c h ie v e  c a n c e l la t io n .  Because o f  th e  in te r a c t io n  
betw een c u r r e n t  s h e e ts ,  th e  d e te n t  to rq u e  cu rv e  r e s u l t i n g  frcm  one 
c u r r e n t  s h e e t  changes a s  a  r e s u l t  o f  th e  lo c a t io n  o f  th e  o th e r  c u r r e n t  
s h e e t .
S ta te d  a n o th e r  way, th e  d e te n t  to rq u e  can  b e  s e p a ra te d  in to  two 
p a r t s :  1) The ' s e l f '  d e te n t  to rq u e  which r e s u l t s  from  th e  d i s to r t i o n  
o f  th e  f i e l d  i n  th e  re g io n  o f  th e  c u r r e n t  s h e e t  and i s  caused  by  th e  
p re se n c e  o f  t h e  i r o n  s t a t o r  t e e th .  T here a r e  tw o o f  th e s e  c o n tr ib u ­
t i o n s  co rresp o n d in g  t o  t h e  two s h e e t  c u r r e n ts .  2) The 'm u tu a l7 d e te n t  
to rq u e  w hich r e s u l t s  frcm  th e  f i e l d  due t o  one s h e e t  c u r r e n t  c a u s in g  a  
fo rc e  t o  b e  g e n e ra te d  a t  th e  o th e r  s h e e t  c u r r e n t .  S in c e  each s h e e t  
c u r r e n t  in f lu e n c e s  th e  o th e r ,  th e r e  a r e  a l s o  two o f  th e s e  c o n tr ib u ­
t i o n s .
T here i s  a l s o  a  s l i g h t  DC b ia s  in  cu rve  (3 ) , th e  n e t  d e te n t  to rq u e  
cu rv e , i n  e i t h e r  F ig u re s  V-lOa o r  V-lOb. T h is  i s  due t o  e r r o r  i n  th e  
f i e l d  s o lu t io n  caused  b y  th e  assym etry  i n  th e  mesh t r i a n g u la t io n .
T h is  was d is c u s se d  p re v io u s ly  i n  C hap ter H I ,  S e c tio n  I I I .2 a .
In  F ig u re  V-lOb, c u rv e s  (1) and (2) a r e  ro u g h ly  180 d eg rees o u t o f  
p h ase . Thus t h e  n e t  d e te n t  to rq u e  i s  m inim ized. The d e te n t  to rq u e  i s  
n o t  co m p le te ly  e l im in a te d  because  th e  waveforms a r e  n o t  p e r f e c t ly  
sym m etric ab o u t 7 .5  d e g re e s  in  t h i s  f ig u r e .  I n  F ig u re  V-lOa, cu rv es
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
- 1 7 7 -
(1) and (2) a r e  n o t  180 d eg rees  o u t  o f  p h ase , th e r e f o r e  th e  n e t  d e te n t  
to rq u e  i s  n o t  m inim ized because th e r e  i s  no c a n c e la t io n .
One s e e s  t h a t  t h i s  method o f  a n a y ls is  can  b e  u sed  t o  q u ic k ly  un­
d e rs ta n d  how t o  m inim ize d e te n t  to rq u e , l i c k in g  a t  in d iv id u a l  d e te n t  
to rq u e  components a llo w s  one t o  s e e  what magnet w id th  i s  m ost l i k e l y  
t o  r e s u l t  i n  component c a n c e la t io n . Thus, many tr ia d , and e r r o r  i t e r a ­
t io n s  can  b e  e l im in a te d .
V.ld Reduction of Detent Ttaroue by Creating Unequal Width Magnets
D eten t to rq u e  re d u c t io n  can  a l s o  be  ach ieved  by c r e a t in g  unequal 
w id th  m agnets. T h is  i s  b e s t  u n ders tood  i f  one th in k s  o f  each  magnet 
in t e r f a c e  (an  a d ja c e n t  s e t  o f  magnet c u r re n ts )  a s  hav ing  a  d e te n t  
to rq u e -a n g le  cu rv e  a s s o c ia te d  w ith  i t .  U sing th e  m ethods p re v io u s ly  
d e sc r ib e d  in  S e c t io n  V .lc ,  t h a t  d e te n t  to rq u e  cu rve  sh o u ld  b e  shaped 
so  t h a t  i t  i s  re a so n a b ly  s in u s o id a l .
F ig u re  V - l l  shows an  o u t l in e  o f  a  FEM o f  a  h a l f  s e c t io n  o f  a  
m otor. T hree m agnet segm ents a r e  modeled w ith  two magnet in t e r f a c e s .  
The m otor geom etry  u sed  in  t h i s  FEM i s  s im i la r  t o  t h a t  u sed  i n  th e  
p rev io u s  s e c t io n  w hich showed how t o  a l t e r  th e  d e te n t  to rq u e -a n g le  
cu rv e  shape by  chang ing  th e  span  between magnet edge c u r r e n ts ,  i . e .  
changing th e  w id th  o f  th e  m agnet. The magnet edges i n  t h i s  FEM a r e  
r a d ia l  and a r e  7° a p a r t .
F ig u re  V-12 shows th e  component d e te n t  to rq u e -a n g le  c u rv e s  f o r  
each  o f  th e  in t e r f a c e s .  Curve (1) i s  th e  d e te n t  to rq u e  produced by 
in te r f a c e  1 o f  F ig u re  V - l l .  Curve (2) i s  th e  d e te n t  to rq u e  produced 
by in te r f a c e  2 ; i t  i s  id e n t ic a l  t o  Curve (1 ) . Curve (3) r e p re s e n ts  
th e  n e t  d e te n t  due t o  b o th  in t e r f a c e s .
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F ig u re  V - l l  
F in i t e  E lem ent Model O u tlin e  
o f  180 D egrees o f  th e  Motor
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Figure V-12 
In d iv id u a l  S heet C urren t D e ten t Torque 
C o n tr ib u tio n s  fo r  Each Magnet I n te r f a c e  
Curve ( 1 ) -  C o n tr ib u tio n  Due to  S hee t C u rre n t l  
Curve (2 )— C o n trib u tio n  Due to  S hee t 
Curve ( 3 ) -  Ne€ D e ten t Torque Due to  Both C o n tr ib u tio n s
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To m inim ize th e  d e te n t  to rq u e , i n t e r f a c e  (2) shou ld  b e  p la c e d  so  
t h a t  i t s  d e te n t  to rq u e  curve i s  180° o u t  o f  p h ase  w ith  t h a t  o f  i n t e r ­
fa c e  (1 ) , (one h a l f  o f  a  to o th  p i t c h ) . T h is  w i l l  r e s u l t  i n  c a n c e la ­
t i o n  o f  component d e te n t  to rq u es .
H ie r o t o r  c o n s tru c te d  in  t h i s  manner w i l l  have m agnets w hich a r e  
o f  unequal a r c  w id th s  and a l t e r n a te  s h o r t  and  lo n g . Hie m otor shou ld  
have a  h ig h  r a t i o  o f  s l o t s  t o  p o le s  t o  e n su re  t h a t  t h e  p re se n c e  o f  one 
in te r f a c e  d o es  n o t  have much o f  an  e f f e c t  on t h e  a d ja c e n t  one. H ie 
h ig h  r a t i o  o f  s l o t s  t o  p o le s  red u ces  th e  'm u tu a l ' d e te n t  to rq u e , 
(d esc rib e d  i n  th e  p re v io u s  s e c t io n ) , betw een in te r f a c e s .
F ig u re  V-13 shows a  FEM o u t l in e  o f  m oto r i n  w hich th e  in te r f a c e s  
have been o f f s e t  a s  d e sc r ib e d . H ie r e s u l t i n g  d e te n t  to rq u e  cu rv es  a r e  
shown in  F ig u re  V-14. Again, Curve (1) i s  f o r  in t e r f a c e  (1 ) , Curve
(2) i s  f o r  i n t e r f a c e  (2) and Curve (3) i s  t h e  n e t  d e te n t  to rq u e . One 
s e e s  from carrparing  Curve (1) in  F ig u re s  V-12 and V-14 t h a t  t h e  shape 
and m agnitude o f  t h e  component d e te n ts  h a s  n o t  been  changed by  th e  r e ­
lo c a t io n  o f  t h e  a d ja c e n t in te r f a c e .  One a l s o  s e e s  i n  com paring 
F ig u res  V-12 and  V-14 t h a t  th e  n e t  d e te n t  to rq u e  h a s  o n ly  been  reduced 
by a  f a c to r  o f  tw o. I t  has  n o t been e l im in a te d  because  th e  component 
cu rv es  w ere n o t  p u re ly  s in u s o id a l . Hence, w h ile  th e  fundam ental com­
ponen ts c a n c e le d , t h e  h ig h e r  harm onics d id  n o t .
C re a tin g  th e s e  unequal a r c  w id th  m agnets i s  s im i la r  t o  c o n s tru c t­
in g  a  m otor s t a t o r  w ith  an  odd number o f  s l o t s .  When one c o n s tru c ts  a  
norm al r o t o r  w ith  eq u a l w id th  m agnets and  an  even number o f  s l o t s  th e  
magnet i n t e r f a c e s  a r e  a l l  in  th e  same p o s i t i o n  r e l a t i v e  t o  a  to o th .  
T h ere fo re , t h e  d e te n t  to rq u e  cu rv es  f o r  eac h  in t e r f a c e  a r e  i n  phase  
and add. When th e r e  a r e  an odd number o f  s l o t s ,  t h e  in t e r f a c e s  a r e
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F ig u re  V-13 
F in i t e  E lem ent Model O u tlin e  o f  180 
D egrees o f  M otor w ith  Unequal Arc W idth M agnets
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C o n tr ib u tio n s  fo r  Unequal Arc W idth Magnet 
Curve ( 1 ) -  C o n tr ib u tio n  Due to  S h ee t C u rren t 1 
Curve ( 2 ) -  C o n trib u tio n  Due to  S h ee t C u rren t 2  
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phase s h i f t e d  b y  a n  amount which depends on th e  r e l a t i v e  number o f  
s l o t s  and m agnet p o le s .  Thus, an  odd number o f  s l o t s  can  reduce  th e  
d e te n t  to rq u e . F o r exam ple, a  9 s l o t ,  2 p o le  motor* would have magnet 
in te r f a c e s  w hich a r e  s h i f te d  by one h a l f  a  to o th  p i t c h ,  o r  180 e le c ­
t r i c a l  d e g re e s . Thus, th e  m agnitude o f  th e  r e s u l t a n t  d e te n t  w i l l  b e  
reduced  b eca u se  t h e  component d e te n ts  a r e  n o t i n  p h ase . However, 
u n le s s  th e  component d e te n t  cu rves a r e  p u re ly  s in u s o id a l ,  com plete 
c a n c e l la t io n  w i l l  n o t  o ccu r.
An a d d i t io n a l  drawback t h a t  o ccu rs  w ith  u s in g  an  odd number o f  
s t a t o r  s l o t s  i s  one does n o t  o b ta in  a  sym m etrical w ind ing . F or 
example, t h e  p o r t io n  o f  th e  c o i l  w inding t h a t  p ro d u ces  a  m agnetic 
n o r th  p o le  w i l l  n o t  span  th e  same number o f  t e e t h  a s  th e  p o r t io n  t h a t  
produces a  m ag n e tic  so u th  p o le . U ltim a te ly  t h i s  w i l l  a f f e c t  th e  shape 
o f  th e  to rq u e -a n g le  cu rv e . How th e  to rq u e -a n g le  cu rv e  i s  a l te r e d  
depends on t h e  w ind ing  d i s t r i b u t io n  and th e  d eg ree  t o  which th e  c o i l  
w inding i s  a s sy m e tr ic .
V .2 S ta to r  Ttaroue-Arcrle Waveform
In  C hap ter I I I ,  th e  IxB method was in tro d u ced  where th e  magnet 
e q u iv a le n t c u r r e n t s  w ere t r e a te d  a s  t r u e  c u r re n ts  and u sed  t o  ca lcu ­
l a t e  to rq u e s  a t  d i f f e r e n t  r o to r  p o s i t io n s .  T h is  method can  b e  tak en  
one s te p  f u r t h e r  i f  i t  i s  assumed t h a t  s a tu r a t io n  e f f e c t s  a r e  n e g lig ­
i b l e .  Then, s u p e rp o s it io n  can b e  a p p lie d  so  t h a t  th e  r o t o r  m agnetic 
f i e l d  and c o i l  m agnetic  f i e l d  can  be  s e p a ra te d .
Suppose one s t a r t s  w ith  a  24 s l o t ,  4 p o le  m otor s im i la r  t o  th e  
p ro to ty p e  m oto r. An o u t l in e  o f  one q u a r te r  o f  t h e  m otor i s  shown in  
F ig u re  V-15. The c o i l  shown c o n s is ts  o f  a  s in g le  w inding  span ing  a l l
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s i x  t e e th ,  The r o t o r  c o n s i s t s  o f  90 d eg ree  a r c  segm ents. I f  t h e  
r o to r  m agnet c u r r e n ts  a r e  s e t  t o  ze ro  so  t h a t  th e  r o t o r  m agnets a r e  
'tu rn e d  o f f ' ,  th e n  th e  c o i l  produced r a d i a l  component o f  f lu x  d e n s i ty  
d i s t r i b u t io n  a lo n g  any row o f  elem ents can  b e  found. The av e rag e  
d i s t r i b u t io n  o f  t h e  r a d i a l  component o f  f lu x  d e n s i ty  i n  t h e  re g io n  th e  
magnet o ccu p ies  i s  shown i n  F ig u re  V-16. T h is  d i s t r i b u t i o n  was 
produced by  a  c o i l  c u r r e n t  o f  2 amps. The d i s t r i b u t i o n  shown i n  t h i s  
f ig u re  i s  f o r  180 m echan ical d eg rees  o f  th e  m otor. The z e ro  a n g le  
p o in t  i s  w ith  r e s p e c t  t o  th e  c e n te r  o f  s l o t  one shown i n  F ig u re  V-15. 
The r o to r  shown i n  F ig u re  V-15 i s  in  th e  u n s ta b le  e q u ilib r iu m  p o s i­
t i o n .  The s t a b l e  e q u ilib r iu m  p o in t  f o r  th e  m otor o c c u rs  when th e  
c e n te r  o f  th e  so u th  p o le  a l ig n s  w ith  th e  270 e l e c t r i c a l  d eg ree  p o in t ,  
(45 d eg ree  m echanical a n g le , a ) , o f  th e  f lu x  d e n s i ty  waveform o f  
F ig u re  V-16. T h is  would a l s o  c o in c id e  w ith  th e  p o in t  w here t h e  c e n te r  
o f  th e  in te r f a c e  betw een a d ja c e n t S-N and N-S m agnet segm ents i n  
F ig u re  V-15 a l ig n s  w ith  th e  90 degree  an g le  p o in t  shown i n  F ig u re  V- 
16.
For th e  r o to r  magnet shown in  t h i s  exam ple, t h e  o n e-phase-on  
to rq u e -a n g le  cu rv e  i s  e a s i l y  c a lc u la te d .  I n  F ig u re  V-17 th e  r o t o r  
magnet h as  been  superim posed o n to  th e  p l o t  o f  f lu x  d e n s i ty  v e rs u s  
a n g le , and i t  h a s  been  d is p la c e d  from th e  s ta b le  e q u i l ib r iu m  by  an  
amount 0. I f  th e  r a d i a l  component o f  f lu x  d e n s i ty  a t  any  p o in t  0, i s  
Bpad (0 ) , th e n  a p p l ic a t io n  o f  th e  IxB method t o  b o th  e q u iv a le n t  c u r r e n t  
s h e e ts  y ie ld s  a  to rq u e  e x p re s s io n  o f:
T («> =  r „ v „  z  X.  -  Br a d  ( « + * ) )  (V -6 )
=  2  r . » .  z  \  Br „ d < 9 !

























D is t r ib u t io n  o f  R ad ia l Component o f  A irg ap  
F lu x  D e n s ity  due to  Simple Winding o f  F ig u re  V-15
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Figure V-17 
D is t r ib u t io n  o f  R ad ia l Component o f  
A irgap  Flux D ensity  Due to  Simple 
W inding, and L ocation  o f  Magnet Edge 
C u rre n ts  f o r  an A rb itr a ry  R otor P o s i t io n ,  0

















r ave = av erag e  ra d iu s  o f  th e  s h e e t  c u r r e n t  
z = a x i a l  le n g th  o f  th e  m agnet segm ents
3^ = m agnitude o f  th e  s h e e t  c u r re n t
One s e e s  t h a t  i n  t h i s  example, w here th e  magnet edge c u r r e n t  a r e  
180 d e g re e s  o u t  o f  p h ase , th e  waveform shape o f  th e  to rq u e -a n g le  cu rv e  
w i l l  b e  id e n t i c a l  t o  t h a t  o f  th e  f lu x  d e n s i ty .
E l i s  same method was a p p lie d  t o  th e  p ro to ty p e  m otor d is c u s s e d  
p re v io u s ly  i n  C h ap te rs  I I  and I I I ,  (shown in  F ig u re  I I I - 2 ) , w ith  th e  
fo llo w in g  v a r i a t io n .  S in ce  th e  magnet edge c u r r e n ts  u sed  i n  t h e  
p ro to ty p e  m otor a r e  n o t  a l l  a t  th e  same a n g u la r  lo c a t io n ,  th e  magnet 
c u r r e n t s  i n  a  raw  o f  f i n i t e  elem ents w ere  c ro sse d  w ith  th e  av e rag e  
f lu x  d e n s i ty  d i s t r i b u t io n  i n  t h a t  row. T h is  was done b ecau se  th e  f lu x  
d e n s i ty  d i s t r i b u t i o n  i n  th e  a irg a p  i s  a  rea so n ab ly  s tro n g  fu n c tio n  o f  
r a d iu s .  A  com parison o f  th e  d i s t r i b u t io n  a t  th e  o u te r  r a d iu s  o f  th e  
m agnet and  th e  in n e r  r a d iu s  o f  th e  m agnet, i s  shown i n  F ig u re  V-18a&b. 
I n  th e  s im p le  exam ple, th e  average d i s t r i b u t io n  o v e r th e  r a d i a l  le n g th  
o f  th e  m agnet co u ld  b e  used  s in c e  i t  was m a th em a tica lly  e q u iv a le n t  to  
c ro s s in g  th e  m agnet c u r r e n t  in  an e lem en t w ith  th e  av erag e  
d i s t r i b u t i o n  in  t h a t  row o f  e lem ents.
The r e s u l t i n g  to rq u e -a n g le  cu rve  o b ta in e d  f o r  t h e  p ro to ty p e  m otor 
u s in g  t h i s  method o f  su p e rp o s itio n , i s  shown a s  th e  dashed  l i n e  in  
F ig u re  V -19. The f u l l  FEM g en era ted  to rq u e -a n g le  cu rv e  i s  a l s o  shown 
f o r  com parison. One s e e s  t h a t  th e  FEM cu rv e  shows a  much l a r g e r  
harm onic component. T h is  i s  due t o  s a tu r a t io n  e f f e c t s  w hich a r e  n o t 
in c lu d e d  by t h i s  method o f  s u p e rp o s itio n . T h is  was shown by  changing 
th e  s a tu r a b le  s t e e l s  t o  l i n e a r  s t e e l s  i n  th e  FEM. Then, a  new to rq u e -
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F ig u re  V-18a 
D is t r ib u t io n  o f  R ad ia l Component o f  
A ir  gap Flux D en sity  in  th e  O uter 




F ig u re  V-18b 
D is t r ib u t io n  o f  R ad ia l Component o f  
A irg ap  F lux D en sity  in  th e  In n e r  
Row o f  E lem ents in  th e  Magnet R egion
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F igure  V-19
Comparison o f  F in i te  Element P re d ic te d , (S o lid  L in e ) ,
• and  Ix (C o il  R ad ia l Component o f  A irgap  F lux  D en sity ) 
P re d ic te d ,  (Dashed L in e ) , One-Phase-On S ta to r  Torque-A ngle Curves
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a n g le  cu rv e  was g e n e ra te d  u s in g  th e  FEM. I n  F ig u re  V-20 th e  r e s u l t s  
a r e  compared t o  t h e  to rq u e -a n g le  cu rve found by  c ro s s in g  m agnet edge 
c u r r e n ts  w ith  th e  c o i l  f lu x  d e n s ity  waveform. One s e e s  t h a t  th e r e  i s  
e x c e l le n t  c o r r e la t io n .
The s u p e rp o s itio n  IxB method a llo w s one t o  e a s i l y  s e e  hew th e  c o i l  
f lu x  d e n s ity  waveform and th e  magnet shape in f lu e n c e  th e  to rq u e -a n g le  
waveform. Suppose one h a s  th e  n a n d is tr ib u te d  w inding  o f  th e  s im p le  
exam ple, F ig u re  V -17, and an  a r c  shaped m agnet. I f  a  magnet a r c  w id th  
e q u a l t o  th e  w ind ing  h a l f  p i tc h ,  (90° in  t h i s  f i g u r e ) , i s  u se d , th e  
r e s u l t i n g  to rq u e -a n g le  cu rv e  c o n ta in s  a  harm onic t h a t  h a s  t h e  same 
p e r io d  a s  th e  d e te n t  to rq u e , b u t  i s  due t o  t h e  s t a t o r  s l o t s .  A magnet 
a r c  w id th  which i s  one h a l f  a  to o th  p i t c h  l e s s  th a n  th e  h a l f  w inding 
p i t c h ,  i . e .  l e s s  by  h a l f  th e  p e r io d  o f  th e  harm onic, would red u ce  t h i s  
harm onic. The in d iv id u a l  harmonic c o n tr ib u t io n s  due t o  th e  l e f t  and 
r i g h t  magnet edge c u r r e n ts  a r e  now 180 d e g re e s  o u t  o f  p h ase . However, 
even  i f  t h i s  harm onic i s  com plete ly  e l im in a te d  th e r e  w i l l  s t i l l  b e  a  
harm onic o f  t h i s  p e r io d  in  th e  t o t a l  to rq u e  v e rs u s  a n g le  cu rv e  caused 
by  th e  d e te n t  to rq u e .  M otors designed  t o  have f l a t  topped  to rq u e -  
a n g le  cu rv es  u s u a l ly  have r o to r  o r  s t a t o r  la m in a tio n s  skewed t o  e l im i­
n a te  d e te n t  to rq u e . As was shown in  th e  a n a ly s i s  on skew ing, i n  th e s e  
c a s e s  t h e  s in g le  p h ase  s t a t o r  to rq u e  harm onic due t o  t h e  s l o t s  w i l l  
a l s o  b e  e lim in a te d .
I t  i s  a ls o  obv ious i n  lo o k in g  a t  F ig u re  V-17 t h a t  a  m agnet a r c  
w id th  l e s s  th a n  90 d e g re e s , (h a lf  th e  w inding p i t c h ) , w i l l  r e s u l t  in  a  
to rq u e -a n g le  cu rv e  w hich h a s  a  f l a t t e n in g  around  b o th  th e  s t a b l e  and 
u n s ta b le  e q u ilib r iu m  p o in t .  T h is i s  because  th e r e  a r e  tim e s  when bo th  
m agnet edge c u r r e n ts  a r e  under a  Brad re g io n  o f  th e  same s ig n  and
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app ro x im ate ly  th e  same m agnitude. U nder th e s e  c o n d itio n s  th e  n e t  
to rq u e  i s  c lo s e  t o  z e ro . The f l a t t e n i n g  around th e  e q u ilib r iu m  p o in ts  
w ould red u ce  th e  s t a t i c  s t i f f n e s s  o f  a  s te p p in g  m otor. However, th e  
peak  to rq u e  rem ains r e l a t i v e l y  unchanged and  so  th e  e f f e c t  on a  
b ru s h le s s  m otor i s  m inim al. T h is  i s  p ro v id ed  th e  m agnet a r c  w id th  i s  
n o t  reduced  t o  a  w id th  l e s s  th a n  th e  t r a n s i t i o n  o f  th e  d i s t r i b u t io n  
from  i t s  approx im ate ly  c o n s ta n t  p o s i t i v e  v a lu e  t o  i t s  approx im ate ly  
c o n s ta n t  n e g a tiv e  v a lu e .
To i l l u s t r a t e  th e  e f f e c t  o f  m agnet a r c  w id th  on to rq u e -a n g le  cu rve  
sh ape , c o n s id e r  th e  id e a l ,  f l a t  to p p e d , t r a p e z o id a l  Bpad d i s t r i b u t io n  
o f  F ig u re  V -2 ia . A f l a t  topped  Bpad d i s t r i b u t io n  i s  id e a l  because  i t  
w ould r e s u l t  in  a  f l a t  topped  o r  t r a p e z o id a l  to rq u e -a n g le  cu rv e , ( i f  
th e  d e te n t  to rq u e  co u ld  b e  e l im in a te d ) . A f l a t  topped  to rq u e -a n g le  
cu rv e  would r e s u l t  in  a  m otor w ith  z e ro  lew  speed  to rq u e  r ip p l e .
The h a l f  p i t c h  o f  th e  d i s t r i b u t i o n  shown in  F ig u re  V-21a i s  yc .
The t r a n s i t i o n  span o f  th e  d i s t r i b u t i o n  i s  yt . The f l a t  topped  span  
o f  th e  d i s t r i b u t io n  i s  ys . The p o le  p i t c h  o f  th e  magnet shown a s  th e  
c ro s s -h a tc h e d  a re a  in  t h i s  F ig u re  i s  ym. The e q u iv a le n t  m agnet c u r ­
r e n t s  a r e  o f  m agnitude 3^ and a r e  lo c a te d  a t  th e  magnet edges. The 
to rq u e  on th e  magnet a t  any p o s i t io n ,  0, i s  p ro p o r t io n a l  t o  th e  sum o f  
th e  p ro d u c t o f  th e  m agnitude o f  th e  m agnet c u r r e n t ,  3^ , and Bpad a t  
th e  edge c u r r e n t  lo c a t io n s :  Bpad ( 0 - ^ / 2 ) ,  and Bpad (B+ym/ 2 ) .
V arying th e  magnet p o le  p i t c h ,  ym, frcm  yc t o  0 , a llo w s one t o  
de te rm in e  th e  g en e ra l e f f e c t s  o f  m agnet w id th  on th e  shape o f  th e  
s t a t o r  to rq u e -a n g le  cu rv e . One sim p ly  needs t o  assume a  magnet w id th , 
u s e  th e  IxB method t o  c a lc u la te  a  to rq u e -a n g le  cu rv e  f o r  each  c u r r e n t  
s h e e t ,  and th e n  add th e  two p h ase  s h i f t e d  to rq u e -a n g le  cu rv es .
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F ig u re  V-21b shows two phase  s h i f te d  f l a t  to p p ed  to rq u e -a n g le  
cu rv es , (cu rv es  1 and 2 ) ,  such  a s  would be  produced b y  th e  com bination  
o f  magnet and  Brad d i s t r i b u t io n  shown in  F ig u re  V -21a. Curve 3 in  
F ig u re  V-21b shews th e  n e t  to rq u e  due t o  th e s e  two p h ase  s h i f t e d  
cu rv es . One s e e s  t h a t  w h ile  th e  m agnitude o f  th e  f l a t  to p p ed  a re a  i s  
s t i l l  tw ic e  t h a t  o f  e i t h e r  Curves 1 o r  2, th e  span  o f  t h e  f l a t  topped  
re g io n  h a s  d e c re a se d .
F ig u re  V-22 shows a  s e t  o f  to rq u e -a n g le  cu rv es  f o r  a  v a r i e ty  o f  
d i f f e r e n t  w id th  m agnets. The dashed l i n e  i s  th e  assumed id e a l  Bpad 
d i s t r i b u t io n .  The same nom enclature used in  F ig u re  V-21 a l s o  a p p l ie s  
h e re . Curve (1) i s  ty p i c a l  f o r  a  magnet w id th  o f  Yt <Ym<Yc • I h e  f l a t  
t a p  re g io n  i s  d e c re a se d  from ys by  an amount eq u a l t o  yc ~Ym • The f l a t  
tap p ed  re g io n  s h r in k s  t o  ze ro  when ym=y^., Curve (2 ) . Once ym i s  made 
l e s s  th a n  yt , t h e r e  i s  a  d e c re a se  in  th e  peak v a lu e  o f  to rq u e  
produced, Curve (3 ) .  F in a l ly ,  i f  ym i s  l e s s  th a n  ys , th e r e  i s  a  
f l a t t e n in g  o f  th e  cu rv e  around th e  s ta b le  and u n s ta b le  e q u ilib r iu m  
p o in ts .
For t h e  m agnet shown in  F ig u re  V-21a, maximum to rq u e  i s  produced 
when one m agnet edge i s  -under th e  p o s i t iv e  f l a t  topped  re g io n  o f  Brad 
and th e  o th e r  edge i s  under th e  n e g a tiv e  f l a t  topped  r e g io n . One se e s  
t h a t  in  o rd e r  t o  g e t  a s  la rg e  a  f l a t  tapped  re g io n  a s  p o s s ib le ,  th e  
magnet sh o u ld  b e  made f u l l  p i t c h  (ym=yc ) ,  and th e  c o i l  Brad 
d i s t r i b u t io n  needs t o  b e  made a s  c lo se  t o  a  sq u are  wave a s  p o s s ib le .
U su a lly , i n  m otors where a  f l a t  tapped  to rq u e -a n g le  cu rv e  i s  
d e s ire d , t h e  s t a t o r  la m in a tio n s  a r e  skewed t o  e l im in a te  t h e  d e te n t  
to rq u e . T h e re fo re , skewing e f f e c t s  on th e  f l a t  to p p ed  s t a t o r  to rq u e -  
an g le  cu rv e  sh o u ld  b e  co n s id e re d . I f  s e v e ra l s l i g h t l y  p h ase  s h i f te d
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TORQUE
Figure V-21b
Component and N et S ta to r  Torque-Angle Curves f o r  th e  
Magnet and F lux  D en sity  D is tr ib u t io n  Shown in  F ig u re  V-21a 
Curve ( 1 ) -  An Id e a l  F lat-Topped Torque Angle Curve 
Curve ( 2 ) -  A Phase S h if te d  Id e a l F lat-T opped Torque Angle Curve 
Curve ( 3 ) -  Sum o f  Exampl e  Phase S h if te d , I d e a l ,  F la t-T o p p ed , Curves
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F ig u re  V-22 
S ta t o r  Torque-A ngle C h a ra c te r is t ic  f o r  
th e  C om bination o f  an  Id e a l ,  T rap e zo id a l 
Shaped, F lux  D en sity  D is t r ib u t io n  and 
4 D i f f e r e n t  Regions o f  Magnet Arc W idth
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f l a t  topped  to rq u e -a n g le  cu rv es  a re  summed, th e  f l a t  to p  span  d ec rea ­
s e s ;  t h i s  was i l l u s t r a t e d  i n  F igu re  v*-2lb,. Two p h ase  s h i f t e d ,  
t r a p e z o id a l  shaped to rq u e -a n g le  cu rves, (Curves 1 and  2 ) ,  w ere summed. 
The r e s u l t  was shown a s  th e  th i c k  s o l id  l i n e ,  Curve 3 . One s e e s  t h a t  
th e  f l a t  topped  re g io n  o f  th e  n e t  to rq u e  i s  l e s s  th a n  th e  f l a t  topped  
re g io n  o f  th e  component to rq u e s ,  Curves 1 and 2 . T h is  i s  c o n s is te n t  
w ith  th e  d e te n t  to rq u e  a n a ly s is  t h a t  seme h ig h e r  harm onics a r e  e l im i­
n a te d . O bviously , t o  m a in ta in  a  la rg e  f l a t  to p  span , t h e  m otor shou ld  
b e  skewed o v er a s  sm a ll an  a n g le  a s  p o s s ib le .  T h e re fo re , th e  m otor 
shou ld  have a  la rg e  r a t i o  o f  s l o t s  t o  r o to r  p o le s .  T h is  w i l l  r e s u l t  
i n  a  d e te n t  to rq u e  o f  a  much s h o r te r  p e r io d  th a n  th e  s t a t o r  to rq u e .
U n fo rtu n a te ly , i f  t h e r e  a r e  a  la rg e  number o f  s l o t s  compared t o  
r o to r  p o le s ,  t h e  c o i l  w inding  i s  u s u a lly  d i s t r i b u te d .  The c o i l  would 
c o n s is t  o f  s e v e ra l  w ind ings d i s t r ib u te d  among a  number o f  s l o t s .  T h is 
r e s u l t s  i n  a  w inding f lu x  d e n s i ty  a irg a p  d i s t r i b u t io n  t h a t  i s  more 
s in u s o id a l .  F ig u re  V=23b shows an  example Bpad d i s t r i b u t io n  f o r  th e  
w indings shown in  F ig u re  V-23a. Winding 1 p roduces an  mmf d i s t r i b u ­
t i o n  t h a t  in f lu e n c e s  th e  f lu x  d e n s ity  in  th e  re g io n  from  z e ro  t o  
n in e ty  d e g re e s . W inding 2 p roduces an  mmf d i s t r i b u t io n  t h a t  
in f lu e n c e s  th e  f lu x  d e n s i ty  in  th e  re g io n  from f i f t e e n  t o  s e v e n ty - f iv e  
d eg rees . Where th e  two re g io n s  o v erlap  th e  n e t  f lu x  d e n s i ty  w i l l  
r e s u l t  from th e  sum o f  th e  two mmf so u rces . Hence, we se e  t h a t  th e  
d i s t r ib u te d  w inding s e rv e s  t o  produce a  t i e r e d  mmf d i s t r i b u t io n .  T h is  
i n  tu r n  p roduces a  t i e r e d  f lu x  d e n s ity  d i s t r i b u t io n .  U n fo rtu n a te ly , 
th e r e  a r e  s t i l l  s l o t  e f f e c t s  w hich cause a  h ig h e r  freq u en cy  harm onic 
t o  b e  p re s e n t  and te n d  t o  smooth o u t th e  f lu x  d e n s i ty  waveform.








F igu re  V-23a 
F i n i t e  Element Model O u tlin e  









F igu re  V-23b 
R a d ia l Component o f  A irgap  F lux  
D e n s ity  R e s u l t in g  from D is tr ib u te d  W inding
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I f  a  f u l l  p i t c h  a r c  shaped magnet was u sed  w ith  t h i s  w inding 
scheme, a  to rq u e -a n g le  cu rv e  o f  th e  same shape a s  th e  c o i l  f lu x  
d e n s ity  d i s t r i b u t i o n  would b e  produced. I f  th e  m agnet edge c u r re n ts  
w ere d i s t r i b u te d ,  such  a s  in  th e  p ro to ty p e  r o to r ,  i t  would te n d  t o  
smooth th e  e f f e c t s  o f  h ig h e r  harm onics p re s e n t  i n  th e  d i s t r i b u t io n .  
The to rq u e -a n g le  cu rv e  produced would b e  more p u re ly  s in u s o id a l .  
O bviously, a  com bination  o f  d i s t r i b u te d  c o i l  w in d in g s, d is t r ib u te d  
magnet e q u iv a le n t  c u r r e n ts ,  and skewing w i l l  a l l  s e rv e  t o  make th e  
to rq u e -a n g le  cu rv e  more s in u s o id a l .
T h is  a n a ly s is  makes i t  c l e a r  t h a t  i f  one c o u ld  p r e c i s e ly  c o n tro l  
th e  shape o f  th e  c o i l  Brad d i s t r i b u t io n  and th e  m a g n e tiz a tio n  o f  th e  
m agnets, th e n  one c o u ld  shape th e  s in g le  phase  s t a t o r  to rq u e -a n g le  
curve.
V.3 Using the Back ThrF TKavgfhrm as a Substitute far Finding
Taraue-Ancrle Waveform
In  S e c tio n  I I I . 2 e  i t  was shown how th e  back  emf waveform cou ld  be  
c a lc u la te d  w ith  th e  f i n i t e  elem ent model. T h is  s e c t io n  ad d re sse s  a  
method o f  s tu d y in g  th e  e f f e c t  o f  th e  w inding d i s t r i b u t i o n  on th e  back  
emf waveform. C a lc u la t io n  o f  th e  back emf waveform i s  im portan t 
because i t  h a s  t h e  same waveform shape a s  th e  s t a t o r  to rq u e -a n g le  
cu rve, (p rov ided  th e  i r o n  i s  o p e ra tin g  in  a  m a g n e tic a lly  l i n e a r  
s t a t e ) . S in ce  th e  bemf waveform can b e  c a lc u la te d  in  a  few er number 
o f  s o lu t io n s  th a n  a  one-phase-on  s t a t o r  to rq u e -a n g le  cu rv e  i t  r e p re s ­
e n ts  an a t t r a c t i v e  a l t e r n a t iv e  t o  id e n t ify in g  th e  s t a t o r  to rq u e -a n g le  
shape.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-201-
P roo f t h a t  th e  bemf waveform and th e  to rq u e -a n g le  cu rv e  have  th e  
same shape p roceeds i n  t h e  fo llo w in g  manner. Suppose t h a t  t h e  m otor 
m agnetics  a r e  re p re s e n te d  by  a  v e ry  s im ple l i n e a r  m agnetic  c i r c u i t  
t h a t  h as  two so u rces : one due t o  th e  c o i l ,  th e  o th e r  due t o  t h e  
m agnet, and t h a t  a l l  o f  t h e  re lu c ta n c e s  can  b e  lumped in to  a  s in g le  
e f f e c t iv e  re lu c ta n c e , (F ig u re  V -24). The t o t a l  f lu x  l in k in g  th e  c o i l  
i s :
n i  + f.  m
h  =  — - - - - - - - - - -  ( V - 7 )
e
Where: N = Number o f  c o i l  tu rn s
7?e = E f f e c t iv e  re lu c ta n c e  o f  m agnetic  c i r c u i t  
Fm = P o s i t io n ,  0, dependent magnet mmf 
Assuming t h a t  s u p e rp o s it io n  can  b e  a p p lie d , t h i s  i s  ex p re ssed  a s  th e  
sum o f  th e  f lu x  due t o  t h e  perm anent magnet and th e  f lu x  due t o  th e  
c o i l .
0t =  t  (0) + 0C ( i)  (V-8a)
Where: <pt = T o ta l f lu x  l in k in g  th e  c o i l
= F lu x  w hich l in k s  c o i l  and i s  due t o  m agnet, 
i t s  m agnitude i s  r o to r  p o s i t io n  dependent
0C = F lu x  w hich l in k s  c o i l  and i s  due t o  c o i l ,  
i t s  m agnitude i s  c o i l  c u r r e n t  dependent
N ote in  E quation  V-8a t h a t  th e  component o f  f lu x  due t o  th e  m agnet i s
o n ly  a  fu n c tio n  r o to r  a n g le  and th e  component o f  f lu x  due t o  t h e  c o i l
i s  o n ly  a  fu n c tio n  o f  c u r r e n t .  T h is  assumes, o f  c o u rse , a  l i n e a r
m agnetic  c i r c u i t .  S e p a ra tin g  E quation  V-7 in to  th e  components d e f in e d
in  E quation  V-8a:
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F igu re  V-24 
S im ple Lumped M agnetic C ir c u i t  Model







The v o lta g e  induced  in  th e  c o i l ,  due t o  a  t i n e  v a ry in g  f lu x  i s :
d0t r d ^  d 0c
5 = -N t t  = -N -T7T- + s r  a t  v etc a t  , (V- 9)
» _  TJ [  d0m  d 9  1 ^  611 d9 d t  d i  d t= - n [ (V-10)
The second te rm  on th e  r i g h t  hand s id e  o f  E quation  V-10 re p re s e n ts  th e  
in d u c tiv e  v o l ta g e .  The f i r s t  t e r n  r e p re s e n ts  th e  back  emf v o lta g e  due 
t o  th e  sp in n in g  r o to r .
V b e m f  “ N  “  d 0 (V -ll)
Where: co = r o to r  speed
D efin in g  f lu x  l in k a g e  due t o  th e  m agnet, ^ , t o  b e  equ a l t o  th e  
p ro d u c t o f  c o i l  tu r n s  and f lu x :
N n =  H  ( V - 1 2 )
y ie ld s :
V b e m f  "  “  d 0 (V-13)
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I f  th e  r o t o r  i s  r o ta t in g  a t  a  c o n s ta n t speed , a>0 , th e n  th e  back  
emf v o lta g e  waveform observed  on th e  c o i l  i s  p ro p o r t io n a l  t o  th e  
d e r iv a t iv e  o f  th e  m agnet f lu x  l in k in g  th e  c o i l  a s  a  fu n c t io n  o f  a n g le .
The to rq u e  p roduced  by th e  d ev ice  i s  eq u a l t o  th e  p a r t i a l  
d e r iv a t iv e  o f  coenergy  w ith  r e s p e c t  t o  an g le , c 11 ] .
awc
T =  Ta~ (V-14)90
The coenergy f o r  t h e  s im p le  c i r c u i t  i s :
K J t z Jl
Wc =  —  = 2  W. 2 + + (V-15)





dt   ^ d t
n> d© + ^  d e ) (V-16)
The f i r s t  te rm  i n  t h i s  eq u a tio n  i s  th e  d e te n t  to rq u e , th e  second  te rm  
i s  th e  o ne-phase-on  s t a t o r  to rq u e  produced by th e  s t a t o r .  I s o la t in g  
th e  second te rm  and  u s in g  E quation V-8c and V-12 f o r  <f>c and  ^  y ie ld s  
an  e x p re ss io n  f o r  t h e  one-phase-on s t a t o r  to rq u e .
-r - t,Ts e 30 1 30 (V-17)
I f  th e  c o i l  i s  e n e rg iz e d  w ith  a  c o n s ta n t c u r re n t ,  th e n  from  E quation
V-17, th e  s t a t o r  to rq u e -a n g le  cu rve  i s  p ro p o r tio n a l t o  t h e  d e r iv a t iv e  
o f  magnet f lu x  l in k a g e  w ith  re s p e c t  t o  an g le . One s e e s  from  a  cam-
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p a r  is o n  o f  E quations IV-13 and IV-17 t h a t  th e  c o n s ta n t c u r r e n t  s t a t o r  
to rq u e -a n g le  waveform and th e  s te a d y  s t a t e  back  emf waveform a r e  b o th  
p ro p o r t io n a l  t o  th e  change o f  magnet f lu x  w ith  a n g le  and th e r e f o r e ,  
b o th  have th e  same sh ap e .
To v e r i f y  th e  p ro cee d in g  a n a ly s i s  ex p e rim e n ta lly , th e  m easured 
back  emf waveform o f  C h ap ter I I  shown in  F ig u re  11-10 was no rm alized  
by  d iv id in g  i t  by m inus th e  r o t o r  speed . I n  a d d i t io n ,  th e  o n e -p h ase - 
on s t a t o r  to rq u e -a n g le  cu rv e  f o r  a  phase  c u r r e n t  o f  2 amps, shown in  
F ig u re  I I - 7 ,  was no rm alized  by  d iv id in g  by th e  s t a t o r  c u r r e n t .  The 
tw o r e s u l t in g  cu rv es  sh o u ld  b e  eq u a l t o  th e  p a r t i a l  d e r iv a t iv e  o f  
m agnet f lu x  lin k a g e  w ith  r e s p e c t  t o  a n g le , d ( \)n) /d 6 .  A com parison i s  
shown i n  F ig u re  V-25. The dashed  l i n e  in d ic a te s  th e  waveform o b ta in e d  
from th e  n o rm a liz a tio n  o f  th e  b ack  emf waveform and th e  s o l id  l i n e  
in d ic a te s  th e  waveform o b ta in e d  from n o rm a liz a tio n  o f  th e  s t a t o r  
to rq u e -a n g le  cu rv e . T h ere  i s  good c o r r e l a t io n  between th e  two 
waveforms.
The advan tage o f  t h i s  method o f  c a lc u la t in g  th e  s t a t o r  to rq u e -a n g le  
waveform o v er th e  m ethod d e s c r ib e d  p re v io u s ly  in  S e c tio n  V .2 i s  t h a t  
same lo c a l  s a tu r a t io n  e f f e c t s  a r e  in c lu d ed . Thus, accuracy  in  
p r e d ic t in g  th e  one-phase-on  s t a t o r  to rq u e -a n g le  cu rve  i s  im proved.
One s e e s  t h a t  th e r e  i s  b e t t e r  c o r r e la t io n  betw een th e  harm onics in  th e  
two waveforms.
There a r e  some obv ious d isa d v a n ta g e s  t o  t h i s  method when compared 
t o  th e  IXB method. A number o f  s o lu t io n s  a r e  re q u ire d  t o  f in d  th e  
m agnet f lu x  waveform, w hich i n  tu r n  i s  u sed  t o  f in d  th e  to rq u e -a n g le  
cu rv e . Because i t  i s  n e c e ssa ry  t o  know th e  d e r iv a t iv e  o f  th e  
waveform, th e  g r e a te r  th e  number o f  d i f f e r e n t  s o lu t io n s ,  t h e  b e t t e r
















- 3 . 4
153 23053
ANSLE D e g r e e s
F ig u re  V-25
N orm alized S ta to r  Torque-A ngle Curve, (S o lid  L in e ), 
and Back Emf V oltage Waveform, (Dashed Line)
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th e  acc u racy . Thus, th e r e  i s  a  t r a d e - o f f  between accu racy  and th e  
number o f  s o lu t io n s .  A nother d isa d v a n ta g e  i s  i f  th e  magnet shape o r  
m a g n e tiz a tio n  i s  changed, th e  e n t i r e  s o lu t io n  p ro c e ss  must b e  rep e ­
a te d .  One s e t  o f  s o lu tio n s ,  0m (0 ) ,  c an  b e  u sed  t o  s tu d /  th e  e f f e c t s  
o f  d i f f e r e n t  w indings b u t  th e  m agnet can  n o t  b e  a l t e r e d  w ith o u t having 
t o  f in d  a  new s o lu tio n  f o r  0m (6 ).
F ig u re  V-26 shows dA^/de waveforms r e s u l t in g  from two d i f f e r e n t  
a l t e r n a t i v e  w indings. The s o l id  l i n e  i n  t h i s  f ig u re  re p re s e n ts  
r e s u l t s  from  u s in g  a  c o i l  c o n s is t in g  o f  a  s in g le  w inding around t e e th  
1 th ro u g h  6 . The dashed l i n e  r e p re s e n ts  r e s u l t s  from a  c o i l  c o n s is t ­
in g  o f  th r e e  s e p e ra te  w indings. One w ind ing  encom passing t e e th  1 
th ro u g h  6 ; th e  second w inding encom passing t e e th  2 th ro u g h  5 , and th e  
t h i r d  w ind ing  encompassing t e e th  3 and  4 . Both c a se s  have th e  same 
t o t a l  number o f  c o i l  tu r n s .  U n fo rtu n a te ly , t h i s  m otor produces a  
la r g e  harm onic i n  th e  f lu x  waveform. O therw ise , one cou ld  s e e  more 
c l e a r ly  t h a t  th e  f i r s t  c o i l  ty p e  p roduces a  s q u a r is h  back  emf 
waveform, and  th e  second c o i l  ty p e  p roduces a  more s in u s o id a l 
waveform. However, one can  s t i l l  conclude  t h a t  t o  ach iev e  a  f l a t  
top p ed  to rq u e -a n g le  cu rv e , one sh o u ld  n o t  d i s t r i b u t e  th e  w indings.
I t  i s  obvious t h a t  t h i s  method would b e  v e ry  u s e fu l  in  
d e te rm in in g  c o i l  w indings t h a t  p roduce th e  d e s ir e d  back  e m f/s ta to r  
to rq u e -a n g le  waveform shape.
V.4 Summary
I n  l i g h t  o f  th e  p rev io u s  d is c u s s io n , th e  fo llo w in g  o b se rv a tio n s  
can  b e  made concern ing  th e  d es ig n  o f  to rq u e -a n g le  cu rv es  f o r  m otors 
w ith o u t s a l i e n t  r o to r  magnet back  i r o n .




















F igu re  V-26 
N orm alized  Back Emf V oltage Waveform 
R e su lt in g  from  Two A lte rn a tiv e  Winding C o n fig u ra tio n s  
Curve ( 1 ) -  C o il Around Teeth  1 Through 6 ;
Curve ( 2 ) -  C o il Around Teeth 1 Through 6 , 
and 2 Through 5 , and 3 Through 4
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1)The e f f e c t s  o f  skew ing can  b e  an a ly zed  a s  th e  v e c to r  sum o f  th e  
d e te n t  to rq u e s  due t o  each  s t a t o r  la m in a tio n . Skewing th e  s t a t o r  
w i l l ,  th e o r e t i c a l ly ,  e l im in a te  a l l  d e te n t  to rq u e ;  however, end e f f e c t s  
r e s u l t  in  same n e t  nonzero  d e te n t  to rq u e .
2) Skewing w i l l  e l im in a te  h ig h e r  harm onics o f  th e  s in g le  p h ase  
to rq u e -a n g le  cu rv e  a s  w e ll  a s  th e  d e te n t  to rq u e .
3) F la t  topped  s t a t o r  to rq u e -a n g le  c u rv e s  can  b e  o b ta in ed  by  th e  
com bination  o f  a  f l a t  topped  Bpad d i s t r i b u t i o n ,  a  u n ifo rm ly  m agnetized 
a r c  shaped magnet, and a  skewed s t a t o r .  U n fo rtu n a te ly , a t  t h i s  p o in t  
i t  i s  unknown how t o  produce a  f l a t  to p p ed  Bpad d i s t r i b u t io n .  As a  
r e s u l t  o f  t h i s  in v e s t ig a t io n ,  we do know t h a t  i f  one u se s  a  no n d is­
t r i b u t e d  w inding o v e r m u lt ip le  t e e t h ,  a  r e l a t i v e l y  s q u a r ish  Bpad d i s ­
t r i b u t i o n  i s  o b ta in e d  t h a t  h as  a  harm onic due t o  th e  p resen ce  o f  th e  
s l o t s .  Skewing shou ld  v i r t u a l l y  e l im in a te  t h i s  harm onic, b u t  w i l l  
a l s o  d ec re a se  th e  f l a t  topped  span  o f  th e  d i s t r i b u t io n ,  and hence , th e  
f l a t  topped  span  o f  th e  to rq u e -a n g le  c u rv e . However, u s in g  a  n o n d is­
t r i b u t e d  w inding o v e r m u lt ip le  t e e t h  does n o t  maximize th e  c o i l  mmf. 
Thus, t h e  peak to rq u e  w i l l  b e  l e s s  th a n  can  b e  o b ta in ed  w ith  an  
id e n t i c a l  m otor and a  d i s t r i b u te d  w ind ing .
4) I f  one co u ld  produce a  s in u s o id a l  Bpad d i s t r i b u t io n  th e n  one 
c o u ld  u s e  u n ifo rm ly  m agnetized , a r c  shaped  m agnets t o  produce a  s in ­
u s o id a l  to rq u e -a n g le  cu rv e . I f  th e  Bpad d i s t r i b u t io n  c o n ta in s  
harm onics, skewing w i l l  h e lp  t o  e l im in a te  them from th e  n e t  to rq u e -  
a n g le  cu rv e . However, i t  m ight a l s o  b e  n e c e ssa ry  t o  d i s t r i b u t e  th e  
m agnet edge c u r re n ts  a s  w e ll .  T h is  would mean t h a t  th e  magnet edges 
would n o t  b e  r a d i a l  b u t  would be  shaped  d i f f e r e n t ly ,  more s la n te d  
p e rh a p s . Making a  s in u s o id a l  to rq u e -a n g le  cu rv e  p ro b ab ly  would be
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e a s i e r  th a n  making a  f l a t  topped  one. D is tr ib u te d  w ind ings, d i s ­
t r i b u t e d  magnet edge c u r re n ts  and skewing a l l  s e rv e  t o  reduce 
harm onics.
5) The IxB method o f  c a lc u la t in g  to rq u e  i s  a  good means o f  
a n a ly z in g  th e  b a s ic  f a c to r s  a f f e c t in g  to rq u e -a n g le  waveform shape. 
However, s a tu r a t io n  can  in tro d u c e  a d d i t io n a l  harm onics t h a t  a r e  n o t  
p r e d ic te d  b y  t h i s  method.
6) Two m ethods o f  de te rm in in g  to rq u e -a n g le  shape w ere p re se n te d . 
The IxB m ethod a llo w s  one t o  e a s i l y  s e e  th e  e f f e c t s  o f  c o i l  d i s t r i b u ­
t i o n ,  m agnet shape , and magnet m ag n e tiza tio n  on th e  to rq u e -a n g le  
sh ape . The back  emf method a llo w s same n o n lin e a r  e f f e c t s  t o  b e  in ­
c lu d e d  and  th u s  im proves th e  accu racy  o f  p r e d ic t io n .
7) Of t h e  methods p re se n te d  f o r  red u c in g  d e te n t  to rq u e  each  h as  
ad v an tag es  and  d isad v an tag es :
Skewing th e  s t a t o r  s ta c k  in c re a s e s  th e  d i f f i c u l t y  o f  w inding th e  
c o i l s ;  th u s  in c re a s in g  w inding c o s t .  However, d e te n t  to rq u e  i s  
v i r t u a l l y  e l im in a te d . Skewing th e  magnet segm ents h a s  th e  same 
r e s u l t s  i n  te rm s o f  th e  n e t  d e te n t  to rq u e . However, i t  i s  a  c o s t ly  
m an u fac tu rin g  p ro c e s s .
Reducing d e te n t  to rq u e  by a l t e r in g  th e  m agnet a r c  w id th  can  
s ig n i f i c a n t l y  red u ce  th e  d e te n t  to rq u e  b u t  i s  n o t  l i k e l y  t o  r e s u l t  i n  
com plete  e l im in a tio n  o f  th e  d e te n t  to rq u e . T h is  method i s  b e s t  s u i te d  
t o  sh ap in g  th e  d e te n t  to rq u e  so  t h a t  o th e r  c a n c e l la t io n  shemes, such  
a s  c r e a t in g  s ta g g e re d  magnet segm ents, can  b e  u se d  t o  ach iev e  f u r th e r  
re d u c t io n . The su c c e s s fu ln e s s  o f  shap ing  th e  d e te n t  to rq u e -a n g le  
waveform by a l t e r i n g  th e  magnet shape i s  somewhat dependent upon th e  
m a n u fa c tu re r 's  a b i l i t y  t o  p ro v id e  a  magnet w ith  t h e  e x a c t m agnetiza­
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t i o n  and geom etry s p e c i f i e d .  A t p re s e n t,  o u r co n fid en ce  l e v e l  i n  th e  
m a n u fa c tu re r 's  a b i l i t y  t o  do t h i s  i s  lew.
R eduction  o f  d e te n t  to rq u e  by c re a tin g  unequal a r c  w id th  m agnets 
s u f f e r s  th e  same l i m i t a t i o n s  a s  a l te r in g  th e  m agnet a r c  w id th .
S tag g e rin g  m agnet segm ents w i l l  e f f e c t iv e ly  red u ce  th e  d e te n t  
to rq u e , p ro v id ed  a  s u f f i c i e n t l y  la rg e  number o f  s ta g g e re d  segm ents a re  
u sed . I f  a  few number o f  s ta g g e re d  segments a r e  u sed , th e  d e te n t  
to rq u e  cu rve  p e r  segm ent sh o u ld  be  p r im a r ily  s in u s o id a l ;  o th e rw ise , 
h ig h e r  harm onics w i l l  n o t  b e  e lim in a te d . C rea tin g  a  la rg e  number o f  
s tag g e re d  segm ents f o r  a  m otor w ith  a  s h o r t  s ta c k  le n g th  can  b e  com­
p l ic a te d  by th e  n e c e s s i ty  t o  han d le  a  la rg e  number o f  sm a ll m agnets.
C rea tin g  s ta g g e re d  m agnet segments w ith  th e  p ro p e r  s e le c t io n  o f  
magnet a r c  w id th  and p e rh ap s  unequal magnet a r c  w id th s  seems t o  b e  a  
good way o f  cairib in irg  some o f  t h e  more a t t r a c t i v e  advan tages o f  each  
o f  th o se  methods w ith o u t com plete ly  re ly in g  on any one m ethod.
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CHAPTER V I
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I n  p re v io u s  c h a p te rs ,  f i n i t e  elem ent a n a ly s is  h a s  been  used  
e x te n s iv e ly  t o  an a ly ze  th e  m agnetic b eh av io r o f  BLDCMs. U nfortun­
a t e ly ,  a t  t h e  p r e s e n t  l e v e l  o f  techno logy , th e  f i n i t e  e lem en t method 
i s  s t r i c t l y  an  a n a ly s is  t o o l .  I f  one w ishes t o  change th e  geom etry o f  
th e  m otor, t h e  FEM h as  t o  b e  a l t e r e d  and th e  e n t i r e  a n a ly s i s  perform ed 
a g a in . T h is  does n o t  le n d  i t s e l f  w e ll t o  th e  developm ent o f  a  m otor 
d e s ig n  so f tw a re  package t h a t  would a llow  a  m otor d e s ig n e r  t o  e x p lo re  
th e  e f f e c t  o f  a  p a r t i c u l a r  m otor d e s ig n  p aram eter on same perform ance 
p a ram e te r; f o r  exam ple, t h e  e f f e c t  o f  r o to r  magnet th ic k n e s s  on th e  
m otor to rq u e  c o n s ta n t .
O ne-dim ensional m agnetic  c i r c u i t  models a r e  d e s i r a b le  becau se  th e y  
u s u a l ly  e i t h e r  r e s u l t  i n  s im ple  a lg e b ra ic  e x p re ss io n s  w hich d i r e c t l y  
r e l a t e  perfo rm ance p a ram eters  t o  m otor d es ig n  p a ram ete rs  o r ,  a  s e t  o f  
a lg e b ra ic  e q u a tio n s , ( l i n e a r  o r  n o n lin e a r ) , t h a t  can  b e  so lv e d  t o  
n u m e rica lly  r e l a t e  d e s ig n  param eters  t o  perform ance p a ra m e te rs .
E i th e r  r e s u l t  can  b e  e a s i l y  in c o rp o ra te d  in to  a  so ftw a re  package t h a t  
can  b e  u sed  t o  a id  i n  m otor d e s ig n . C losed form e x p re s s io n s , however, 
a r e  p r e f e r a b le  becau se  th e  e q u a tio n s  can  be  m an ipu la ted  d i r e c t l y .
O ne-dim ensional m agnetic  c i r c u i t  models a re  m agnetic  an a lo g s  o f  
e l e c t r i c  c i r c u i t  m odels. One develops c i r c u i t  netw orks, t h e  same a s  
in  e l e c t r i c  c i r c u i t  an a ly sis ,-  t h a t  c o n s is t  o f  e lem en ts w hich have
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m agnetam otive d ro p s , (7 o r  xnmf), a c ro s s  them , m agnetic  f lu x , (<£), 
flo w in g  throuc£i them, and have an  in h e re n t  r e lu c ta n c e ,  (7?), a s s o c ia te d  
w ith  them. These th r e e  param eters : 7, <j), R, a r e  analogous t o  v o lta g e , 
c u r r e n t  and r e s is ta n c e ,  r e s p e c t iv e ly ,  i n  e l e c t r i c  c i r c u i t s .
U n fo rtu n a te ly , m ode lling  m agnetic c i r c u i t s  i s  n o t  a s  s im ple  a s  
m ode lling  e l e c t r i c a l  c i r c u i t s .  I n  e l e c t r i c a l  c i r c u i t s ,  e l e c t r i c  f lu x  
rem ains p r in c ip a l ly  i n  th e  in ten d ed  co n d u c tiv e  p a th s ,  th e r e  i s  v e ry  
l i t t l e  le ak ag e . I n  m agnetic  d e v ic e s , however, m agnetic  f lu x  i s  n o t  
p r in c ip a l ly  co n fin e d  t o  iro n ,  and th e r e  i s  a  s ig n i f i c a n t  amount o f  
le a k a g e . O ften , t h i s  means t h a t  leak ag e  p a th s  f o r  th e  f lu x  have t o  
b e  in c lu d e d  in  o rd e r  t o  develop more a c c u ra te  lumped m agnetic  m odels. 
F in i t e  e lem ent a n a ly s is  and r e s u l t in g  f lu x  p l o t s  s e rv e  t o  id e n t i f y  
le ak ag e  p a th s .
I n  t h i s  c h a p te r , s e v e ra l  to p ic s  a r e  co v ered . F i r s t ,  th e  th e o re ­
t i c a l  b a s i s  f o r  o ik  d im ensional, lumped p a ram e te r  m odels i s  rev iew ed 
w ith  t h e  i n t e n t  o f  id e n t i fy in g  th e  assum ptions and c o n d itio n s  u nder 
w hich lumped p aram ete r m agnetic c i r c u i t  a n a ly s i s  i s  v a l id .  Keeping 
th e s e  assum ptions i n  mind, same sim ple  m agnetic  c i r c u i t  m odels f o r  th e  
m otor w i l l  b e  developed  and r e s u l t s  e v a lu a te d  by  cam paris ion  w ith  
f i n i t e  elem ent r e s u l t s .
The s im p le  lumped m odels developed n e g le c t  i r o n  r e lu c ta n c e s  and 
o n ly  in c lu d e  th e  r e lu c ta n c e s  o f  th e  a i rg a p s .  These m odels a llo w  one 
t o  p r e d ic t  th e  r a d i a l  component o f  a irg a p  f lu x  d e n s i ty  due t o  th e  
c o i l .  D eterm ination  o f  th e  r a d ia l  component o f  a i rg a p  f lu x  d e n s i ty  i s  
im p o rtan t because  one can  u se  th e  r e s u l t s  o f  S e c tio n  V.2 t o  p r e d ic t  
th e  s t a t o r  to rq u e -a n g le  curve o r  th e  to rq u e  c o n s ta n t .  I t  w i l l  b e  
shown t h a t  w h ile  t h i s  s im p le  model can  b e  u sed  t o  a c c u ra te ly  p r e d ic t
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th e  c o i l  in d u ced  r a d i a l  component o f  a irg a p  f lu x  d e n s i ty ,  i t  i s  d e f i ­
c i e n t  i n  p r e d ic t in g  in d u c tan ce . I t  w i l l  b e  shewn t h a t  a c c u ra te  
p r e d ic t io n  o f  in d u c tan ce  would re q u ire  a  much more d e t a i l e d  model.
N ext, i t  w i l l  b e  shown t h a t  th e s e  v e ry  s im p le , a i rg a p  o n ly , lumped 
models can  b e  u se d  t o  p r e d ic t  th e  r a d i a l  component o f  a irg a p  f lu x  
d e n s i ty  due t o  t h e  perm anent magnet. However, t h e  added co m p lica tio n  
o f  need ing  same re lu c ta n c e s  which a r e  p o s i t io n  dependen t i s  re q u ire d  
b ecause  t h e  so u rc e  i s  p o s i t io n  dependent, tfe a r e  t r y i n g  t o  form f lu x  
tu b e s  i n  w hich may change w ith  p o s i t io n  b u t  have a  u n id i r e c t io n a l  
so u rce .
l a s t l y ,  i t  w i l l  b e  shewn th a t  w h ile  th e s e  s im p le  m odels can  be 
u sed  t o  p r e d i c t  th e  one-phase-on  s t a t o r  to rq u e -a n g le  cu rv e , th e y  can 
n o t b e  u sed  t o  p r e d i c t  d e te n t  to rq u e  f o r  th e  m otor. I n  v iew  o f  th e  
f i n i t e  e lem en t r e s u l t s  o f  C hapters I I I  and IV, i t  i s  d o u b tfu l t h a t  
a c c u ra te  p r e d ic t io n  o f  t h e  d e te n t to rq u e -a n g le  cu rv e  i s  p o s s ib le  by 
lumped e le m e n ts . A t th e  v e ry  l e a s t ,  a c c u ra te  p r e d ic t io n  o f  d e te n t  
to rq u e  w ould r e q u i r e  a d d i t io n a l  le v e l s  o f  com plex ity  t h a t  make i t  im­
p r a c t i c a l  t o  im plem ent.
V I .1 D e r iv a tio n  o f  Timpprf C i r c u i t  E q u a tio n s
The lumped e lem en t m agnetic c i r c u i t  e q u a tio n s  a r e  d e r iv e d  from 
M axw ell's  e q u a t io n s 18] . E quation V l- la  s t a t e s  t h a t  t h e  in t e g r a l  o f  
th e  f i e l d  i n t e n s i t y ,  H, around any c lo se d  p a th  i s  e q u a l t o  th e  ampere 
tu r n s  e n c lo se d . E quation  V l-Ib  s t a t e s  t h a t  th e  i n t e g r a l  o f  th e  f i e l d  
in t e n s i ty  a lo n g  a  l i n e  segment re p re s e n ts  th e  mmf d ro p , J , i n  th e  
d i r e c t io n  o f  t h e  segm ent. Equation V I-2a s t a t e s  t h a t  th e  t o t a l  
m agnetic f lu x  th ro u g h  any c lo se d  s u r fa c e  i s  z e ro . E quation  V I-2b i s  a
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s u b se t  o f  E quation  V I-2a and s t a t e s  t h a t  i n t e g r a l  o f  th e  f lu x  d e n s i ty  
e v e r  any  s u r fa c e  i s  eq u a l t o  th e  f lu x  th ro u g h  th e  su rfa c e .
y ie ld s  an  e q u a tio n  t h a t  i s  th e  m agnetic an a lo g  t o  K irc h o f f 's  v o lta g e  
law . The summation o f  magnetomotive fo rc e  d ro p s , 7,  around a  c lo se d  
p a th  i s  e q u a l t o  th e  so u rce  mmf.
Cteoafoining E q u a tio n s  V I-2a and V I-2b y ie ld s  th e  m agnetic an a lo g  o f  
K ir c h o f f 's  node law ; th e  sum o f  th e  f lu x  in t o  any  node i s  eq u a l t o
One s e e s  t h a t  once a  c i r c u i t  model c o n s is t in g  o f  re lu c ta n c e s  and 
so u rces  h a s  been  c o n s tru c te d , one can  w r i te  e q u a tio n s  summing th e  mmf 
d ro p s  around  lo o p s , o r  summing f lu x  in to  nodes, t o  determ ine th e  f lu x
Ni (V l-la )
f  H -a l = 7 (V I-lb )J
(VI-2a)
(VI-2b)
One can  s e e  t h a t  com bining E quation  V l - la  and V l- lb  a s :
I  ? ,=  Ni (VI-3)
z e ro .
(VI-4)
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th rough  any e lem en t and th e  mmf drop  a c ro s s  any e lem en t.
I t  i s  th e  d e te rm in a tio n  o f  th e  re lu c ta n c e s  o f  th e  model t h a t  
re p re s e n ts  th e  r e a l  d i f f i c u l t y  in  m agnetic c i r c u i t  a n a ly s i s .  T h is  i s  
because BLDQMs a r e  p r im a r i ly  designed  t o  produce m agnetic  f lu x  in  an 
a irg a p . I ro n  i s  u se d  t o  d i r e c t  and c a r ry  f lu x  t o  t h e  a i rg a p ;  however, 
th e  s ig n i f i c a n t  mmf d ro p s occur a c ro s s  th e  a i rg a p . T h e re fo re , i t  i s  
th e  r e lu c ta n c e  o f  t h e  a irg a p s  which m ust b e  m odeled a c c u ra te ly .  T h is 
re p re s e n ts  a  d i f f i c u l t  ta s k  s in c e  th e  f lu x  f i e l d  i n  t h e  a irg a p  i s  
o f te n  tw o-d im ensional and i t s  d i r e c t io n  can  v a ry  g r e a t ly  w ith  r o to r
R eluctance i s  d e f in e d  a s  th e  r a t i o  o f  mmf t o  f lu x ,  (E quation  V l- lb  
d iv id ed  by V I-2 b ) .
T his d e f in i t i o n  i s  e a s y  t o  app ly  i f  one i s  t r y in g  t o  d e te rm in e  th e  r e ­
lu c ta n c e  o f  an  a i rg a p  between two s o f t  i ro n  p o le  p ie c e s  and one knows 
th e  mmf p ro v id ed  b y  th e  c o i l  a s  w e ll a s  th e  t o t a l  f lu x  th ro u g h  th e  
iro n . However, i f  one i s  t r y in g  t o  e v a lu a te  th e  r e lu c ta n c e  o f  same 
p o r tio n  o f  an  a i rg a p  w here th e  geom etry i s  co m p lica ted , t h i s  i s  a  more 
d i f f i c u l t  t a s k .
The d e r iv a t io n  o f  th e  re lu c ta n c e  o f  some geom etry p ro cee d s  i n  th e  
fo llow ing  m anner. S t a r t in g  w ith  E quation  V l- lb  and  assum ing t h a t  H i s  
in  th e  d i r e c t io n  o f  1  y ie ld s  E quation  V I-6.
p o s it io n .
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R here: & = le n g th  o f  p a th  i n  d i r e c t i o n  o f  f lu x  
S u b s t i tu t io n  o f  t h e  c o n s t i tu t iv e  r e l a t i o n  betw een B and H, (E quation  
V I-7) y i e ld s  E quation  V I-8.
H = f  (VI-7)
J = J |  de (vi-8)
E q u a tio n  vx-2b can  be  used  t o  ex p re ss  t h e  f lu x  th rough  a  c r o s s -  
s e c t io n a l  a r e a ,  Ae , a s :
0 = j  B°dS = EA (VI-9)
T h is  E q u a tio n  assumes t h a t  th e  f lu x  d e n s i ty  th ro u g h  th e  c r o s s -  
s e c t io n a l  a r e a  i s  c o n s ta n t . S o lv in g  f o r  B i n  E quation  V I-9 and 
s u b s t i t u t i n g  in to  E quation  V I-8 y ie ld s :
7 =  1 * 2 -  (Vi-ioa)
I f  i t  i s  assum ed t h a t  th e  c r o s s - s e c t io n a l  a r e a  p e rp e n d ic u la r  t o  S, 
v a r ie s  i n  a  manner so  t h a t  E quation  V I-9 alw ays y ie ld s  a  c o n s ta n t 
f lu x ,  0 , th e n  0 can  b e  b rough t o u ts id e  o f  t h e  in t e g r a l .  Thus, Equa­
t i o n  VE-lOa becomes:
f  = ♦ J  ^  (VI-10b)
S in ce  r e lu c ta n c e  h a s  been d e f in e d  a s  th e  r a t i o  o f  mmf t o  f lu x  th e n :
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X
T h is  e q u a tio n  d e f in e s  th e  re lu c ta n c e  o f  a  volume o f  space  w hich h as  a  
c o n s ta n t amount o f  f lu x  th rough  i t .  I f  t h e  r e lu c ta n c e  p a th  i s  o f  con­
s t a n t  c r o s s - s e c t io n a l  a re a  th e n  th e  re lu c ta n c e  i s :
* -  ^  (VI-12)
To r e c a p i tu l a t e ,  th e r e  a r e  a  few assum ptions, b o th  im p l ic i t  and 
e x p l i c i t ,  t h a t  w ere made in  th e  d e r iv a t io n  o f  t h i s  e x p re s s io n . The 
f i r s t  i s  t h a t  t h e  d e r iv a t io n  s t a r t e d  w ith  E quation  V l- lb ,  a  l i n e  in ­
t e g r a l ,  t o  d e r iv e  an  e x p re ss io n  f o r  th e  r e lu c ta r c e  o f  same a re a . 
S t r i c t l y  sp eak in g , t h i s  e q u a tio n  shou ld  o n ly  h e  u sed  t o  e v a lu a te  th e  
mmf drop  a lo n g  a  f lu x  l i n e .  The u s e  o f  t h i s  e q u a tio n  im p l ic i t ly  
assumes t h a t  H i s  c o n s ta n t  o v er th e  a re a  o r  t h a t  t h e  in t e g r a l  o f  Hd£ 
i s  c o n s ta n t o v e r  th e  a re a .
Secondly , i t  was assumed t h a t  H was i n  th e  d i r e c t io n  o f  i ,  (hence, 
th e  name one-d im en sio n a l magnet c i r c u i t  m odel). T h is  would r e q u ire  
one t o  s e l e c t  a  r e lu c ta n c e  p a th  t h a t  was i n  t h e  d i r e c t io n  o f  th e  f lu x .  
I f  i t  i s  n o t  i n  t h e  d i r e c t io n  o f  th e  f lu x ,  th e n  e r r o r s  w i l l  b e  i n t r o ­
duced.
T h ird ly , i t  was assumed t h a t  th e  f lu x  d e n s i ty ,  B, was c o n s ta n t 
o v er th e  c r o s s - s e c t io n a l  a re a . F in a l ly ,  i t  was assumed t h a t  th e  t o t a l  
f lu x , 0 , th ro u g h  a  c ro s s - s e c t io n a l  s l i c e  o f  t h e  p a th , was c o n s ta n t 
a long  th e  le n g th  o f  th e  p a th . I n  same r e s p e c ts ,  t h i s  l a s t  assum ption 
i s  a  re s ta te m e n t o f  th e  f a c t  t h a t  th e  r e lu c ta n c e  p a th  u n d er co n s id e ra ­
t i o n  needs t o  b e  i n  t h e  d i r e c t io n  o f  th e  f lu x .  I f  t h e  s id e  bo u n d arie s
1  T .T n  4*U  P I l W  1  4 / 1  1  A p
WA. W 1C ^ U U i  U l M C I. 10XUCU. Cl UXV11 VA/JJl IW>XUC n x u t  I.X U A  VX
c o n s ta n t v e c to r  p o t e n t i a l ,  A ), th e n  n o t o n ly  w i l l  t h e  p a th  b e  i n  th e
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d ir e c t io n  o f  th e  f lu x ,  b u t  th e  t o t a l  f lu x  th ro u g h  a  c ro s s - s e c t io n a l  
s l i c e  o f  th e  p a th  w i l l  b e  c o n s ta n t and independen t o f  th e  p o s i t io n  
a long  th e  le n g th  o f  th e  p a th  t h a t  th e  s l i c e  i s  ta k e n .
The rev iew  o f  t h e  assum ptions used  i n  d ev e lo p in g  an  e x p re ss io n  f o r  
th e  r e lu c ta n c e  o f  a  path, h a s  shown t h a t  th e  r e lu c ta n c e  p a th s  s e le c te d  
shou ld  b e  f lu x  ' t u b e s ' .  F lux  tu b e s  a re  b e s t  e x p la in e d  by lo o k in g  a t  a  
f i n i t e  e lem en t f lu x  p l o t ,  such  a s  th e  one shown i n  F ig u re  V I-1 . As 
d isc u sse d  p re v io u s ly  i n  C hap ter I I I ,  t h i s  f ig u r e  shows l i n e s  o f  con­
s t a n t  m agnetic  p o t e n t i a l .  S ince  f lu x  d e n s ity  i s  ta n g e n t  t o  any p o in t  
a lo n g  one o f  th e s e  l i n e s , 1-103 th e se  a r e  b o u n d arie s  th ro u g h  which no 
f lu x  p a s s e s .  These l i n e s  can  be  though t o f  a s  o u t l in in g  tu b e s  th rough  
which f lu x  flow s. Thus, th e  re g io n  between l i n e s  i s  a  f lu x  tu b e  and 
t h i s  ty p e  o f  p l o t  shows a  s e t  o f  f lu x  tu b e s . By chang ing  th e  number 
o f  co n to u rs  o f  c o n s ta n t  m agnetic  p o te n t ia l  p lo t t e d ,  one can  show 
e i th e r  a  la r g e  number o f  narrow  f lu x  tu b e s  o r  a  few  w ide f lu x  tu b e s .
Thus, we s e e  t h a t  i f  th e  re lu c ta n c e  p a th  t o  b e  e v a lu a te d  i s  a  f lu x  
tu b e , th e n  th e  p a th  i s  i n  th e  d ir e c t io n  o f  f lu x ,  and  th e  f lu x  th rough  
any c r o s s - s e c t io n a l  s l i c e  o f  th e  p a th  rem ains c o n s ta n t .  These f a c t s  
s a t i s f y  two o f  th e  f o u r  assum ptions made in  th e  d e r iv a t io n  o f  th e  r e ­
lu c ta n c e  e q u a tio n . The t h i r d  assum ption was t h e  f lu x  d e n s i ty  was con­
s t a n t  o v e r a  c r o s s - s e c t io n a l  s l i c e  o f  th e  tu b e . I f  one s e l e c t s  a  
re g io n  w here f lu x  d e n s i ty  i s  r e l a t iv e ly  c o n s ta n t a s  a  tu b e , o r ,  in  
o rd e r  t o  a c h ie v e  a  p ie c e w ise  l in e a r iz a t io n ,  one s e l e c t s  a  la rg e  number 
o f  tu b e s  i n  re g io n s  w here th e  f lu x  d e n s ity  v a r ie s  g r e a t ly  th e n  t h i s  
co n d itio n  can  b e  m e t. The f i n a l  assum ption made was t h a t  t h e  mmf drop  
was c o n s ta n t a c ro s s  t h e  tu b e . T h is assum ption w i l l  b e  t r u e  i f  th e  
tu b e  under c o n s id e ra t io n  l i e s  between two e q u ip o te n t ia l  s u r fa c e s .

















Magnetic Vector P o te n t ia l  
Contours, (Flux)
Mesh l im its :
Flux mx: 200.26m Tesla  
A mx/mn: 4 9 5 .74u, 0 .00
Frequency: 0.00 Hz
A  A/MMF: lO.OOu, 100.OOu
Contours: 50.00
Figure VI-1 




U nless th e r e  i s  a  h ig h  deg ree  o f  s a tu r a t io n ,  c o i l s  wrapped around i ro n  
p o le s  u s u a l ly  r e s u l t  in  th e  i r o n  s u r fa c e  o f  th e  p o le  b e in g  a t  a  
c o n s ta n t m ag n e tic  p o te n t ia l .
H ie p re v io u s  d is c u s s io n  makes s e v e ra l  p o in t s  c l e a r  a b o u t u s in g  one 
d im ensional c i r c u i t  m odels t o  model t h e  m agnetics  o f  BUDCMs. 1) One 
needs e i t h e r  t o  knew, o r  a t  l e a s t  iiHVS a  CfGCu. id e a  w hat th e  f lu x  p l o t  
o f  th e  d e v ic e  w i l l  lo o k  l i k e  i n  o rd e r  t o  a c c u ra te ly  model th e  f i e l d  
produced. 2) I f  th e  f lu x  p lo t  changes due t o  changes i n  th e  perm anent 
magnet r o t o r  p o s i t io n  o r  s a tu r a t io n  i n  th e  i ro n ,  th e n  th e  c i r c u i t  
model re lu c ta n c e s  may have t o  change a s  a  fu n c tio n  o f  r o t o r  p o s i t io n  
o r  phase e x c i ta t io n .  3) In  re g io n s  w here th e  f i e l d  i s  v e ry  two-dimen­
s io n a l  a  l a r g e  number o f  re lu c ta n c e  p a th s  may b e  re q u ire d  f o r  
accuracy .
One s e e s  t h a t  i f  i t  i s  d e s ir e d  t o  knew th e  f i e l d  everyw here acc u r­
a t e ly ,  th e n  a  f a i r l y  com plica ted  one d im ensional model i s  p ro b ab ly  r e ­
q u ire d . I f  t h i s  i s  th e  c a se , th e n  f i n i t e  e lem en t a n a ly s is  i s  
o bv iously  p r e f e r a b le .  One g a in s  n o th in g  by  th e  u se  o f  a  complex 
c i r c u i t  m odel. H ie c i r c u i t  model w i l l ,  i n  a l l  l ik e l ih o o d ,  b e  to o  com­
p l i c a te d  t o  y i e ld  a  c lo se d  form e x p re s s io n  f o r  a  g iv e n  m otor p e r fo r ­
mance p a ra m e te r . Thus, th e  model would have to  b e  so lv e d  n u m e rica lly  
and m otor perfo rm ance p a ram eters  would a l s o  have t o  b e  r e l a t e d  t o  th e  
f i e l d  s o lu t io n  n u m e rica lly . S in ce  th e  p rim ary  pu rp o se  o f  u s in g  one 
d im ensional c i r c u i t s  was t o  develop  r e l a t i v e l y  s im p le  e x p re s s io n s  r e ­
l a t in g  m otor perform ance param ete rs  t o  m otor geom etry and m a te r ia ls ,  
t h i s  would b e  u n accep tab le .
In  th e  fo llo w in g  s e c tio n s  i n  t h i s  C hap ter, s im p le  lumped m odels
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a r e  developed  f o r  t h e  ELDCM and ev a lu a te d  t o  d e te rm in e  th e  accu racy  o f  
th e s e  m odels.
VI.?. SiirpTe Timped Mnricfl tr> Predict thf> Ai-rcpp flux Density Due to
t h e  O oil
I n  t h i s  s e c t io n  a  s im p le  lumped param eter magnet c i r c u i t  model f o r  
th e  f lu x  p roduced  b y  th e  c o i l  i s  developed. I n  S e c tio n  V.2 i t  was 
shown t h a t  by  assum ing m agnetic  l i n e a r i t y ,  s u p e rp o s itio n  co u ld  b e  u sed  
t o  d e te rm in e  a  o n e-phase-on  to rq u e -a n g le  cu rv e  f o r  th e  m otor by f i r s t  
f in d in g  th e  c o i l  f lu x  d e n s i ty  waveform in  th e  a i rg a p  and th e n  u s in g  
th e  IXB method on th e  magnet e q u iv a le n t c u r r e n ts .  I f  a  s im p le  lumped 
param ete r model co u ld  b e  used  t o  f in d  th e  c o i l  f lu x  d e n s i ty  waveform, 
th e n  th e  o n e-phase-on  to rq u e -a n g le  curve co u ld  b e  found even more 
e a s i l y .  I n  a d d i t io n ,  i f  an  e x p re ss io n  f o r  th e  peak  o f  th e  to rq u e -  
an g le  cu rv e  can  b e  developed  th e n  one has a  r e la t io n s h ip  betw een th e  
to rq u e  c o n s ta n t  and  m oto r geom etry and m a te r ia ls .
The s im p le s t  lumped m agnetic  model i s  one i n  w hich o n ly  th e  
a irg a p s  o v e r  th e  to o th  fa c e s  a r e  modeled. The mmf d ro p s th ro u g h  i ro n  
p a th s  a r e  n e g le c te d . T h is  i s  u s u a l ly  a v a l id  assum ption  because  th e  
p e rm e a b il i ty  o f  u n s a tu ra te d  i r o n  i s  2 o r  3 o rd e rs  o f  m agnitude g r e a te r  
th a n  th e  p e rm e a b il i ty  o f  a i r .  F ig u re  VI-2 shows a  v e ry  s im p le  c i r c u i t  
which h as  been  superim posed upon a  FEM co n to u r p l o t .  Each r e lu c ta n c e  
shown i s  f o r  th e  f lu x  tu b e  t h a t  encompasses th e  to o th  fa c e  and  i s  
d i r e c te d  a c ro s s  th e  a i rg a p .  The f lu x  tu b e s  a r e  assumed t o  b e  e n t i r e l y  
in  t h e  r a d i a l  d i r e c t io n .  S in ce  th e  f lu x  tu b e s  s e le c te d  a re  o n ly  i n  
th e  r a d i a l  d i r e c t io n ,  th e  lumped param eter model w i l l  o n ly  p r e d ic t  th e  
r a d i a l  component o f  a i rg a p  f lu x  d e n s ity .












P r o t o t y p e  Nd-Fe-B BLDC m o t o r ,  PM 
c o t l . B F  OAT 
co l l . BF_SLN 
l -F E B- 9 0  1 1 : 3 2 : 5 1
M a g n e t i c  V e c t o r  P o t e n t i a l  
C o n t o u r s ,  ( F l u x )
Mesh l i m i t s :
F l ux  mx: 200.26m T e s l a  
A mx/mn: 4 9 5 . 74u ,  0 . 0 0
F r e q u e n c y :
C o n t o u r s :  2 0 . 0 0
Figure V I-2 
Finite Element Solution Plot for Rotor 
Field and Lumped Circuit Model Superimposed
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The co n tou r p l o t  o f  F ig u re  V I-2 shows th e  f i e l d  s o lu t io n  t o  th e  
EEM o f  th e  p ro to ty p e  m otor w ith  no perm anent m agnets and th e  c o i l  
en e rg ized . D enoting t h e  le f tm o s t  to o th  a s  to o th  1 and  th e  r ig h tm o s t 
a s  to o th  6 , one s e e s  t h a t  th e  f lu x  from to o th  fa c e s  1 ,2 ,5 ,6  i s  i n  th e  
r a d i a l  d i r e c t io n  and  m atches th e  d i r e c t io n  o f  th e  f lu x  tu b e s  chosen . 
The f lu x  from to o th  fa c e s  3 and 4 i s  m ostly  r a d i a l  b u t  th e r e  i s  a l s o  a  
s tro n g  ta n g e n tia l  component t o  th e  f lu x  em anating freci th e  r i g h t  edge 
o f  to o th  3 and th e  l e f t  edge o f  to o th  4 . T h is  i s  le ak ag e  f lu x  t h a t  i s  
n o t  in c lu d ed  in  th e  m odel. I n  g e n e ra l,  th e  d i r e c t io n  o f  th e  f lu x  
tu b e s  chosen f o r  t h e  lumped model c o in c id e  w ith  th e  d i r e c t io n  o f  th e  
f lu x  tu b e s  re v e a le d  by  th e  co n to u r p lo t  o f  th e  f i e l d  s o lu t io n .
As in  th e  f i n i t e  e lem en t model, symmetry h a s  been  u sed  t o  reduce  
th e  s i z e  o f  th e  lumped model t o  one q u a r te r  o f  th e  o r ig in a l  problem .
Hg i s  th e  re lu c ta n c e  o f  t h e  a i rg a p  under th e  to o th  fa c e . Nk i s  th e  
mmf so u rce  f o r  th e  f l u x  em anating from to o th  k , and V i s  a  unknown
•  a
v a r ia b le  t o  b e  used  w ith  th e  nod a l approach t o  so lv in g  th e  c i r c u i t .
W ritin g  th e  n o d a l e q u a tio n s  and  th e  f lu x  c o n s t r a in t s  f o r  t h i s  
c i r c u i t  y ie ld s :
V, - N , i ,  = tf,7I8 (VI-13)
1 II rP
- (VI-14)
V a  =  M g (VI-15)
Va -  N4 i 4 = 04 Hg (VI-16)
Va - N ^  = ^ H g (VI-17)
V a  -  N6^6 =  W3 (VI-18)
01 +02 +03 +04 +05 +06 = 0 (VI-19)
S o lv in g  f o r  0.. in  E q u a tio n s  VI-13 th rough  V I-18 and s u b s t i tu t in g  in to  
E quation  VI-19 y ie ld s  an  e x p re s s io n  f o r  Va:
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N1 h  +1 >^ V + I*5 h  +N4 V *1*5 h  +N6 h  
Va  ----------------------- g-------------------------  (VI-20)
In  any 4 p o le  24 s l o t  m otor w ith  a  symmetric w ind ing , such a s  th e  
p ro to ty p e  m oto r, t h e  fo llo w in g  c o n s tr a in ts  ap p ly :
(VI-21a)
N ^ ^ L ,  (VI-2 lb )
N , i4—Njd3 (VI—21c)
S u b s t i tu t io n  o f  c o n s t r a in t  E quations VI-21 i n t o  E quation  V I-20 y ie ld s :
Va = N j i ,  + -  N, i ,  = 0  (VI-22)
Vg w i l l  alw ays b e  ze ro  f o r  any m otor w ith  a  sym m etric w inding, re g a rd ­
l e s s  o f  t h e  number o f  p o le s  and s t a t o r  s l o t s .  S in ce  Va i s  eq u a l t o  
ze ro  t h e  f lu x e s  i n  th e  a irg a p s  o f  th e  p ro to ty p e  r o t o r  can  b e  so lv e d  
u s in g  E q u a tio n s  V I-13 th ro u g h  V I-19.
\ h
rfic -  T £ -  (VI-23)
Where: k= = l ,2 , . . . 6  
Given E q u a tio n  V I-23 , and th e  c o n s tr a in ts  f o r  t h e  p ro to ty p e  m otor
g iv en  i n  E q u a tio n s  V I-24, th e  f lu x e s  in  th e  a i rg a p s  a r e  g iv e n  by  Equa­
t i o n  V I-25 .
N6 i 6 = -N, i ,  (VI-24a)
Ng ig = -Nj ^  (VI-24b)
^  = -N4 i 4 (VI-24C)
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*2*2 “  Ni i i  
* Ni V 2 (VI-24e)
(VI-24d)
Ni = ^ ^ = € I 6=2^=2N4 (V I-24f)
i“« Jm
01 = 02 = -<k = “*6 = i r9
(VI-25a)
(VI-25b)
The w inding  s p e c i f i c s  o f  th e  p ro to ty p e  m otor w ith  a  w inding 
c u r r e n t  o f  1 Amp a r e  u sed  t o  determ ine  th e  mmf so u rc e s  o f  th e  c i r c u i t .  
E quation  V I-12 and th e  geom etry o f  th e  p ro to ty p e  m oto r can  b e  u sed  t o  
c a lc u la te  th e  r e lu c ta n c e ,  s e e  F ig u re  V I-3 . T h is  f ig u r e  shows a  f lu x  
tu b e  o v e r a  to o th  fa c e ,  t h e  tu b e  h as  le n g th  2 and an  av e ra g e  c r o s s -  
s e c t io n a l  a r e a ,  A .' e
I f  th e  f lu x  found in  each  tu b e  i s  d iv id ed  by  th e  av e ra g e  a r e a  o f  
each  tu b e , one f in d s  th e  av erag e  f lu x  d e n s ity  i n  each  tu b e :
T ab le  V I-1
F lux  D e n s it ie s  P re d ic te d  by lim ped Model f o r  C o il
B1 = 0.j/Ae = 24 .78  m i l l i -T e s la  
= B1 = 24 .78 m i l l i -T e s la  
Bj = $j/A e = 1 2 . 3 9  m il l i -T e s la
B4 = -Bj = -1 2 .3 9  m i l l i -T e s la
= -B^ = -2 4 .7 8  m il l i -T e s la
B6 = -Bt = -2 4 .7 8  m il l i -T e s la








F igu re  VI-3 
Geometry Used to  
C a lc u la te  th e  F lux Tube R eluctance
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Tnese r e s u l t s  can  now b e  compared t o  f i n i t e  e lem en t r e s u l t s .  
F ig u re  V I-4a shows th e  f i n i t e  elem ent p r e d ic te d  d i s t r i b u t io n  o f  th e  
av e rag e  m agnitude, r a d i a l  component, and t h e t a ,  ( t a n g e n t ia l ) , com­
p o n en t o f  f lu x  d e n s i ty  in  th e  a i r  gap . The d a ta  f o r  t h i s  p l o t  was 
o b ta in e d  by av e rag in g  th e  f lu x  d e n s i t i e s  i n  each  column o f  elem ents 
o v e r t h e  m ag n e t/a irg ap  re g io n . T h is  i s  s im i la r  t o  p l a t t i n g  th e  f lu x  
d e n s i ty  i n  a  row o f  e lem en ts a lo n g  th e  av e rag e  r a d iu s  o f  th e  
m a g n e t/a irg ap  re g io n . A com parison o f  th e  FEM p re d ic te d  Brad com­
p o n en t w ith  th e  lumped param eter p re d ic te d  v a lu e s  i s  shown in  F ig u re
V I-4b . The dashed l i n e s  in d ic a te  Brad r e s u l t s  p re d ic te d  f o r  th e  t e e th  
fa c e s  from th e  lumped model and th e  s o l id  l i n e  in d ic a te s  th e  FEM 
r e s u l t s .  One se e s  t h a t  th e  c o r r e la t io n  betw een B ,, r e s u l t s  o v e r th erad
to o th  fa c e s  i s  v e ry  good. The lumped model d id  n o t  model ta n g e n t ia l  
components so  no com parison w ith  t h a t  d a ta  was made. A lso , t h e  lumped 
model d id  n o t  in c lu d e  m odels f o r  th e  s l o t  fa c e s  so  no com parison was 
made o v e r th o s e  re g io n s  e i th e r .
The e x c e l le n t  c o r r e la t io n  betw een lumped and FEM Brad d a ta  in d i ­
c a te s  t h a t  th e  lumped model can  b e  u sed  t o  p r e d ic t  peak  to rq u e  w ith  
good accu racy . One sim ply  needs t o  p r e d ic t  t h e  c o i l  f lu x  d e n s ity  o v er 
th e  to o th  fa c e s  and u s e  th e  IxB method on th e  m agnet e q u iv a le n t cu r­
r e n t s  t o  p r e d ic t  th e  peak  to rq u e .
W hile th e  d i s t r i b u t io n  p re d ic te d  by th e  lumped model c o r r e la te d  
w e ll  w ith  th e  average  d i s t r i b u t io n  p re d ic te d  by  th e  FEM, i t  sh o u ld  b e  
n o te d  t h a t  th e  FEM p re d ic te d  d i s t r i b u t io n  in  any row o f  f i n i t e  e l e ­
m ents i n  th e  a irg a p  i s  a  s tro n g  fu n c tio n  o f  th e  r a d iu s  o f  th e  row o f  
e lem en ts . F ig u re  V I-5 shows th e  d i s t r i b u t io n  i n  a  row o f  e lem en ts 
a lo n g  th e  s t a t o r  t e e th ,  and F ig u re  V I-6 shews th e  d i s t r i b u t i o n  in  a
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rcw o f  e lem en ts  a lo n g  th e  su rfa c e  o f  th e  r o t o r  back  iro n . One s e e s  
t h a t  th e r e  i s  an  extrem e v a r ia t io n  betw een th e  two waveforms. W hile 
th e  lumped model a llo w s th e  m agnitude o f  B t o  change w ith  ra d iu s  
w ith in  t h e  tu b e , th e  waveform shape p r e d ic te d  by  th e  lumped model 
can n o t change u n le s s  th e  model i s  changed.
Suppose th e  lumped model i s  u sed  t o  p r e d i c t  th e  c o i l  in d u c tan ce . 
F o r th e  l i n e a r  m agnetic model, in d u c tan ce  i s  d e f in e d  a s  th e  c o i l  f lu x  
lin k a g e  d iv id e d  b y  th e  c o i l  c u r re n t .
L = —  (VI-26)
The t o t a l  f lu x  l in k a g e  l in k in g  th e  c o i l ,  ( s u b s t i tu t in g  th e  c o n s t r a in t  
E q u a tio n s  VI-24d&24e), i s :
\  =  4E NJ0J = 4( 2(N101 + + ^ 0 j ) )  = 18 N, 01 (VI-27)
S u b s t i tu t in g  E quation  V I-25a f o r  <t>, y ie ld s :
18 N,2 i
\ t = — ------  (VI-28)
9
T h e re fo re , t h e  in d u c tan ce  i s  g iv en  a s ;
18 N,2
L = — ----- (VI-29)
9
T h is  e x p re s s io n  i s  used  t o  c a lc u la te  th e  in d u c tan ce  f o r  th e  p ro to ty p e  
m otor. Comparing r e s u l t s  w ith  th e  f i n i t e  e lem en t and ex p erim en ta lly
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determined results yields:
T ab le  VI-2
Comparison o f  Model P re d ic te d  and Measured In d u c ta n c e
^ p e d  = °*0037 H enries 
Ij.EH = 0.0078 H enries 
Lex0 = 0.0100 H enries
Measured and f i n i t e  e lem en t in d u c tan ce s  were o b ta in ed  w ith  h av in g  on ly
th e  r o to r  back  i r o n  p r e s e n t  i n  th e  m otor ( i . e .  no m a g n e ts), th e re b y
red u c in g  s a tu r a t io n  e f f e c t s .  The lumped param eter v a lu e  i s  52% low er
th a n  th e  f i n i t e  e lem en t r e s u l t s  and 63% low er th a n  th e  e x p e rim e n ta l
r e s u l t s .  T h is  i s  a  l a r g e  d isc re p a n c y . One would e x p e c t th e
in duc tance  t o  b e  low er th a n  th e  ex p erim en ta l v a lu e  b eca u se  no end
leakage  p a th s  have been  in c lu d e d . However, one would e x p e c t th e  model
r e s u l t s  t o  b e  c lo s e r  t o  th e  f i n i t e  e lem ent p re d ic te d  v a lu e .  T h is
d isc rep an cy  in d ic a te s  t h a t  o n ly  h a l f  th e  induc tance  i s  due  t o  f lu x
which le a v e s  th e  to o th  fa c e s  and c ro s s e s  th e  a irg a p . The r e s t  m ust be
due to :  f lu x  le a v in g  t h e  s id e s  o f  th e  t e e t h  and c ro s s in g  th e  a irg a p ,
f lu x  le a k in g  from to o th  t i p  t o  to o th  t i p ,  and f lu x  le a k in g  from  to o th
shank t o  to o th  shank . Each o f  th e s e  leakages can  b e  exam ined
in d iv id u a l ly  t o  d e te rm in e  th e  r e l a t i v e  c o n tr ib u tio n s .
The f i r s t  a d d i t io n a l  f lu x  p a th  in c lu d ed  in  th e  model w i l l  b e  th e  
f lu x  from th e  s l o t  f a c e s  t o  th e  r o t o r  b ack  iro n . Not o n ly  w i l l  t h i s  
a d d i tio n  in c re a s e  t h e  accu racy  o f  th e  induc tan ce  model b u t  w i l l  a l s o
com plete th e  model o f  th e  f lu x  d e n s i ty  in  th e  a irg a p . Thus, a
com plete p ic tu r e  o f  t h e  r a d i a l  component o f  c o i l  f lu x  d e n s i ty  i n  th e  
a irg a p  i s  o b ta in e d .
F ig u re  V I-7 shows a  model w ith  p a th s  inc luded  f o r  f lu x  em anating 
from th e  to o th  t i p s  and  c ro s s in g  th e  a irg a p  over th e  f a c e  o f  th e




F ig u re  V I-7 
Inproved  Lumped Model Showing 
Leakage P a th s  a t  Tooth T ips
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-236-
s l o t s .  F o r i l l u s t r a t i v e  pu rposes th e  m otor sh o rn  i s  a  l i n e a r  m otor. 
H ie dashed  l i n e s  in d ic a te  th e  f lu x  tu b e  b o u n d a rie s . H ie r e lu c ta n c e s  
a re :
7?t = R e lu c tan c e  o f  to o th  face
7?t t = R e lu c tan c e  from l e f t  s id e  o f  to o th  f a c e ,  ( s l o t  reg ion ) 
7?t p = R e lu c tan c e  from r ig h t  s id e  o f  to o th  f a c e , ( s l o t  reg io n )
*tl =*«r
T his model does n o t  change th e  form o f  th e  s o lu t io n  found f o r  th e  p re ­
v io u s  m odel. Now, however, Kg used in  th e  p re v io u s  s o lu t io n  i s  r e ­
p laced  by th e  e f f e c t iv e  re lu c ta n c e , 7?ef f , o f  th e  t h r e e  re lu c ta n c e s :  
i r  ^  P a z ^ 1 1 *2 1 ’
Kt \ r 7?t l
=  Kt l Kt r  + * t * t r  + * t Kt l  0^ - 30)
S in ce  th e  t h r e e  r e lu c ta n c e s ,  7?t , J?t l , Rt r  a r e  i n  p a r a l l e l ,  th e  
f lu x  in  each  r e lu c t iv e  e lem ent i s  g iven  a s :
J Nk \  , _x
— 7? 0 t  I 7? 0 t  r  7? (VI—31a,b,C )
t  1 1  At  r
Where: k  a t h e  to o th  number 
H ie newly d e f in e d  r e lu c ta n c e s  must b e  e v a lu a te d . Rt i s  a c tu a l ly  th e  
same re lu c ta n c e  t h a t  was r e f e r e d  to  p re v io u s ly  a s  7?g . 7?t t , 7?t r can  be
ev a lu a te d  u s in g  t h e  a r c - s t r a i g h t  l i n e  method1163 f o r  th e  f lu x  tu b e  
t h a t  encompasses h a l f  th e  s l o t  and p a r t  o f  one s id e  o f  th e  to o th .  The 
f lu x  d e n s i ty  f o r  eac h  to o th  fa c e  and each  s l o t  fa c e  o f  th e  p ro to ty p e  
m otor can  b e  c a lc u la te d  by d iv id in g  th e  f lu x e s  c a lc u la te d  i n  E quation  
VI-31 by  th e  a p p ro p r ia te  a re a s .  A com parison w ith  FEM p re d ic te d  Brad
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d a ta  i s  shown i n  F ig u re  V I-8 . H ie s o l i d  l i n e  i s  FEM p re d ic te d  d a ta  
and th e  dashed  l i n e  i s  lumped p aram ete r p re d ic te d  d a ta .
F ig u re  V I-8 shows t h a t  e x c e l le n t  c o r r e l a t i o n  was o b ta in e d  f o r  th e  
f lu x  d e n s i t i e s  o v e r th e  to o th  fa c e s  a s  w e ll  a s  t h e  f lu x  d e n s i ty  a t  th e  
d ip  i n  th e  peak . H i is  d ip  co rresp o n d s t o  t h e  lo c a t io n  o f  a  s l o t .  
However, th e  t r a n s i t i o n  re g io n  from  maximum n e g a tiv e  f lu x  d e n s i ty  a t  
28° t o  maximum p o s i t i v e  f lu x  d e n s i ty  a t  65°, shews a  much more 
s t a i r c a s e  e f f e c t  in  th e  luirped p re d ic te d  waveform th a n  in  th e  FEM 
p re d ic te d  waveform. Thus, i n  a  re g io n  w here th e  f i e l d  d i r e c t io n  
re v e rs e s ,  t h e  f i e l d  p a t te r n  becomes more tw o-d im ensional, T h is  i s  
seen  in  F ig u re  V I-1 .
I f  th e  new lunped  model i s  u sed  t o  c a lc u la te  th e  in d u c tan ce  o f  th e  
c o i l  th e  c a lc u la te d  v a lu e  i s :
L = 0.0054 H en ries  
W hile t h i s  new v a lu e  i s  46% h ig h e r  th a n  t h a t  c a lc u la te d  from j u s t  th e  
to o th  fa c e  model i t  i s  s t i l l  46% low er th a n  th e  m easured v a lu e  and 31% 
low er th a n  th e  FEM p re d ic te d  v a lu e . O bviously , le ak ag e  f lu x  p a th s  
from to o th  t o  to o th ,  and p erhaps even le ak ag e  p a th s  a t  th e  end o f  th e  
m otor, need t o  b e  in c lu d ed  in  o rd e r  t o  r e c o n c i le  model and FEM o r  ex­
p e rim en ta l r e s u l t s .
I f  one lo o k s  a t  F ig u re  V I-1  one s e e s  t h a t  th e r e  i s  a  s ig n i f i c a n t  
amount o f  le a k in g  from to o th  shank t o  to o th  shank. S in ce  t h i s  seems 
to  b e  th e  l a r g e s t  amount o f  le ak ag e  f lu x ,  and , hence , w i l l  have th e  
m ost in p a c t  on th e  in d u c tan ce , i t  w i l l  b e  th e  n e x t s e t  o f  p a th s  
in c lu d ed  in  th e  m odel.
A c i r c u i t  model showing leak ag e  p a th s  a c ro s s  th e  to o th  s l o t s  i s  
shown in  F ig u re  V I-9 . A gain, a  l i n e a r  m otor i s  u sed  f o r  i l l u s t r a t i v e
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p u rp o ses . H ie dashed  l i n e s  shew f lu x  tu b e  b o u n d arie s , flg i s  th e  s l o t  
le ak ag e  r e lu c ta n c e  betw een to o th  shanks and i s  assumed t o  b e  eq u a l f o r  
each  o f  th e  s l o t s .  H ie v a lu e  o f  i s  c a lc u la te d  from th e  average
d is ta n c e  betw een s t a t o r  t e e th  and th e  average  c r o s s - s e c t io n a l  a re a  o f  
a  s l i c e  th rough  th e  c e n te r  o f  th e  s l o t ,  (F igu re  V I-1 0 ). W indings a r e  
shown i n  F ig u re  V I-9  a s  o n ly  ly in g  in  th e  s l o t s  betw een t e e th  2&3,
3&4, and  4&5.
S in ce  th e  le a k a g e  p a th  i s  in  p a r a l l e l  w ith  th e  o th e r  f lu x  p a th s ,
(see  F ig u re  V I-11, th e  e q u iv a le n t c i r c u i t  m odel), t h e  s o lu t io n  found
p re v io u s ly  f o r  th e  f lu x  th ro u g h  th e  t e e t h  and s l o t s  s t i l l  a p p l ie s .
H ie t o t a l  f lu x  l in k in g  th e  c o i l  i s  in c re a se d  by  th e  amount o f  f lu x
th ro u g h  th e  leak ag e  p a th .  Assuming t h a t  i ,  = i2 =13 = i4 =15 = i6 , and  u s in g
th e  c o n s t r a in t  E q u a tio n s  V I-24 , th e  le ak ag e  p a th  f lu x e s ,  0 , 1 , 0t 2 ,
0 l3  , 0 l4  and 0 t a r e  g iv e n  a s :
5
011 = 0i 5 = 0 (VI—32a,b)
(Njj-NjJi, 2Nji,
012 = 014 (V E-32c,d,e)
H ie in d iv id u a l f lu x  l in k a g e  c o n tr ib u tio n s  o f  each  o f  th e s e  p a th s  t o
th e  t o t a l  f lu x  l in k in g  th e  c o i l  a r e  c a lc u la te d  i n  E quation  V I-33.
\  = 8  [ N,0, + Nj (02 + 0M ) + N j(0j -  0M + 0l 2 ) ]  (VI-33)
S u b s t i tu t in g  E qu a tio n s  V I-25 and VI-32 f o r  th e  in d iv id u a l  f lu x  te rm s
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F i g u r e  V l - l l a  
E q u i v a l e n t  C i r c u i t  N e tw o rk  f o r  L um ped  
M o d e l w i t h  T o o t h  T i p  a n d  S l o t  L e a k a g e  P a t h s
- 2 4 3 -
y ie ld s :
J" N,2 + Ng2 + Nj2 l^ 2 -21^1^ + 3Nj2
s =  8 L K 7 <—  + ---------------15— J
S u b s t i tu t in g  th e  c o n s t r a in t s  betw een number o f  tu r n s ,  g iv e n  i n  Equa­
t i o n s  V I-24 , and  a p p ly in g  th e  d e f in i t i o n  o f  induc tance  y ie ld s :
IS N.2 6 Nj2
L = -4- = ~7?' —  + — ( VI - 35)  
1 *eff
E v a lu a tio n  o f  t h e  e x p re s s io n  f o r  L, u s in g  th e  geom etry o f  t h e  EAD 
p ro to ty p e  m otor y ie ld s  an  induc tan ce  o f :
L = 0.0084 H en ries
T h is  v a lu e  i s  7.7% h ig h e r  th a n  t h a t  p r e d ic te d  by th e  FEM. T h is  new 
c a lc u la te d  in d u c ta n c e  i s  h ig h e r  th a n  th e  FEM p re d ic te d  v a lu e  b ecau se  
th e  lumped model assumed t h a t  each  component o f  leakage  f lu x  c a lc u ­
la t e d  lin k e d  a l l  N tu r n s  o f  t h a t  w inding . The FEM p re d ic te d  v a lu e  
does n o t in c lu d e  t h i s  assum ption and c a lc u la te s  an a c tu a l  v a lu e  b ased  
on th e  tw o-d im ensional a n a ly s is  w ith  th e  w inding tu r n s  d i s t r i b u t e d  in  
th e  s l o t .  I f  a  lumped model co u ld  b e  developed  t h a t  acco u n ted  f o r  th e  
d i s t r i b u t io n  o f  t h e  w ind ing  w ith in  th e  s l o t ,  th en  th e  p r e d ic te d  c ro s s ­
s l o t  leak ag e  w ould b e  l e s s .
The in c lu s io n  o f  p a th s  t o  t r y  t o  re p re s e n t  leakage o f  f lu x  around 
th e  end tu r n s  o f  t h e  m otor i s  made d i f f i c u l t  because o f  th e  p re se n c e  
o f  th e  s l o t s .  Suppose a  s e m ic irc u la r  p a th  a t  th e  ends o f  th e  s t a t o r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-244-
i s  assumed a s  shown i n  F ig u re  V l- l lb .  The r e lu c ta n c e  o f  th e  tu b e  f o r  
1 to o th  p i t c h  i s  . F o r each  to o th  p i t c h  th e re  a r e  two o f  th e s e  
re lu c ta n c e  p a th s  i n  p a r a l l e l ,  one f o r  each  end o f  t h e  m otor. Because 
th e  leak ag e  p a th s  a r e  i n  p a r a l l e l  w ith  each  o f  th e  mmf so u rc e s , an  
e x p re ss io n  f o r  th e  end leakage  f lu x  can  b e  w r i t te n  d i r e c t l y  a s :
2 m i
h. = —^ 7 m-isb)
The end le ak ag e  f lu x  lin k a g e , \ e , can b e  exp ressed  a s :
\  = j p -  ( 2( 2N, %  + 2K, zi2 + 2Nj %  ) (VI-35c)
SL e
S u b s t i tu t in g  th e  c o n s t r a in ts  between th e  number o f  tu r n s  f o r  t h i s  
m otor, E quation  V I-24, and ap p ly in g  th e  d e f in i t i o n  o f  in d u c tan ce  
y ie ld s  an  e x p re s s io n  f o r  th e  induc tan ce  c o n tr ib u t io n  due t o  end 
leak ag e .
36 N. 2
h e  = — Jr~  (VI—35d)
6 h e
I f  th e  s l o t s  a r e  n e g le c te d  and th e  r e lu c ta n c e  i s  c a lc u la te d  assum ing 
each  tu b e  l i e s  o n ly  o v e r  a  to o th ,  (see  F ig u re  V I - l l c ) , th e n  th e  end 
leak ag e  in d u c tan ce  c a lc u la te d  i s :
-  0.0003 Henrys
T h is  would o n ly  in c re a s e  th e  t o t a l  in d u c tan ce  f o r  t h e  p h ase  by 3.6%, 
making i t  0 .0087 H enrys which i s  13% l e s s  th a n  th e  m easured v a lu e  o f








F igure  V l - l l b  
R-Z View o f  Motor Showing End Turn Bundle 
and Assumed S em i-C ircu la r Leakage F lux  P a th s




Rotor Back Iron Section
Siiaft Section
F ig u re  V I - l lc  
One Tooth P i tc h  S l ic e  o f  Motor Showing 
S em i-C irc u la r  Leakage Flux P ath  Over I ro n  Tooth Shank
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C.01 H enrys. On th e  o th e r  hand, i f  i t  i s  assum ed t h a t  t h e  s t a t o r  i s  
b a s ic a l ly  an  annu lus  s o  t h a t  th e  tu b e  encom passes b o th  th e  s l o t  and 
th e  to o th ,  (F ig u re  V l - l l d ) , th e  end leak ag e  in d u c ta n c e  c a lc u la te d  i s ;
Lge = .0047 H enrys 
T h is  i s  a  56% in c re a s e  i n  th e  t o t a l  in d u c tan ce  making i t  0 .013 Henrys, 
which, i s  30% h ig h e r  th a n  th e  measured v a lu e . O bviously , a  modal more 
com plica ted  th a n  e i t h e r  o f  th e s e  i s  n ece ssa ry  t o  model th e  end leakage  
more a c c u ra te ly .  The developm ent o f  t h i s  model i s  com p lica ted  by th e  
th ree -d im e n sio n a l n a tu r e  o f  th e  f i e l d  in  th e  end  tu r n s  re g io n , a s  w e ll 
a s  th e  p a r t i a l  l in k a g e  w ith  tu rn s .
V I .3 Srmplp- Tinrppd Mhd e l  t o  Dehenninia th e  Ai-map F lu x  D en s ity  Due t o
t h e  Permanent Magnet 
One can  a ls o  d ev e lo p  a  lumped model f o r  th e  perm anent magnet f lu x  
and compare th e  p r e d ic te d  av erag e  f lu x  d e n s i t i e s  i n  t h e  a i rg a p  to  
f i n i t e  elem ent r e s u l t s .  M agnetic c i r c u i t  m odels s im i la r  t o  th e  ones 
developed p re v io u s ly  c a n  b e  u sed ; excep t now t h e  mmf so u rc e s  a r e  due 
t o  th e  magnets in s te a d  o f  th e  c o i l s .  The p h y s ic a l  co n n ec tio n  between 
th e  mmf so u rces  i n  t h e  model and th e  m agnets i s  n o t  a s  s t ro n g  in  t h i s  
c a se  a s  i t  was i n  t h e  model f o r  th e  c o i l .  In  t h e  c o i l  c a s e , because  
th e  c o i l s  w ere wound a round  i r o n  and th e r e  was v i r t u a l l y  no mmf drop  
a c ro s s  th e  i ro n , th e  s u r f a c e  o f  th e  iro n  a t  th e  to o th  fa c e s  was a l l  a t  
th e  same mmf p o te n t i a l .  I n  t h i s  c ase , th e  a c tu a l  mmf p ro v id ed  by th e  
magnet i s  d i s t r i b u te d  i n  th e  a irg a p ; th e re f o r e  t h i s  model i s  more o f  
an  approxim ation .
A f u r th e r  co m p lic a tio n  in  t h i s  model i s  t h a t  t h e  mmf so u rc e  due t o  
th e  magnet i s  p o s i t io n  dependen t. F igu re  V I-12a shows one to o th  o f
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Magnet Section
Rotor Bock Iron Section
Shaft Section
F igu re  V l- l ld  
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F igure  VI-12a 
Model f o r  Tooth Face A irgap  w ith  Magnet MMF Source
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t h e  BLDCM w ith  m agnet and modeled mmf s o u rc e s .  W hile th e  m agnet 
in t e r f a c e  i s  o v e r a  p a r t i c u l a r  to o th ,  (F ig u re  V I-12b), th e  mmf so u rc e  
u sed  f o r  t h a t  lump w i l l  be  th e  av erag e  mmf p ro v id ed  by th e  m agnet. 
W hile t h i s  seems t o  b e  a  re a so n a b le  assum ption  t o  make, i t  a c tu a l ly  
v io l a t e s  one o f  th e  b a s ic  assum ptions o u t l in e d  i n  th e  d e r iv a t io n  o f  
t h e  lunped  e lem en t m odel; namely t h a t  t h e  in t e g r a l ,  H*dl i s  co n stan t, 
o v e r  th e  e lem en t. The p ro d u c t H*dfi a c tu a l ly  changes s ig n  o v e r t h i s  
re g io n . However, i t  w i l l  be  shown t h a t  a  model u s in g  th e  av e ra g e  mmf 
p ro v id e s  a  good approx im ation  f o r  th e  a v e ra g e  f lu x  th rough  th e  
elem en t.
The av e rag e  mmf i s  g iv en  a s :
Tt Jo
de Fo ( Tt - r a v e 9) '
F r0 s
(VI-36)
A sim p le  c i r c u i t  model f o r  two p o le s  o f  t h e  m agnet, assuming th e  
m agnet in t e r f a c e s  a r e  o v e r t e e th  l  and 7 , i s  shown in  F ig u re  V I-13 . 
Nodal e x p re s s io n s  f o r  f lu x e s  01 and ca n  b e  w r i t te n :
V -  F V + Fa a v e  a  a v e
0, = ------ ^ ^  = -------%------- (V I-37,38)
9 9
and a  g e n e ra l e x p re s s io n  f o r  f lu x  0  ^ th ro u g h  06 a s :
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F igure VI-12b 
Geometry Used fo r  C a lc u la tio n  o f Average MMF When 
th e  Magnet I n te r f a c e  I s  over a  Tooth Face
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v » "  F „ a o
n  n_ (VI-39)
A g e n e ra l e g r e s s i o n  f o r  f lu x  <j>& th rough  012 i s :
Va + F„ o
~ Y (VI-40)
lo o k in g  a t  F ig u re  V I-13 , symmetry can  b e  u sed  t o  a rg u e  t h a t  nodes 1 a t  
e i t h e r  end o f  t h e  model a r e  th e  same p o in t ;  th e  same i s  t r u e  f o r  nodes 
2 . U sing E q u a tio n s  V I-41 th rough  VI-42 t o  w r i te  an  ex p re ss io n  f o r  th e  
sum o f  th e  f lu x  in to  node 1 y ie ld s :
V - F  a ave [V —F ]a o V +F a ave _ fVa +Fo]
I *9 J 1 *, 1 5 l * g
= 0 (VI-41a)
Which red u ce s  t o  :
Va = 0 (VI-4 lb )
S u b s t i tu t in g  E quation  VI-41b f o r  VB in  th e  e x p re s s io n s  f o r  th e  f lu x  in  
E quations  V I-36 th ro u g h  VI-40 y ie ld s :
F a v e ® a v e
0! = “ jj  , tfy = ~ Y ~  (V I-42a,b)
9 9
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$2 ^ ^  =$5 =$6= ~ T  (VI-42C, d , e , f , g)
07 =09 =0,0=0! 1=^12 = “ F "  ( V I - 4 2 h , i , j , k , l )
a
W ith th e  r o t o r  a t  0=10°, th e  f lu x  d e n s i t i e s  g iv en  by  d iv id in g  Equa­
t i o n s  V I-42 b y  th e  average  a re a  o f  each  elem ent i s  g iv en  a s :
T ab le  VI-3
P re d ic te d  F lux  D ensity  f o r  lumped Magnet Model
Jf
l II 1 o • O T e s la
% = 0.99 T e s la
Bj= 0.99 T e s la
II o • VO VO T e s la
B5= 0 .99 T es la
B6= 0.99 T e s la
B,,= 0.40 T e s la
Ek= -0 .9 9 T e s la
E^= -0 .9 9 T e s la
B10=-O.99 T es la
Bn = -0 .99 T e s la
B12= -0 .99 T e s la
A com parison  o f  FEM p re d ic te d  r e s u l t s  and th e  lumped model r e s u l t s  
f o r  a  r o t o r  p o s i t i o n  o f  0=10° i s  shown i n  F ig u re  V I-14 . S ince  th e  
m otor i s  a c t u a l l y  q u a r te r  sym m etric, d a ta  i s  shown f o r  o n ly  one magnet 
p o le  fa c e . The s o l id  l i n e  in  t h i s  f ig u re  r e p re s e n ts  FEM r e s u l t s  and 
th e  dashed  l i n e  r e p re s e n ts  lumped e lem en t r e s u l t s .  One se e s  t h a t  th e  
lim ped e lem en t p r e d ic te d  Brad v a lu e  o v e r th e  to o th  fa c e s  i s  approxim -
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F ig u re  VI-14
Com parison o f  F in i t e  Elem ent, (S o l id  L in e ) ,  and 
Lumped P aram eter P re d ic te d , (Dashed L in e ) ,  
D is t r ib u t io n  o f  R a d ia l Component o f  A irgap  F lux D en sity
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a t e ly  13.7% h ig h e r  th a n  th e  FEM r e s u l t s .  A lso , Bpad p re d ic te d  f o r  th e  
elem ent c o n ta in in g  th e  magnet in t e r f a c e ,  elem ent 1 , i s  o b v io u sly  in  
e r r o r .  I f  one compares lim ped model and FEM r e s u l t s  on a  p o in t  by 
p o in t  b a s i s ,  o v e r an  a n g le  from 3 t o  13 d eg rees , one se e s  t h a t  th e  
f lu x  d e n s i t i e s  t o  th e  l e f t  and  r i g h t  o f  th e  in te r f a c e ,  ( a t  10 
d e g re e s ) , a r e  o b v io u sly  o f  g r e a t e r  m agnitude, T h is  occured  because  
th e  n a tu re  o f  th e  model d id  n o t  a llo w  th e  m agnitude, (o r  d i r e c t i o n ) , 
o f  th e  f lu x  d e n s i ty  t o  change o v e r  th e  w id th  o f  th e  elem en t. However, 
i f  th e  f lu x  th ro u g h  elem ent 1 i s  computed and compared, th e  r e s u l t  i s :
= 3 .50  x  10"5 Webers~ l  u m p e d
0FEH = 3 .32 x  10"5 Webers
The lunped  model p r e d ic t s  th e  f lu x  th ro u g h  th e  elem ent, t o  b e  4.5% 
h ig h e r  th a n  th e  FEM p r e d ic t s .  Thus, one se e s  t h a t  even though 
av erag in g  th e  mmf v io l a t e s  one o f  th e  r u le s  o f  lunped param eter 
a n a ly s is ,  i t  does p ro v id e  a  good approxim ation  o f  th e  v a lu e  o f  f lu x  
th ro u ^ i  th e  lunped  e lem en t.
In  th e  fo llo w in g  s e c t io n ,  i t  w i l l  b e  shown t h a t  when th e  mmf h as  
b o th  p o s i t i v e  and n e g a tiv e  com ponents, u s in g  th e  average  mmf f o r  th e  
lim ped e lem en t can  r e s u l t  i n  la r g e  e r r o r s  i n  p re d ic t in g  d e te n t  to rq u e .
V I-4 C a lc u la t io n  o f  Torque from Tmppd flfadel 
The p re v io u s  s e c t io n s  have shown t h a t  th e  lim ped model can  b e  u sed  
t o  p r e d ic t  t h e  r a d i a l  component o f  f lu x  d e n s ity  w ith  re a so n a b le  good 
accuracy . O ften , t h i s  ty p e  o f  model and th e  p r in c ip le  o f  v i r t u a l  
work, (coenergy m ethod), have been  used  t o  p r e d ic t  to rq u e . Torque i s  
equ a l t o  th e  sum, o v e r each  e lem en t, o f  th e  change o f  coenergy w ith
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The coenergy  i n  a  lumped c i r c u i t  elem ent i s  g iv e n  by:
0 2 K
Wce = (VI-44)
Where: Wce = Coenergy o f  th e  lumped elem ent
0e = F lux  in  th e  lumped e lem en t 
7?e = R eluc tance  o f  th e  lumped elem ent 
T h is  e x p re s s io n  i s  based  on th e  B-H cu rv e  f o r  th e  m a te r ia l  u n d er con­
s id e r a t io n .  B-H cu rv es  f o r  a  s a tu ra b le  m a te r ia l  were shown p re v io u s ly  
i n  C hap ter I I I ,  F ig u re s  III-4a& 4b. A B-H cu rv e  f o r  m a g n e tic a lly  l i n e a r  
m a te r ia ls  i s  a  s t r a i g h t  l i n e  th rough  th e  o r ig in ;  i f  th e  medium i s  a i r ,  
such  a s  in  th e  lumped e lem en ts, th e n  th e  s lo p e  o f  t h a t  l i n e  i s  n0 , th e  
m agnetic  p e rm e a b il i ty  o f  f r e e  space .
The a re a  u n d er th e  B-H curve  i s  th e  coenergy  d e n s ity -  In te g ra t io n  
o f  th e  coenergy  d e n s i ty  o v e r th e  volume o f  th e  elem ent y ie ld s  th e  
t o t a l  coenergy  o f  th e  elem ent. The d e r iv a t io n  o f  th e  lump©! elem ent 
method h as  shown t h a t  B i s  assumed t o  b e  c o n s ta n t  over th e  elem ent 
c r o s s - s e c t io n a l  a re a  p e rp e n d ic u la r  t o  i t s  d i r e c t io n .  However, B can 
v a ry  a lo n g  th e  le n g th  o f  th e  p a th . Assuming B i s  c o n s ta n t w ith in  th e  
e lem en t, th e  coenergy  i s  o f te n  exp ressed  i n  te rm s o f  th e  f lu x  th rough  
th e  e lem en t and r e lu c ta n c e  o f  th e  elem ent.
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F ig u re  V I-15 
B-H Curve f o r  a  L in e a r  M a te r i a l
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(VI-45)
Where: Be = F lux  d e n s ity  in  th e  lumped elem ent
He = M agnetic I n te n s i ty  o f  t h e  lumped elem ent 
ve -  Volume o f  e lem en t
I f  t h e  m agnitude o f  Be v a r ie s  s l i g h t l y  o v e r  t h e  le n g th  o f  th e  elem ent, 
and  th e  av erag e  Be i s  u sed  in s te a d , t h i s  s t i l l  w i l l  g iv e  a  r e l a t i v e l y  
good app rox im ation . However, th e  d i r e c t io n  o f  B m ust n o t  change 
w ith in  t h e  elem ent o r  la rg e  e r r o r s  a r e  in tro d u c e d . T h is  i s  i l l u s t r ­
a te d  i n  t h e  fo llo w in g  example: assume th e  s im p le  model shown p re ­
v io u s ly  i n  F ig u re  V I-13, where o n ly  th e  re lu c ta n c e s  o f  th e  a irg a p s  
o v e r  th e  to o th  fa c e s  a r e  co n s id e re d . Suppose one i s  a tte m p tin g  t o  
c a l c u la te  th e  t o t a l  to rq u e  produced by th e  u n ifo rm ly  m agnetized  magnet 
i n  th e  p re se n c e  o f  th e  s t a t o r  i r o n  and th e  c o i l  f i e l d .  To c a lc u la te  
t h e  t o t a l  to rq u e , ( s t a t o r  and d e t e n t ) , one m ust u s e  th e  coenergy p r in ­
c i p l e .  S in ce  th e  problem  i s  a c tu a l ly  q u a r te r  sym m etric, we can  c a lc u ­
l a t e  th e  to rq u e  f o r  one q u a r te r  o f  th e  m otor and th e n  q u ad rup le  th e  
m agnitude o f  th e  r e s u l t s  t o  o b ta in  th e  t o t a l  to rq u e  f o r  th e  d e v ic e .
The coenergy  i n  e lem ents 2 ,3 ,4 ,5 ,6  i s  g iv e n  by:
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(Ni + Fo ( l - 2 r ave0 / r t ) ) 2 
Wc1 = ------------- 27?---------------------
9
Where: 0 < r av e9 < Tt
S in ce  to rq u e  i s  th e  d e r iv a t iv e  o f  th e  coenergy w ith  r e s p e c t  t o  a n g le  
th e r e  w i l l  o n ly  b e  a  c o n t r ib u t io n  due t o  th e  coenergy  a s s o c ia te d  w ith  
elem en t 1.
a w , 2 rau_ F 2 /• 2 r  e A 2N IF ,r o ct, a v e  o I a v e  I o a v e
00 " 7?grt I rt " 1 J " 7?g ( )
The f i r s t  te rm  on th e  r i g h t  hand s id e  o f  t h i s  e q u a tio n  re p e s e n ts  th e  
d e te n t  to rq u e ;  th e  second  te rm  re p re s e n ts  th e  s t a t o r  to rq u e . N e ith e r  
o f  th e s e  e x p re ss io n s  w i l l  change i f  th e  p o s i t io n  o f  th e  m agnet p o le  
in te r f a c e  i s  o v er to o th  1 th ro u g h  6 . However, i f  th e  in t e r f a c e  i s  
moved t o  a  p o s i t io n  betw een t e e t h  7 th ro u g h  12, th e n  th e  c o i l  mmf i s  
n e g a tiv e  and th e  s ig n  o f  th e  s t a t o r  to rq u e  w i l l  change. N o tic e  t h a t  
t h i s  a n a ly s is  p r e d ic ts  t h e  s t a t o r  to rq u e  t o  be  c o n s ta n t o v e r  t h e  to o th  
fa c e . The to rq u e  p roduced  w h ile  th e  in te r f a c e  i s  o v e r  th e  s l o t  would 
b e  l e s s  b ecause  th e  r e lu c ta n c e  o f  th e  s l o t  i s  h ig h e r  t h a t  th e  r e ­
lu c ta n c e  o f  th e  to o th  f a c e . These r e s u l t s  a r e  c o n s is te n t  w ith  o u r 
in s ig h t  developed frcm  th e  IxB method and th e  lumped p a ram e te r  model 
c o i l  Brad a n a ly s is  perform ed in  one o f  th e  p re v io u s  s e c t io n s .
The d e te n t  to rq u e  p r e d ic te d  from t h i s  a n a ly s is  i s  a  saw too th  
waveform w hich i s  a  fu n c tio n  o f  th e  p o s i t io n  o f  th e  in te r f a c e  o v e r  th e  
to o th  fa c e , F ig u re  V I-16 . U n fo rtu n a te ly , t h i s  does n o t  a g re e  w ith  
f i n i t e  e lem en t p r e d ic te d  r e s u l t s  which show t h a t  d e te n t  to rq u e  i s
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p r im a r ily  p roduced  w h ile  th e  m agnet in te r f a c e  i s  o v e r th e  to o th  s lo t .  
F ig u re  V I-17a shows a  ty p ic a l FEM p re d ic te d  d e te n t to rq u e  a n g le  cu rv e  
f o r  a  f u l l  a r c  w id th , u n ifo rm ly  m agnetized  m agnet. Z ero d eg rees in  
t h i s  p lo t  co rresp o n d s to  hav ing  th e  m agnet in te r f a c e  a lig n e d  w ith  th e  
c e n te r  o f  th e  s l o t .  A t 2 .5 °  th e  m agnet in te r f a c e  i s  a lig n e d  w ith  th e  
edge o f  th e  s t a t o r  to o th  and a t  12 .5° th e  in te r f a c e  i s  a lig n e d  w ith  
th e  o th e r  edge o f  th e  s t a t o r  to o th . One s e e s  t h a t  w h ile  th e  in te r f a c e  
i s  o v e r th e  to o th , v i r t u a l l y  no d e te n t to rq u e  i s  p roduced . I f  a  
d e te n t to rq u e  cu rv e  i s  o b ta in ed  f o r  a  s im ila r  m otor w ith  s l o t  w id th s 
o f  5° and to o th  w id th s o f  25° one se e s  th a t  th e  span  o f  th e  'z e r o ' 
to rq u e  re g io n  in c re a s e s  w ith  in c re a s in g  to o th  a rc  w id th , (F ig u re  V I- 
1 7 b ). T hus, one can  conclude from  th e  FEM t h a t  d e te n t to rq u e  i s  prim ­
a r i l y  due to  th e  change in  coenergy occu r in g  w h ile  th e  m agnet 
in te r f a c e  i s  o v e r th e  s l o t .  F urtherm ore, th e  change in  coenergy  o n ly  
o c c u rs  when th e re  i s  a  change in  m agnet mmf in  th e  re g io n  o f  th e  
s l o t s .
Com parison o f  lu nped  model r e s u l t s  w ith  f i n i t e  e lem en t r e s u l t s  i s  
in v a lu a b le  h e re . The f i n i t e  elem ent a n a ly s is  perfo rm ed  p re v io u s ly  h as 
a lre a d y  shown th a t  p re d ic tio n  o f  d e te n t to rq u e  re q u ire s  an  a c c u ra te  
m odel f o r  th e  m agnet. By making com parisons betw een lunped  and f i n i t e  
e lem en t m odels one can  b e  assu red  th a t  com parisons a re  b e in g  made 
becw een cwo id e n tic a l  re p re s e n ta tio n s  o f  th e  m agnet.
The f i n i t e  elem en t and lim ped model r e s u l t s  can  b e  re c o n c ile d  
somewhat i f  one a l t e r s  th e  model to  com prise tw o f lu x  tu b e s . F ig u re  
V I-18 shows a  s in g le  to o th  s tru c tu re  w ith  th e  m agnet in te r f a c e  o v er 
th e  to o th  and  tw o f lu x  tu b e s . One f lu x  tu b e  i s  f o r  th e  f lu x  th ro u g h  
th e  n o rth  m agnet p o le  and th e  o th e r  f lu x  tu b e  i s  f o r  th e  f lu x  th ro u g h
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th e  so u th  m agnet p o le . As th e  p o s itio n  o f  th e  m agnet changes so  does 
th e  c ro s s - s e c tio n a l a re a  o f  th e  s l o t  f lu x  tu b e s . T h is  model a llo w s 
th e  coenergy  to  b e  c a lc u la te d  f o r  re g io n s  o f  u n id ir e c tio n a l f lu x . 
Thus, no  assum ptions r e la t in g  to  th e  d e r iv a tio n  o f  th e  lum ped elem ent 
model have been  v io la te d . In  a d d itio n , t h i s  m odel a llo w s f o r  c o r re c t 
c a lc u la tio n  o f  th e  coenergy .
The f lu x  in  each  tu b e  i s  g iv en  a s :
Fo -Fo
01 = yj , 02 = /(_ (VI—49a,b)
Where F i s  th e  mmf o f  th e  m agnet and:
( f n + V  <i - + J g>
^  = p (T~ - r  fl)"zv *i = (V I-50a,b)
n> '  t  a v e  • r o a v e
The coenergy  o f  each  tu b e  i s  g iv en  by:
(-F  )2u (t - r  0 )z (F !2ii r  0z'  o ' ^ o '  t  a v e  '  '  o '  “ o  a v e
Wc2 =  ( |  + |  ) '  Wc1 = ( i + SL ) (V I-51a,b)
'  m g • '  m g '
The to rq u e  i s  th e  sum o f  th e  change in  co e n e rg ie s  f o r  each  tu b e .
„  9Wc1 3Wc2 - F o ^ o ^ v e  . _ ______
T 30 + 39 SL +SL + SL +SL 0 (VI-52)m g  m g
One s e e s  t h a t  th e  lumped model p re d ic te d  n e t d e te n t to rq u e , produced 
w h ile  th e  m agnet in te r f a c e  i s  o v er a  to o th  fa c e , i s  z e ro . T h is  i s  in  
agreem ent w ith  th e  f i n i t e  elem en t r e s u l t s .
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One can  a ls o  a p p ly  th e  same approach  to  d e te rm in e  th e  to rq u e  
p re d ic te d  by  th e  lum ped param eter m odel w h ile  th e  m agnet in te r f a c e  i s  
o v e r a  s l o t .  F ig u re  V I-19 shows a  f lu x  tu b e  f o r  p a r t  o f  th e  s l o t .  
B ecause ac c u ra c y  o f  th e  f lu x  tu b e  model i s  im p o rtan t in  t h i s  c a s e , 
in s te a d  o f  u s in g  th e  av erag e perm eance ( in v e rs e  o f  th e  re lu c ta n c e ) f o r  
t h i s  p o r tio n  o f  th e  s l o t  c o n s id e r th e  d i f f e r e n t i a l  s l i c e  co n ta in ed  
w ith in  th e  tu b e . H ie e x p re ss io n  f o r  th e  d i f f e r e n t ia l  perm eance i s :
T h is  m odel c o u ld  a ls o  have been ex p re ssed  in  te rm s o f  r o to r  p o s itio n , 
9, and  a v e ra g e  a irg a p  ra d iu s , r a v e : x= r ave 0 . The e f f e c t iv e  p e r­
meance o f  th e  s e c tio n  o f  th e  tu b e  betw een p o in ts  x, and x^ i s :
Now suppose th e  m agnet in te r f a c e  was a t  a  p o in t x  betw een th e  l e f t  
edge o f  th e  s l o t ,  0 , and th e  r ig h t  edge o f  th e  s l o t ,  S . To e v a lu a te  
th e  co en erg y , th e  s l o t  tu b e  i s  su b d iv id ed  in to  tw o tu b e s , one f o r  each  
s id e  o f  th e  in te r f a c e . The coenergy o f  th e  p o r tio n  o f  th e  s l o t  t o  th e  
r ig h t  s id e  o f  th e  in te r f a c e  i s :
(V I-53)
W here: x  = p o s itio n  o f  th e  m agnet in te r f a c e  w ith  a  tu b e  
i ge = e f f e c tiv e  le n g th  o f  m ag n e t/a irg ap
(V I-54)
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W.c s r
Z  f *  jn
—r -1 [•‘“w ,.+ f  s> - *»<*,. + f  *>] t™-55)
W.c s  I (VI-56)
H ie t o t a l  coenergy  f o r  th e  s lo t  tu b e  i s :
(VI-57)c s 7T
One s e e s  t h a t  t h i s  e x p re ss io n  i s  independen t o f  r o to r  p o s itio n  so  th e  
lumped, m odel w ould, a g a in , p re d ic t no to rq u e  to  b e  g e n e ra te d  w h ile  th e  
m agnet in te r f a c e  i s  o v e r th e  s lo t .  However, we know t h i s  t o  b e  con­
t r a r y  t o  th e  FEM r e s u l t s .  I t  seams th a t  assum ing a  s e t  o f  unchanging 
f lu x  tu b e s  to  re p re s e n t th e  f lu x  produced w h ile  th e  m agnet in te r f a c e  
i s  o v e r th e  s l o t  i s  n o t a c c u ra te  enough to  p r e d ic t  th e  d e te n t to rq u e . 
In  o rd e r t o  p r e d ic t  th e  d e te n t to rq u e  u s in g  a  lum ped p a ram e te r m odel, 
one wouid need  an  a c c u ra te  re p re s e n ta tio n  f o r  th e  change in  f lu x  p a th s  
( i . e .  chang ing  tu b e s) a s  a  fu n c tio n  o f  r o to r  p o s itio n .
A nother app roach  m igh t b e  to  u se  th e  f i n i t e  e lem en t r e s u l t s  to  
approx im ate a  fu n c tio n  f o r  th e  average re lu c ta n c e  o f  th e  m agnet 
c i r c u i t .
^ ave<9) (0)
(VI-58)
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W here: <pm (0) = t o t a l  f lu x  th ro u g h  th e  m agnet a s  a  fu n c tio n
o f r o to r  p o s itio n , 0
^ ave -  e f f e c tiv e  av e rag e  re lu c ta n c e  o f  th e  m agnet 
c i r c u i t  a s  a  fu n c tio n  o f  r o to r  p o s itio n , 8
F0 s  mmf o f  th e  m agnet
The m agnet mmf rem ains c o n s ta n t. H ie t o t a l  f lu x  th ro u g h  th e  m agnet 
f o r  a  r o to r  p o s it io n , 0, would b e  d e term in ed  by  one o f  th e  m ethods 
o u tlin e d  in  C h ap te r I I I .  Then, th e  e f f e c t iv e  re lu c ta n c e  o f  th e  
m agnetic  c i r c u i t  w ould b e  c a lc u la te d . T h is  p ro c e ss  w ould be re p e a te d  
f o r  a  v a r ie ty  o f  m agnet p o s itio n s . Curve f i t t i n g  te ch n iq u es  co u ld  
th e n  b e  u sed  t o  f in d  approx im ating  fu n c tio n s .
The o b v io u s d isad v an tag e  to  t h i s  te c h n iq u e , w ould b e  th a t  th e  r e ­
s u l t in g  re lu c ta n c e  fu n c tio n  would o n ly  d e s c r ib e  th a t  p a r t ic u la r  
geom etry . A c o n s id e ra b le  amount o f  w ork w ould b e  n ece ssa ry  to  t r y  
and d e te rm in e  i f  th e  form  o f  th e  re lu c ta n c e  fu n c tio n  co u ld  b e  r e la te d  
to  m agnet, a irg a p , s l o t ,  and to o th  d im ensions/geom etry .
V I.5 fiiiiTTiiarv
T h is  c h a p te r  h a s  shown th a t  same v e ry  sim p le  lumped param eter 
m odels can  b e  u sed  t o  p re d ic t, w ith  re a so n a b le  accu racy , th e  av erag e  
f lu x  d e n s ity  in  th e  a irg a p  due to  e i th e r  th e  c o i l  o r  perm anent m agnet. 
I t  h a s  been  shown in  p rev io u s  c h a p te rs  t h a t  i f  th e  c o i l  f lu x  d e n s ity  
in  th e  a irg a p  can  b e  p re d ic te d , th e n  th e  f lu x  d e n s ity  waveform can  be 
c ro sse d  w ith  th e  perm anent m agnet e q u iv a le n t c u r re n ts  to  y ie ld  th e  
to rq u e  a n g le  w aveform  o f  th e  m otor. O bv iously , i f  th e  peak  o f  th e  
to rq u e  a n g le  w aveform  can  be p re d ic te d  th e n  th e  to rq u e  c o n s ta n t can  
a ls o  be p re d ic te d . T h ere fo re , th e  lumped e lem en t model i s  u s e fu l to
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d b ta in  a  r e la tio n s h ip  betw een p eak  to rq u e  and th e  dom inant m otor 
p a ram ete rs . T h is i s  o f  p rim ary  im portance because th e  to rq u e  i s  
usually th e  p a ram e te r w hich i s  o f  m ost in te r e s t  in  m o to r d e s ig n .
A sim p le  lumped m odel was a ls o  u sed  to  p r e d ic t  th e  in d u c ta n c e . A 
h ig h  d eg ree  o f  a cc u racy  was n o t o b ta in ed w ith  th e  m odel. B u t, i t  was 
shown th a t  in c lu d in g  a d d itio n a l le ak ag e  p a th s  im proved th e  p re d ic tio n  
accu racy  and f i n i t e  e lem en t r e s u l t s  w ere m atched w ith in  re a so n a b le  
accu racy  l im it s .  However, i t  was shown th a t  sim p le  m odels f o r  th e  end 
leak ag e  d id  n o t p roduce a c c u ra te  r e s u l t s ,  and, th a t  th e  r e s u l t s  
o b ta in e d , v a r ie d  g r e a t ly  depending  upon th e  a re a  o f  th e  assum ed f lu x  
p a th . Thus, m o d e llin g  le a k a g e  f lu x  a t  th e  ends o f  th e  m o to r i s  n o t 
p r a c t ic a l  b ecau se  o f  th e  d i f f i c u l ty  in  s e le c tin g  le ak ag e  p a th s  th a t  
a c c u ra te ly  r e f l e c t  th e  f i e l d .  I t  was a ls o  shown in  t h i s  c h a p te r  why 
i t  would b e  n e a r ly  im p o ss ib le  to  p r e d ic t d e te n t to rq u e  from  lum ped 
elem en t m odels. A lum ped p a ram e te r model was developed  t h a t  p re d ic te d  
th e  av erag e f lu x  d e n s ity  in  th e  a irg a p  due to  th e  perm anent m agnet. 
T h is model u sed  th e  av e ra g e  mmf p ro v id ed  by th e  m agnet. However, i t  
was shown th a t  t h i s  same m odel co u ld  n o t be u sed  to  p r e d ic t  d e te n t 
because th e  coenergy  c a lc u la tio n  r e s u l t s  in  a  sq u a re  o f  th e  sum o f  th e  
component f lu x  d e n s i t ie s  in s te a d  o f  th e  sum o f  th e  s q u a re s .
T h ere fo re , i t  w ould b e  n e c e ssa ry  t o  c o n s tru c t a  m odel w ith  p a th  
le n g th s  th a t  w ere a  fu n c tio n  o f  r o to r  p o s itio n .
To sum m arize, p ro b a b ly  th e  m ost c r i t i c a l  p o in t made in  t h i s  
c h a p te r i s  t h a t  a  s im p le  m agnetic  m odel w hich o n ly  in c lu d e s  th e  
a irg a p s  can  b e  u sed  f o r  a c c u ra te  p re d ic tio n  o f  f lu x  d e n s i t ie s ,  and 
h en ce , th e  e n e rg iz e d  p eak  s t a t o r  to rq u e  o f th e  m oto r. W hile t h i s  
p re d ic ts  peak  to rq u e  a c c u ra te ly , i t  does n o t y ie ld  good ac c u ra c y  in
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p re d ic tin g  in d u c tan ce  because o f  leak ag e  p a th s .
More co m p lica ted  m odels in c lu d in g  c r o s s - s lo t  leak ag e  p a th s  
s ig n if ic a n t ly  im proved th e  in d u c tan ce  Tnrgtei a id  produced r e s u l t s  which 
c lo s e ly  m atched f i n i t e  elem ent r e s u l t s .  An e f f o r t  t o  in c lu d e  leak eag e  
p a th s  f o r  end e f f e c t s  d id  n o t p rove s u c c e s s fu l. I t  shou ld  b e  n o te d  
t h a t  a c c u ra te  p re d ic tio n  o f  th e  a c tu a l in d u c tan ce  o f  th e  d ev ic e  w i l l  
p ro b ab ly  n o t b e  ach iev ed  because o f  m agnetic  s a tu r a t io n . I t  was shown 
in  C hap ter I I  t h a t  th e  in d u c tan ce  o f  th e  p ro to ty p e  m otor d ec re ase d  by 
40% when th e  m agnets w ere in  p la c e . S a tu ra tio n  e f f e c ts  a re  ex trem ely  
s ig n if ic a n t  and a r e  n o t in c lu d ed  in  t h i s  m odel.
A lthough no a tte m p t was made to  in c lu d e  re lu c ta n c e s  o f  iro n  p a th s  
in  th e s e  m odels, re lu c ta n c e  p a th s  f o r  th e  iro n  te e th  can b e  in c lu d e d  
w ith  no r e a l  a d d itio n a l com plex ity . T h is can  b e  done by lum ping th e  
to o th  re lu c ta n c e  in  w ith  th e  a irg a p  re lu c ta n c e . T h is  would n o t b e  a  
n o n lin e a r  m odel and  th e  o n ly  advan tage w ould b e  t h a t  i t  a llo w s one to  
s o lv e  f o r  th e  f lu x  d e n s ity  in  th e  te e th  t o  check  and en su re  t h a t  th e  
iro n  i s  n o t s a tu ra te d . In c lu s io n  o f  s a tu ra b le  re lu c ta n c e  p a th s  w il l  
p r o h ib i t  th e  developm ent o f  c lo se d  form  e x p re s s io n s . To in c lu d e  
re lu c ta n c e  p a th s  f o r  th e  s ta to r  back  iro n  p a th s  means th a t  th e  mmf 
p o te n tia l  in  th e  s t a t o r  back  iro n  i s  nonzero . T h e re fo re , E q u atio n s
V I-42 a re  no lo n g e r v a l id ,  and , i t  w ould b e  n e c e ssa ry  t o  so lv e  a  m ore 
co m p lica ted  m odel. As th e  model becomes even  s l ig h t ly  more 
co m p lica ted , i t  q u ic k ly  lo s e s  i t s  advantage o f  y ie ld in g  c lo se d  form  
e x p re ss io n s  th a t  a r e  e a s i ly  m an ipu lated  and le n d  in s ig h t d i r e c t ly  in to  
d e s ig n .
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The p re v io u s  c h a p te r  shewed sim ple m odels can  b e  u sed  to  a c c u r­
a te ly  p r e d ic t av erag e  a irg a p  f lu x  d e n s itie s  due to  th e  c o i l .  G iven 
th e  in s ig h ts  developed  from  vising th e  IxB m ethod on th e  m agnet eq u iv ­
a le n t  c u rre n ts  and  c o i l  B „ .  d is tr ib u tio n s , one can  in f e r  t h a t  th er a d  ’
to rq u e  c o n s ta n t f o r  th e  m otor can  a lso  be p re d ic te d  w ith  re a so n a b le  
acc u racy . T h is  i s  im p o rtan t s in c e  one ty p ic a l ly  d e s ig n s  o r  s e le c ts  a  
m oto r to  p roduce a  s p e c if ie d  to rq u e .
In  t h i s  c h a p te r , e q u a tio n s  r e la t in g  m otor g eo m etrie s  and m a te r ia l 
p ro p e r tie s  to  th e  m otor to rq u e  c o n s ta n t, r e s is ta n c e , in d u c ta n c e , and 
in e r t i a ,  a re  developed . E q u atio n s r e la t in g  th e  m agnet f lu x  and  c o i l  
f lu x  to  m otor geom etry a r e  a ls o  developed . S in c e  th e  problem  o f  m otor 
d e s ig n  i s ,  in  g e n e ra l, an  u n d e r-c o n stra in e d  one, many o f  th e  
p a ram e te rs  n e c e ssa ry  to  s p e c ify  a  d esig n  have t o  b e  chosen . A g e n e ra l 
m ethod i s  p re se n te d  f o r  d e s ig n in g  m otors assum ing th e  m otor to rq u e  
c o n s ta n t, r o to r  in e r t i a  and ph ase  re s is ta n c e  hav e been  s p e c if ie d . 
F i r s t ,  an  e x p la n a tio n  a s  to  how a  ty p ic a l a p p lic a tio n  m ight f i x  th e s e  
p a r t i c u la r  p a ram ete rs  i s  g iv e n . Then, th e  d e s ig n  m ethod i s  d isc u sse d  
and  th e  n e c e ssa ry  e q u a tio n s  a re  developed. F in a lly , th e  d e s ig n  m ethod 
i s  v e r if ie d  u s in g  th e  s p e c if ic a tio n s  f o r  th e  f i r s t  p ro to ty p e  m otor 
d e sc rib e d  e a r l i e r ,  and an  exam ple d esig n  i s  p re s e n te d .
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V H .1  S p e c if ic a tio n  o f  M otor Torque O a is ta n t.
R o to r T n g rh ia . and CTrea* ttpsicd-ance 
M otor to rq u e  c o n s ta n t, r o to r  in e r t i a  and p h ase  r e s is ta n c e  a re  
p aram eters t h a t  m ic£it o r d in a r i ly  be s p e c if ie d  in  an  a p p lic a tio n . A 
ty p ic a l a p p lic a tio n  m i^ it c o n s is t o f  th e  fo llo w in g  c o n d itio n s . The 
m otor i s  t o  b e  ru n  in  a  w ye-node-cpen c o n fig u ra tio n 1-21 w ith  a  c u rre n t 
d riv e  o p e ra tin g  from  a  maximum supp ly  v o lta g e  o f  Vsmax. The m otor 
m ust be a b le  t o  ru n  u n d er no lo a d  c o n d itio n s  a t  a  sp eed  o f  0max; 
d e liv e r  a  to rq u e , a t  s t a l l e d  c o n d itio n s , o f  Ts ; l i m i t  th e  h e a t d is ­
s ip a tio n  due to  I 2R lo s s e s  to  Ps ; and be cap ab le  o f  a  maximum, 
a c c e le ra tio n  o f  umax. An e x p la n a tio n  o f  how th e s e  c o n d itio n s  f ix  th e  
to rq u e  c o n s ta n t, i n e r t i a  and re s is ta n c e  i s  g iv en  in  th e  fo llo w in g .
In  o rd e r  f o r  th e  m oto r t o  ru n  a t  0max u n d er no lo a d  c o n d itio n s , 
(assum ing no com m utation p h ase  advance123 i s  to  b e  u s e d ) , th e  back  emf 
c o n s ta n t f o r  th e  m otor m ust lim ite d  to :
T h is cones from  th e  e l e c t r i c a l  eq u a tio n  f o r  a  p h ase  o f  th e  m otor, 
E quation  V II-2 . I t  i s  assum ed th a t  a t  h ig h  sp eed s th e  p h ase  c u r re n t 
and phase c u r re n t d e r iv a tiv e  a re  app rox im ately  z e ro , and  th a t  th e  
m otor i s  com m utated around  90 e le c t r i c a l  d eg rees so  t h a t  sinA G ^l.
I f  i s  g r e a te r  th a n  th e  v a lu e  g iv en  in  E quation  V II-1 , th e  m otor 
g en e ra ted  v o lta g e  a t  0max w il l  be la rg e r  th a n  Vsmax . H ence, th e  m otor
V
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w ill  b e  fu n c tio n in g  a s  a  g e n e ra to r ; no ph ase  c u r re n t w i l l  be p roduced  
and no to rq u e  g e n e ra te d . I f  th e  m otor i s  to  b e  o p e ra te !  in  a  tw o- 
ph ase-o n  mode, th e n  t h i s  v a lu e  o f  K0 re p re s e n ts  th e  e f f e c tiv e  tw o- 
p h ase-o n  back  emf c o n s ta n t.
H ie back  emf c o n s ta n t and  th e  to rq u e  c o n s ta n t a re  eq u a l in  th e  S I 
u n i t  system . I f  th e  lim it in g  v a lu e  o f  th e  b ack  emf c o n s ta n t i s  , 
th e n  th e  lim itin g  v a lu e  o f  th e  tw o-phase-on  to rq u e  c o n s ta n t i s  a ls o ;
Vs m a x
= 7 -------  (V II—3)
6ma x
I f  th e  to rq u e  c o n s ta n t i s  lim ite d  to  t h i s  v a lu e , and  th e  m otor m ust 
p roduce Ts un d er s t a l l  c o n d itio n s , th e n  th e  c u r re n t a t  s t a l l  m ust b e  
a t  le a s t :
Ts
I s t a U = i T  O '1 1 " 4 )
S in ce  I 2R h e a tin g  i s  g r e a te s t  a t  s t a l l  and in c re a s e s  w ith  th e  
sq u a re  o f  th e  c u r re n t, I s t a U  sh o u ld  n o t b e  g r e a te r  th a n  th i s  v a lu e . 
The w inding  r e s is ta n c e  n e c e ssa ry  to  l im i t  th e  I*R  lo s s e s  to  Pg can  
th e n  b e  determ ined ;
Ps
R = — ---------  (V II-5 )
s t a l l
Assuming tw o-phase-on  o p e ra tio n , R i s  th e  e f f e c t iv e  tw o-phase-on  r e s ­
is ta n c e . T h is  v a lu e  o f  R sh o u ld  d e f in e  th e  'h o t 7 re s is ta n c e , assum ing 
th e  w inding  to  b e  a t  i t s  maximum te m p e ra tu re .
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The l im it in g  v a lu e  o f  in e r t i a  f o r  th e  m otor can  b e  d e te rm in ed  from  
th e  d e s ire d  maximum a c c e le ra tio n  c a p a b ili ty  o f  th e  m oto r, d> , and■* r ma x  '
th e  s t a l l  to rq u e  o f  th e  m otor.
T*max = : -------  (V H -5)
COmax
T h is e q u a tio n  i s  d e riv e d  from  th e  d i f f e r e n t ia l  e q u a tio n  d e s c r ib in g  th e  
m echan ical b e h a v io r o f  th e  m otor, E quation  V II-6 .
JaH- Bo) + K jisinA e = Tload -  Tf sgn (0 ) (V II-6)
To d e r iv e  E q u a tio n  V II-5 , i t  i s  assumed th a t  f r i c t i o n  and dam ping 
lo s s e s  a r e  n e g lig ib le , and th e  m otor i s  o p e ra tin g  a t  low  sp eed  w ith  no 
e x te rn a l lo a d , Tl o a d . S in ce  th e  m otor i s  o p e ra tin g  a t  low  sp eed , th e  
c u r re n t i s  e q u a l t o  th e  s t a l l  c u r re n t. I t  i s  assum ed a g a in  t h a t  th e  
m otor i s  com m utated around 90 e le c t r i c a l  d eg rees and t h a t  s in A 0 -l. 
T h e re fo re , isinA 0  = Ts , th e  s t a l l  to rq u e .
The p re v io u s  d is c u s s io n  h as  shown how same o f  th e  m oto r c h a ra c te r ­
i s t i c  p a ram ete rs  a r e  s p e c if ie d  from  th e  m otor perfo rm ance r e q u ire ­
m ents. Once th e s e  p aram ete rs a re  s p e c if ie d , a  to rq u e -sp e e d  cu rv e  f o r  
th e  m otor sh o u ld  b e  sim u la te d  to  determ ine i f  th e  dynam ic to rq u e  r e ­
q u irem en ts o f  th e  a p p lic a tio n  can  b e  m et w ith  th e s e  p a ra m e te rs . 
T orque-speed  s im u la tio n  i s  im p o rtan t because c o n s ta n t v o lta g e  to rq u e -  
speed  cu rv e s  f o r  b ru s h le s s  DC m otors a re  o f te n  n o n lin e a r1-2 ] . F ig u re
V II-1  shcrws a  ty p ic a l ,  c o n s ta n t v o lta g e , b ru s h le s s  1X2 m otor to rq u e -  
speed  c a rv e . One s e e s  th a t  i t  can  n o t sim ply b e  assum ed th a t  th e  
m otor to rq u e -sp e e d  c h a r a c te r i s t ic  can  be re p re se n te d  a s  a  s t r a ig h t
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l i n e  drawn betw een th e  no lo a d  speed and th e  s t a l l  to rq u e  o f  th e  
d e v ic e . T hus, ev en  though a  m otor d esig n  m ight m eet th e  's t a t i c '  
s p e c if ic a t io n s , i . e :  to rq u e  c o n s ta n t, back  emf c o n s ta n t, r e s is ta n c e , 
e t c . , one can  n o t u se  th e  s t a t i c  s p e c if ic a tio n s  and assum e a  l in e a r  
to rq u e -sp e e d  r e la t io n s h ip  to  deduce i f  th e  m otor m eets th e  dynam ic r e ­
q u irem en ts.
In  o rd e r  t o  s im u la te  th e  m otor to rq u e -sp ae d  cu rv e  i t  i s  a ls o  
n ece ssa ry  t o  know th e  in d u c tan ce  o f  th e  m otor. A ty p ic a l  v a lu e  can  be 
assum ed from  com parable m otors o f  s im ila r  s iz e  and to rq u e  c o n s ta n t, 
o r , th e  v a lu e  o f  in d u c tan ce  u sed  in  th e  s im u la tio n  can  b e  v a r ie d  u n t i l  
th e  dynam ic to rq u e  s p e c if ic a tio n  i s  m et. Then, a  judgem ent can  be 
made a s  t o  w h eth er o r  n o t th e  v a lu e  i s  p h y s ic a lly  r e a l iz a b le . Depend­
in g  upon th e  r e s u l t s  o f  t h i s  judgem ent, one can  e i th e r  p ro ceed  w ith  
th e  m otor d e s ig n  o r ,  re -e v a lu a te  th e  d e s ig n  req u irem en ts  and  p erh ap s 
change th e  p erfo rm an ce s p e c if ic a tio n s .
A to rq u e -sp e e d  a n a ly s is  i s  p re se n te d  l a t e r  in  t h i s  c h a p te r . In  
a d d itio n , a  m ore d e ta i le d  d is c u ss io n  o f  to rq u e -sp ee d  s im u la tio n  i s  
p re se n te d  in  A ppendix C. F i r s t ,  how ever, ex p re ss io n s  f o r  th e  m otor 
phase to rq u e  c o n s ta n t, ph ase  r e s is ta n c e , and r o to r  i n e r t i a ,  among 
o th e rs , a r e  d ev elo p ed  and u sed  in  a  g e n e ra l approach  to  m otor d e s ig n . 
The approach  p re s e n te d  a llo w s one to  develop  m otor d e s ig n s  th a t  have 
sm ooth r o to r  b ack  iro n  and u n ifo rm ly  m agnetized , r a d ia l ly  o r ie n te d , 
a rc  shaped m agnets. These r e s t r ic t io n s  r e s u l t  from  assu m p tio n s made 
p r im a rily  in  th e  developm ent o f  th e  to rq u e  c o n s ta n t e x p re s s io n . I f  
p ro to ty p e s  a r e  b u i l t ,  i t  w il l  b e  im p o rtan t to  en su re  t h a t  th e  m agnet 
m an u fac tu rer can  p ro v id e  th e  m agnets a s  s p e c if ie d .
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v n .2  Motor Design Method 
VU.2a GpticttiI Approach
I t  w i l l  b e  shown in  t h i s  s e c tio n  th a t  a  m otor d e s ig n  can  b e  formu­
la te d  by  28 e q u a tio n s  w ith  58 unknowns. T h e re fo re , many o f  th e  un­
knowns w i l l  have to  b e  p re - s e le c te d . The m ethod p re s e n te d  h e re  
assum es th a t ,  among o th e r  p aram ete rs s e le c te d , th e  to rq u e  c o n s ta n t, 
th e  i n e r t i a ,  th e  ph ase  r e s is ta n c e  o f  th e  m oto r, and th e  peak  phase 
c u r re n t have been  s p e c if ie d . The m ethod th e n  c o n s is ts  o f  th e  fo llo w ­
in g  p ro c e s s :
1) A p re lim in a ry  d e s ig n  to  b e  e x p lo re d  i s  ch o sen . T h is cons­
i s t s  o f  s e le c tin g  such  fundam ental p a ram e te rs  a s  th e  number o f  
s t a t o r  te e th ,  th e  number o f  r o to r  p o le s , and  th e  m agnet 
m a te r ia l, and , o th e r  p aram eters  such  a s  th e  w ind ing  f i l l  f a c to r . 
(A g e n e ra l d is c u s s io n  o f  th e  e f f e c ts  o f  th e  num ber o f  s ta to r  
te e th  and th e  number o f  r o to r  p o le s  on th e  m otor perform ance 
p a ram e te rs  i s  p re se n te d  l a t e r  in  S e c tio n  V I I . 2 b ) .
2) One so lv e s  f o r  th e  com binations o f  r o to r  le n g th  and ra d iu s  
t h a t  s a t i s f y  th e  in e r t i a  c o n s tr a in t.
3) F o r ev e ry  p a r t i c u la r  com bination  o f  r o to r  le n g th  and ra d iu s  
com bination , th e  number o f  w inding tu rn s  t h a t  w i l l  s a t i s f y  th e  
to rq u e  c o n s ta n t s p e c if ic a t io n  i s  d e term in ed .
4) The maximum f lu x  in  th e  s ta to r  te e th  due to  b o th  th e  m agnet 
and  c o i l  i s  c a lc u la te d . The w id th s o f  th e  s t a t o r  te e th , and 
r o to r  and s t a t o r  back  iro n  n e ce ssa ry  to  c a r ry  th e  f lu x  w ith o u t 
ex ceed in g  a  p re - s p e c if ie d  f lu x  d e n s ity  i s  a ls o  c a lc u la te d .
5) F or a  p re - s e le c te d  w ire  s iz e , g iv e n  th e  number o f  tu rn s  
c a lc u la te d  in  s te p  3 , and th e  to o th  w id th s  c a lc u la te d  in  s te p  4 ,
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th e  s l o t  o u te r  d ia m e te r n e c e ssa ry  to  accommodate N tu rn s  o f  th e  
w ire  i s  d e term in ed .
6) W inding r e s is ta n c e , m otor o u te r  d ia m e te r, and o th e r  p e r fo r ­
mance p a ram e te rs  a re  p lo t te d  a s  a  fu n c tio n  o f  r o to r  r a d iu s . The 
d e s ig n e r  can  th e n  view  th e  r e s u l t s  and make com parisons to  
s e le c t  th e  d e s ig n  th a t  b e s t  m eets th e  r e s is ta n c e  req u irem en ts  
and  m otor en v elo p e s iz e  c o n s tr a in ts . The p ro c e s s  can  b e  re p e ­
a te d  f o r  d i f f e r e n t  w ire  s iz e s .
7) The e n t i r e  p ro c e ss  can  b e  re p e a te d  s t a r t in g  a t  s te p  one and 
s e le c t in g  a  d i f f e r e n t  number o f  s ta to r  te e th  a n d /o r  r o to r  p o le s . 
I n  t h i s  way, 'b e s t ' d e s ig n s  f o r  d if f e r e n t  num bers o f  te e th  and 
p o le s  can  b e  com pared. O bviously , 'b e s t7 depends upon a p p li­
c a t io n  re q u ire m e n ts . F o r exam ple, one m igh t com pare w eig h t and 
s iz e  t r a d e - o f f s ,  o r  t r a d e - o f f s  betw een s iz e  and  s t a l l  I 2R 
lo s s e s .
V H .2 b  S lo t  Ctaunt an d  P o le  C ount c o n s id e ra tio n s
I n i t i a l  s e le c tio n  o f  th e  number o f  s ta to r  te e th ,  (o r  e q u iv a le n tly  
th e  num ber o f  s t a t o r  s l o t s ) , and r o to r  p o le s  re p re s e n ts  th e  q u a li­
t a t i v e  p a r t  o f  th e  d e s ig n . In  t h i s  s e c tio n  t r a d e - o f f s  betw een h ig h  
and  low  s l o t  and p o le  co u n ts  a re  d isc u sse d . In  a d d itio n , same v e ry  
sim p le  m odels a re  u sed  to  show g e n e ric  r e la tio n s h ip s  betw een th e  s l o t  
and  p o le  co u n ts  and  th e  m otor p h ase  to rq u e  c o n s ta n t, in d u c ta n c e , r e s ­
is ta n c e , an d  L/R tim e  c o n s ta n t.
The fo llo w in g  f a c ts  sh o u ld  b e  co n sid ered  when s e le c tin g  th e  number 
o f  s lo t s  and  p o le s  f o r  th e  m otor d e sig n :
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1) I f  th e  s t a t o r  i s  to  b e  skewed to  e lim in a te  d e te n t to rq u e , 
th e n  a  h ig h  number o f  s t a t o r  s lo t s ,  r e la t iv e  to  th e  num ber o f  
r o to r  p o le s , makes th e  s t a t o r  e a s ie r  to  w ind. T h is i s  b ecau se  
th e  s ta to r  i s  skewed o v e r a  sm a lle r  an g le . Thus, th e  s lo t s  ope­
n in g s  a re  c lo s e r  t o  b e in g  s t r a ig h t .  In  a d d itio n , i f  th e  s t a t o r  
i s  skewed o v er a  sm a lle r  a n g le , th e  re d u c tio n  in  to rq u e  c o n s ta n t 
w i l l  b e  le s s .
2) I f  th e  m otor i s  n o t skew ed, th e n  th e  h ig h  number o f  s lo t s  
r e la t iv e  to  th e  number o f  p o le s , r e s u l t s  in  a  d e te n t to rq u e  
w hich h as a  much sm a lle r  p e r io d  th a n  th e  s ta to r  to rq u e -a n g le  
c u rv e . T h ere fo re , th e  low  sp eed  r ip p le  u s u a lly  induced  by  th e  
d e te n t to rq u e  w i l l  b e  le s s ,  due to  m echanical f i l t e r i n g  e f f e c ts  
b y  th e  system .
3) A m otor w ith  a  h ig h  num ber o f  s lo t s  r e la t iv e  to  th e  number 
o f  p o le s  w il l  have a  more d is tr ib u te d  w inding. D is tr ib u te d  w in­
d in g s  r e s u l t  in  more s in u s o id a l s ta to r  to rq u e -a n g le  c u rv e s .
T h is  i s  an advan tage i f  a  s in u s o id a l s ta to r  to rq u e -a n g le  cu rv e  
i s  d e s ire d , and a  d isa d v a n ta g e  i f  a  m ore f la t- to p p e d  to rq u e -  
a n g le  cu rv e  i s  d e s ire d .
4) A m otor w ith  a  h ig h  p o le  co u n t r e s u l t s  in  h ig h e r iro n  
lo s s e s . T h is i s  due to  th e  f a c t  th a t  th e  number o f  tim e s  p e r  
re v o lu tio n  th a t  th e  m agnetic  f i e ld  in  th e  s ta to r  iro n  re v e rs e s  
i s  eq u a l to  h a l f  th e  p o le  c o u n t. Thus, a  h ig h e r p o le  co u n t 
r e s u l t s  in  a  h ig h e r freq u en cy  f ie ld  re v e rs a l and la r g e r  eddy 
c u r re n ts  in  th e  m otor.
5) A m otor w ith  a  h ig h  num ber o f  r o to r  p o le s  re q u ire s  le s s  
r o to r  back  iro n  t o  p re v e n t s a tu r a t io n . In  o rd e r f o r  th e  r o to r
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b ack  iro n  to  b e  p rev en ted  from  s a tu ra tin g  m a g n e tic a lly , th e  f lu x  
w hich  le a v e s  from  a  r o to r  n o rth  p o le  and ru n s  th ro u g h  th e  back 
i r o n  t o  a  r o to r  so u th  p o le , d iv id e d  by th e  c ro s s - s e c tio n a l a re a  
o f  th e  back  iro n , m ust b e  le s s  th a n  th e  s a tu r a t io n  v a lu e  o f  f lu x  
d e n s ity . S in ce  th e  amount o f  m agnetic f lu x  from  a  n o r th  p o le  to  
an  a d ja c e n t so u th  p o le  depends on th e  a re a  o f  th e  m agnet, th e  
f lu x  i s  d ec re ase d  by hav ing  a  la rg e  number o f  r o to r  p o le s  fo r  a  
g iv e n  r o to r  d ia m ete r.
Same v e ry  sim p le  lim ped m agnetic m odels can  b e  u sed  to  show, 
q u a l i ta t iv e ly ,  th e  e f f e c ts  o f th e  number o f  p o le s , Np , and th e  number 
o f  te e th ,  Nt , on some o f  th e  m otor p a ram e te rs . I n  o rd e r  t o  d e riv e  ex­
p re s s io n s  t o  e v a lu a te  th e  e f f e c ts  o f  Np , and Nt on th e  m otor 
p a ra m e te rs , assum e one h as m otors w ith  d if f e r e n t  num bers o f  p o le s  and 
te e th ,  b u t w ith  th e  same c r i t i c a l  g eo m etrie s: r o to r  m agnet in n e r  
ra d iu s , r o to r  m agnet o u te r  ra d iu s , a irg a p  o u te r  r a d iu s , s l o t  in n e r 
ra d iu s , s l o t  o u te r  ra d iu s , and th e  r o to r  a x ia l le n g th . H ie c r i t i c a l  
r a d i i  a r e  shown a s  r 2 , r 3 , r 4 , r 5 , and r 6 in  F ig u re  V II-2 . I f  one 
a llo w s t h a t  f o r  each  com bination o f  N , and N„, th e  c ro s s - s e c tio n a lP '  t  9
a re a  o f  a  s t a t o r  to o th , (th e  to o th  a re a  p e rp e n d ic u la r  to  th e  d ir e c tio n  
o f  f l u x ) , i s  d esig n ed  so  th a t  i t  can  c a r ry  i t s  s h a re  o f  th e  m agnet 
f lu x  w ith o u t ex ceed ing  a  maximum f lu x  d e n s ity  le v e l ,  Bmax, th e n  th e  
fo llo w in g  s ta te m e n ts  can  th e n  b e  made:
1) H ie t o t a l  iro n  volume occup ied  by th e  s t a t o r  te e th  rem ains 
c o n s ta n t. F ig u re s  V II-3 a ,b ,c  show a  2 p o le , 6 s l o t ;  a  2 p o le ,
12 s l o t ;  and a  4 p o le , 12 s l o t  m otor, r e s p e c tiv e ly . One sees 
t h a t  a s  th e  number o f  p o le s , Np , changes, o r  a s  Nt changes, th e
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t o t a l  a re a  o f  th e  s l o t  re g io n , (r5 to  r 6 ) ,  t h a t  i s  occup ied  by 
th e  ir o n  to o th  shanks rem ains c o n s ta n t.
2) S in c e  s ta te m e n t 1 i s  t r u e ,  and assum ing th e  f i l l  f a c to r  o f  
th e  m o to r, ( th e  r a t i o  o f  th e  s lo t  c ro s s - s e c tio n a l a re a  occup ied  
by  th e  co p p er w ire ) , rem ains c o n s ta n t, th e n  th e  t o t a l  volum e o f  
co p p er i n  th e  m otor rem ains c o n s ta n t.
3) S in c e  s ta te m e n t 2 i s  t r u e , th e  volum e o f  co p p er a v a ila b le  
f o r  each  p h ase  i s  c o n s ta n t. S ince  t h i s  volum e c o n ta in s  w ire s  
t h a t  form  p o le  w in d in g s, h a l f  t h i s  volum e i s  occup ied  by w ire s  
c a rry in g  p o s it iv e  c u r re n t, h a l f  w ith  w ire s  c a rry in g  n e g a tiv e  
c u r re n t . Thus, assum ing th e  w ire  s iz e  i s  unchanged, th e  r e s ­
is ta n c e  o f  each  p h ase  i s  independen t o f  Np , Nt .
U sing  th e  p re v io u s  assum ptions, and th e  d e s c r ip tiv e  geom etry shown 
in  F ig u re  V II-2 , a  sim p le  m agnetic model can  b e  c o n s tru c te d  to  d e te r ­
mine th e  g e n e ra l r e la tio n s h ip  betw een K j, L, R and Nt , Np . To develop  
a  m agnetic m odel, th e  re lu c ta n c e  o f  th e  e f f e c t iv e  a irg a p  o v er th e  p o le  
m ust b e  d e te rm in ed , a s  w e ll a s  th e  mmf f o r  each  p o le . Then, th e  ixB 
m ethod can  b e  u sed  to  d e te rm in e  th e  to rq u e  c o n s ta n t.
Assuming t h a t  a  :ra re  e a r th  m agnet i s  u sed  w ith  a  p e rm e a b ility  
ap p rox im ate ly  e q u a l t o  t h a t  o f  a i r ,  u .^1 ,  th e  re lu c ta n c e  o f th e  a irg a p  
o v er a  to o th , 7?t , i s :
*  -  ^  (V II-7a)
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W here: i e = le n g th  o f  th e  e f f e c t iv e  a irg a p  (p h y s ic a l 
a irg ap fm ag n et len g th )
A,. = A verage a re a  o f  a irg a p  o v e r to o th  p itc h
In  te rm s o f  th e  geom etry  shown in  F ig u re  V II-2  th e  e f f e c t iv e  a irg a p  
le n g th  i s :
The av erag e  t o t a l  c ro s s -s e c tio n a l a re a  o f  th e  m a g n e t/a irg ap  re g io n  
h a s  been  assum ed c o n s ta n t f o r  t h i s  com parison and  e q u a l t o  ^  . I f  th e  
s l o t  open ings a r e  n e g le c te d , th e  a re a  o f  th e  a irg a p  o v e r a  to o th  p itc h
W here: z s  a x ia l  le n g th  o f  th e  r o to r  
T h is can  b e  r e - w r i t te n  in  te rm s o f th e  t o t a l  av erag e  c ro s s - s e c tio n a l 
a re a  o f  th e  m a g n e t/a irg ap  re g io n , AT0T:
K  = (r 4 -  r a) (V II-8)
i s :




W here, from  F ig u re  V II-2 :
Aj-qT *  *Z<*2 + r 4> (V II-10)
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Thus, th e  re lu c ta n c e  o f  each  o f  Nt te e th  i s :
J .  N,
K  -  »  a  ( V E I - 7 b )
H s " T O T
Assuming a  sym m etric w ind ing , i f  each  p h ase  i s  wound to  p roduce Np 
p o le s  th e n  th e r e  a r e  Nt /Np te e th  p e r  c o i l  'p o l e ',  and each  c o i l  p o le  
h as Nt /N p p a r a l le l  b ran ch es o f  re lu c ta n c e  7?t . T h is i s  dem onstra ted  in  
F ig u re  V II-4 , f o r  th e  12 s lo t ,  4 p o le  m otor T h is m otor h as  3 te e th  p e r  
c o i l  p o le . T hus, th e re  a re  3 p a r a l le l  b ran ch es o f  re lu c ta n c e  fo r
each  p o le . The 12 s lo t ,  2 p o le  m otor h a s  6 te e th  p e r  c o i l  p o le .
Thus, th e  e f f e c t iv e  re lu c ta n c e  o f  each  c o i l  p o le , 7?c p , i s :
K  N t  N n  K  N „
X =  --------- —  = ----------------------------------- (V II-11)
P ^TOT ^ O T
Thus, th e  a irg a p  re lu c ta n c e  o f  each  c o i l  p o le  in c re a se s  l in e a r ly  w ith
th e  number o f  r o to r  p o le s  and i s  in d ep en d en t o f  th e  number o f  s ta to r  
te e th .
Nic p , th e  mmf a v a ila b le  fo r  each  c o i l  p o le  i s :
2 Njoj i
<N i ) c p  =  ~ N   ( v n - 1 2 )
p
W here: Nj.ot i  = th e  maximum a v a ila b le  mmf f o r  a  2 p o le  
w inding u s in g  a l l  th e  s l o t  a re a
One s e e s  t h a t  th e  mmf p e r  c o i l  i s  in v e rs e ly  p ro p o rtio n a l to  th e  number 
o f r o to r  p o le s  and i s  independen t o f  th e  number o f  s t a t o r  te e th .
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U sing th e  c o i l  mmf and th e  c o i l  re lu c ta n c e , th e  c o i l  f lu x  th ro u g h  a  
c o i l  p o le  can  b e  e x p re sse d  a s :
2 H ro, i  1 2 H , 0Ti n ,
# c o . ,  =  ^  =  - j £ ------------
Thus, th e  f lu x  p e r  c o i l  p o le  d e c re a se s  by  th e  sq u a re  o f  th e  num ber o f  
p o le s . The f lu x  d e n s ity  in  th e  a irg a p  re g io n  o v e r a  c o i l  p o le  i s :
^ c o i  I Np  2  ^ O T 1  ^ 0
B__,,  = —-------  = ..... . .------- fV Ii-1 4 )y £ 
p e" c o i l  ^  K  e
The f lu x  d e n s ity  i s  in v e rs e ly  p ro p o rtio n a l to  th e  number o f  r o to r  
p o le s  and i s  in d ep en d en t o f  th e  number o f  s ta to r  te e th .
The IxB m ethod can  b e  coup led  w ith  th e  e x p re ss io n  found in  C hap ter 
VI fo r  the f lu x  density i n  the a irg a p , t o  y ie ld  an  e x p re s s io n  f o r  th e  
to rq u e  c o n s ta n t. I t  h a s  been  shown th a t  to rq u e  i s  eq u a l t o  th e  
p ro d u c t o f  th e  av erag e  ra d iu s  o f  th e  m agnet, r maye, th e  e q u iv a le n t 
c u rre n t f o r  th e  m agnet, i ^ , th e  r a d ia l  component o f  f lu x  d e n s ity  due 
to  th e  c o i l ,  Bc r a d , and th e  a x ia l le n g th  o f  th e  m agnet, z .
T  =  r n , a v e  ±  Bc r a d  Z
S in ce  th e  m odel developed  f o r  th e  c o i l  f lu x  assum es th e  f lu x  i s
o n ly  in  th e  r a d ia l  d ir e c tio n , E q uation  V II-14 re p re s e n ts  th e  r a d ia l  
component o f  f lu x  d e n s ity . Thus:
B -, = B . (V II-16)c o i l  c  r a d  '  *
Assuming f u l l  a r c  w id th  m agnets, and Np p o le s , th e  t o t a l  to rq u e  i s
2Np tim es a s  much a s  shown in  E q uation  V II-1 5 . T h is  i s  due t o  th e
f a c t  th a t  th e r e  a re  Np in te r f a c e s  and 2 e q u iv a le n t m agnet c u r r e n t co n -
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t r i b i i t i o n s  p e r  magnet in t e r f a c e ,  (one frcm  th e  r i g h t  edge o f  th e  
m agnet t o  th e  l e f t  o f  th e  in te r f a c e  and th e  o th e r  from th e  l e f t  edge 
o f  th e  m agnet t o  th e  r i g h t  o f  th e  in t e r f a c e ) .
T = 2 N r  i  b  .,  z ( v i i —1 7 }p m a v e  Tn c o i l
From C h ap te r I I I ,  E quation  I I I - 3  , an  e x p re ss io n  f o r  th e  magnet c u r­
r e n t s  i s  g iv e n  by:
B J  r  m
\ ,  =  =  - j T “  ( m - 3 )
T h is  e g r e s s i o n  a l s o  assum es t h a t  th e  p e rm e a b il i ty  o f  th e  m agnet 
m a te r ia l  i s  app rox im ate ly  th e  same a s  a i r .  S u b s t i tu t in g  E quation  V II -  
14 and  E q u a tio n  I I I - 3  in to  E quation  V II-1 7 , and d iv id in g  by  th e  p hase  
c u r r e n t  i ,  y ie ld s  an  e x p re s s io n  f o r  th e  to rq u e  c o n s ta n t  a s :
oK* = 2 N B z ------ —— -----  r  (V II-18a):  p r  u  N  S, m a v e  '  'no p  e
From t h e  g eo m etrie s  shown i n  F ig u re  V II-2 :
(r2+r3)
r m a v e  =  2  ( V T I - l f l b )
L  = ( r , - r 2 ) (V II-lS c)
Hence:
SL_
\  = 4  z Br Nror rmave - f -  (V II-18d)
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This eq u a tio n  shows t h a t  t h e  to rq u e  c o n s ta n t f o r  th e  m otor i s  
independent o f  t h e  number o f  p o le s  o r  t e e th  s e le c te d .
The in d u c tan ce  o f  t h e  m otor i s  found from th e  c o i l  f lu x  l in k a g e . 
H ie t o t a l  f lu x  l in k a g e s  f o r  a  p hase  i s  eq u a l t o  th e  number o f  tu r n s  
f o r  th e  c o i l ,  (2NroT/Np ) , tim es  th e  c o i l  f lu x  f o r  a  c o i l  p o le , tim es  
th e  number o f  c o i l  p o le s ,  E quation  V II-19a . T h is  e q u a tio n  sim ply  
c a lc u la te s  th e  in d u c ta n c e  from th e  c o i l  f lu x  th ro u g h  th e  p h y s ic a l 
a irg a p  and does n o t  in c lu d e  th e  leak ag e  p a th s  d is c u s se d  in  C hap ter V I.
^ ^ tot
\ = - N —  «c. u  Kp <VII-19a)
P
S u b s ti tu t in g  E quation  V II-12  f o r  <PcoU  y ie ld s :
4 ^ p t * 1 K  ^ ro r 
t N J N  (V lx-jSb)
P  e  P
The in d u c tan ce  o f  a  p h ase  i s :
\  4 ^tot ^ tot „ ___ _  ,
L = —^  = ----------:-------------- (VII-19C)
No KP e
S im ila r  t o  th e  c o i l  f lu x ,  th e  in d u c tan ce  i s  independen t o f  th e  number 
o f  s t a t o r  t e e th  b u t  i s  in v e rs e ly  p ro p o r tio n a l t o  th e  number o f  r o to r  
p o le s .
Now, u s in g  E q u a tio n  V II-1 8 d  and V II-19c , a s  w e ll  a s  th e  f a c t  t h a t  
th e  r e s is ta n c e  i s  in d ep en d en t o f  Nt , Np , th e  e f f e c t s  o f  Np , Nt can  be
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-2 9 4 -
ta b u la te d ,  T able V II-1 .
T ab le  VTI-1
Summary o f  Np , Nt E f fe c ts  on M otor Perform ance P aram eters
Param eter









* HE 2 no e f f e c t
None o f  t h e  p a ram ete rs  shown in  t h i s  t a b l e  depend on th e  number o f  
s t a t o r  t e e t h .  One s e e s  t h a t  o n ly  th e  in d u c tan ce  and L/R tim e  c o n s ta n t 
a r e  dependen t on th e  number o f  p o le s .  These r e s u l t s  can  b e  used  to  
deduce th e  e f f e c t  o f  th e  p o le  coun t on th e  m otor to rq u e -sp e e d  cu rve. 
The n o -lo a d  speed f o r  th e  m otor i s  on ly  dependent upon th e  supply  
v o l ta g e  and  th e  back  emf c o n s ta n t;  th e re fo re ,  th e  n o -lo ad  speed  w i l l  
b e  in d ependen t o f  p o le  coun t. A lso , th e  s t a l l  to rq u e  w i l l  n o t  be 
dependen t on th e  p o le  coun t because th e  to rq u e  c o n s ta n t  i s  independent 
o f  th e  number o f  r o t o r  p o le s . However, th e  shape o f  th e  to rq u e  speed 
cu rv e  betw een th e s e  two p o in ts  does depend on th e  p o le  co u n t. T a f tc2] 
h a s  shown t h a t  th e  c o n ca v ity  o f  a  to rq u e -sp ee d  cu rv e  depends on a  
f a c t o r  h e  te rm s th e  commutation o r  'C ' f a c to r  o f  th e  m otor. C i s  
ap p ro x im ate ly  th e  I /R  tim e  c o n s ta n t d iv id e d  by  th e  tim e  between
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cam mutations a t  th e  no lo a d  speed . As C becomes g r e a te r  th a n  1 th e  
to rq u e  speed cu rv e  i s  more concave.
Vg N L
c =  j p -  o m r - 20 )
S in ce  Vs , and R a r e  im p e n d e n t o f  th e  number o f  p o le s , one s e e s  
t h a t  a s  L d e c re a se s  by 1/Np 2, C d e c re a se s  by  1/Np . Thus, t h e  m o to r i s  
e a s i e r  to  commutate. A p h y s ic a l e x p la n a tio n  i s  a s  fo llo w s: I n  o rd e r
f o r  th e  m otor s h a f t  t o  tu r n  a t  a  speed  0Q, th e  m otor m ust b e  
commutated a t  a  r a t e  w hich  i s  p ro p o r t io n a l  t o  Np , (e .g . an  Np p o le ,  3 
phase  m otor, ru n n in g  from  a  b i - p o l a r  d r iv e  i s  ccmmutated 3Np t im e s ,  
p e r  r e v o lu t io n ) . As t h e  p o le  co u n t in c re a s e s ,  th e  d u ra tio n  o f  t h e  
commutation in t e r v a l  s h o r te n s  p rq p o r tio n a ly ; a llo w in g  l e s s  tim e  f o r  
c u r r e n t  t o  b u i ld  i n  th e  w inding. However, th e  induc tance  d e c re a s e s  by 
1/N p2; r e s u l t in g  in  a  f a s t e r  c u r r e n t  r i s e  tim e  and a  g r e a te r  a v e ra g e  
c u r r e n t  i n  th e  w inding o v e r  th e  com m utation in t e r v a l .  T h e re fo re , th e  
m otor w ith  th e  h ig h e r  p o le  coun t p roduces more average  to rq u e  o v e r  th e  
midrange speed s.
The p e n a l ty  one p ay s f o r  t h i s  in c re a se d  to rq u e  i s  in c re a se d  
h e a tin g  due t o  i ro n  lo s s e s .  I ro n  lo s s e s  te n d  t o  in c re a s e  w ith  t h e  
squ are  o f  th e  com m utation frequency .
Given th e  p re v io u s  d is c u s s io n , one s e e s  t h a t  s e le c t io n  o f  t h e  
number o f  t e e t h  and p o le s  shou ld  b e  determ ined  by  c o n s id e ra tio n  o f  th e  
to rq u e-sp ee d  cu rv e  sh ap e , i r o n  lo s s e s ,  e a s e  o f  w inding, d e te n t  to rq u e  
p e r io d , and w inding d i s t r i b u t io n ,  a s  d is c u s se d  p re v io u s ly  i n  S e c t io n  
V II . 2b. I t  sh o u ld  b e  r e i t e r a t e d  t h a t  th e  e f f e c t s  shown in  T ab le  V II-1  
assume a  f ix e d  sp ace  f o r  s t a t o r  i r o n  and copper. I f  th e  o u ts id e  dim -
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e n s io n s  o f  t h e  m otor a r e  a llow ed  t o  change, th e n  t h e  f i l l  f a c to r ,  o r  
th e  t o t a l  amount o f  copper i n  t h e  m otor, w i l l  change and th e  r e s u l t s  
d e r iv e d  i n  t h i s  s e c t io n  do n o t n e c e s s a r i ly  ap p ly . *
VET. 2 c  DeweJLoanait o f  E q u a tio n s  Used i n  D esign Peoqpss
I n  t h i s  s e c t io n ,  g e n e ra l e x p re s s io n s  f o r  i n e r t i a ,  to rq u e  c o n s ta n t , 
r e s i s ta n c e ,  c o i l  and  magnet f lu x ,  s l o t  a re a  and o th e r s  a r e  developed. 
These e q u a tio n s  w i l l  b e  u sed  t o  fo rm u la te  a  method o f  m otor d es ig n . 
V H .2 c l  Torque Onrcstant
A s im p le  e x p re s s io n  f o r  th e  to rq u e  c o n s ta n t was d e r iv e d  in  Equa­
t i o n s  V II—15 th ro u g h  V II-1 8 . A s l i g h t l y  more co m p lica ted  eq u a tio n  can  
be  d e r iv e d  by  s t a r t i n g  a g a in  w ith  E quation  V II-1 7 , ( s u b s t i tu t in g  Equa­
t i o n  I I I - 3  d i r e c t l y  f o r  ) .
£
T = 2 B Z --------  B .,  N r  ft7TT-17tr  Upl^o c o i l  p  m a v e  ' ----- — *
I t  sh o u ld  b e  n o te d  t h a t  Bp , th e  rem anent f lu x  d e n s i ty  o f  th e  magnet i s  
te m p era tu re  d ependen t. Bp co u ld  b e  modeled a s :
Br = B ro ( 1 -  Crm AT) (VH-21)
Where: AT = i s  th e  change i n  m agnet te m p era tu re  o v e r am bient
C,.m s  i s  th e  r e v e r s ib le  te m p era tu re  c o e f f i c i e n t  
o f  th e  magnet m a te r ia l
Br0 s  rem anent f lu x  d e n s i ty  o f  magnet m a te r ia l  a t  
am bien t tem p era tu re
Care m ust b e  ta k e n  n o t  t o  exceed th e  te m p era tu re  ran g e  o f  th e  re v e rs ­
ib l e  te m p e ra tu re  c o e f f i c i e n t  o r  t h e  m a te r ia l  c o u ld  b e  perm anently  
dem agnetized . F o r Samarium C o b a lt, t h i s  i s  abou t 350°C; f o r  Neodymium 
Iro n  Boron, i t  can  b e  a s  lew  a s  125°C.
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An e x p ress io n  f o r  Bc o i l , i n  E quation  V H -17 can  b e  found by  c r e a t ­
in g  a  model f o r  a  d i f f e r e n t i a l  f lu x  tu b e  o v er a  to o th  fa c e , (F ig u re  
V I I -5 ) . The d i f f e r e n t i a l  c o i l  f lu x  th rough  th e  tu b e  i s  g iv en  by Equa­
t i o n  V II-2 2 . T h is  e q u a tio n  assum es a  symmetric w inding; th e r e f o r e  th e  
c o i l  mmf i s  d iv id e d  e q u a l ly  a c ro s s  th e  a irg a p s  and V0 , in  t h i s  f ig u r e ,  
i s  z e ro . Thus, a l l  p a th s  a r e  in  p a r a l l e l  and one can  w r i te  an  ex p re s ­
s io n  f o r  th e  d i f f e r e n t i a l  f lu x  d i r e c t ly .
_  N i _  N i dA nrr-
co i l &R & £ (V II-22)m g
M V  + ~
Frcsu F ig u re  V II-2 :
£g = (r4- r 3 ) (V II-22a)
K  = (r 5 "r 2 ) (VH-22b)
S in ce  th e  f lu x  d e n s i ty  i s  th e  d e r iv a t iv e  o f  f lu x  w ith  r e s p e c t  t o  a re a ,  
th e  f lu x  d e n s ity  i s  g iv e n  by:
B N icoil (V II-23)
S u b s t i tu t in g  E quation  V II-2 3 in to  E quation  V II-17 , and n o rm aliz in g  
w ith  re s p e c t  t o  p h ase  c u r r e n t  i ,  y ie ld s  an e x p re ss io n  f o r  th e  to rq u e  
c o n s ta n t a s :





\ , Rotor / 
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„  _  B r  2  N P  *m w r mave Z
^  p. n £ £ (V II-24)
H - m g
+
I f  th e  to rq u e  c o n s ta n t  e x p re s s io n  i s  rea rran g e d , one o b ta in s :
£ / £
* .  -  2  Br  r » . v .  Np »  z  - r - ! ----------  (V 1 1 - 2 5 )m
—
T his e g r e s s i o n  was d e r iv e d  under th e  assum ption o f  m agnetic  l i n e ­
a r i t y .  E quation  V II-2 5  shows t h a t  th e  to rq u e  c o n s ta n t  w i l l  in c re a s e  
l i n e a r ly  w ith  th e  number o f  r o to r  magnet p o le s , th e  number o f  c o i l  
tu rn s ,  th e  a x i a l  le n g th  o f  th e  m otor, th e  r e s id u a l  f lu x  d e n s i ty  o f  th e  
magnet m a te r ia l ,  and  th e  av erag e  ra d iu s  o f  th e  m agnet. I t  i s  a l s o  a  
n o n lin e a r  fu n c tio n  o f  th e  r a t i o  o f  magnet r a d i a l  le n g th  t o  p h y s ic a l  
a irg a p  le n g th . I f  i t  i s  assumed t h a t  th e  average  m agnet r a d iu s  
rem ains c o n s ta n t and  th e  r a t i o  o f  magnet t o  a irg a p  le n g th  i s  v a r ie d ,  
th e n  th e  e f f e c t  on  th e  to rq u e  c o n s ta n t can b e  e x p lo re d . F i r s t ,  Equa­
t i o n  V II-25  i s  n o rm alized  w ith  r e s p e c t  t o  r  „ „ ,  B„, N , N and z :c  m a v e '  r '  p  '
^  =  2 r m a v e B r N D N z  =  gJ K  + (VH-26)m a v e  r  p  m ' g  n *
For r a r e  e a r th  m agnets nr - l .  I f  »  1, th e n  =1. F ig u re  VTI-6
shows a  p l o t  o f  Kj. v e rs u s  th e  r a t i o  £m/£  . The s o l id  l i n e  r e p re s e n ts  
E quation  V II-2 6 . As &m/&g reac h es  a  v a lu e  o f  ap p ro x im ate ly  7 , th e  
norm alized  v a lu e  o f  K,. i s  0 .8 7 . A t &m/£ g =10, i s  0 .9 0 , an  in c re a s e  
t o  £m/£ g=20 y ie ld s  ^ = 0 .9 2 ,  o b v io u sly  th e re  i s  a  d im in ish in g  r e tu r n .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-300-
10 20 30 40 50
Lm/Lg
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S in ce  th e  p h y s ic a l  a i r  gap le n g th , £g , i s  u s u a l ly  f ix e d  by th e  
m echanical to le r a n c e s ,  in c re a s in g  th e  r a t i o  i m/ i g d i r e c t l y  in c re a s e s  
th e  magnet le n g th  and  hence magnet c o s ts .
F or com parison, f i n i t e  elem ent r e s u l t s  a r e  a l s o  shown i n  F ig u re  
V II-6 . The Xf s  show r e s u l t s  o b ta in ed  vising a  m a g n e tic a lly  l i n e a r  iro n  
w ith in  t h e  model. The magnet th ic k n e ss  was in c re a se d  from  a  sm all 
p e rce n tag e  o f  th e  a i rg a p  t o  a  p o in t  where i t  co m p le te ly  f i l l e d  th e  
a irg a p , . The maximum v a lu e  o f  Kj found was u se d  t o
norm alize  th e  to rq u e  c o n s ta n ts  found f o r  th e  l e s s e r  v a lu e s  o f  -0m/-0g • 
These r e s u l t s  a g re e  c lo s e ly  w ith  th e  r e s u l t s  p r e d ic te d  by  E quation  
V II-2  6 . The t r i a n g l e s  a r e  d a ta  ob ta ined  w ith  th e  f i n i t e  e lem en t model 
u s in g  a  s a tu r a b le  i r o n .  The maximum K,. found u s in g  th e  l i n e a r  iro n  
was used  t o  n o rm alized  th e  to rq u e  c o n s ta n ts  found f o r  th e  s a tu r a b le  
s t e e l .  T h is  was done t o  e l im in a te  s a tu r a t io n  e f f e c t s  i n  d e te rm in in g  
th e  no rm alized  to rq u e  c o n s ta n t .  One se e s  t h a t  f o r  t h i s  m otor 
s a tu r a t io n  p re v e n ts  th e  m otor from producing i t s  maximum p o s s ib le  
to rq u e  c o n s ta n t .
T h ere fo re , one s e e s  t h a t  f o r  a  g iven  d es ig n , i f  one s e l e c t s  a  magnet 
le n g th  t o  a irg a p  le n g th  r a t i o  g r e a te r  th a n  seven , th e  in c re a s e  in  
to rq u e  c o n s ta n t p ro b ab ly  does n o t j u s t i f y  th e  in c re a s e  i n  m agnet c o s t .  
However, th e  in c re a s e  i n  e f f e c t iv e  a irg a p  cou ld  have an  a f f e c t  on 
o th e r  p a ram e te rs , su ch  a s  d ec re asin g  th e  in d u c tan ce .
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VIX.2c2 R o to r  I n e r t i a
The s im p le s t  model f o r  r o to r  i n e r t i a  i s  t o  assum e t h a t  th e  r o to r  
i s  a  s o l id  c y l in d e r ,  no a i r  spaces in  t h e  i n t e r i o r  o f  th e  r o to r ,  and 
t h a t  th e  m agnet segm ents used  were f u l l  a r c  sp an , w ith  no a i r  gaps 
between a d ja c e n t m agnet segm ents. See F ig u re  V II -7 . The r o to r  
i n e r t i a ,  J p , i s  t h e  sum o f  th e  i n e r t i a  due t o  t h e  m agnet, th e  back 
iro n ,  and th e  nonm agnetic s t a in le s s  s t e e l  s h a f t .
J = J  + J U , + J  * (VII-27)r  m a g  b a c k  s h a f t  '  *
S ince  th e  shape o f  each  o f  th e se  s e c t io n s  i s  c y l in d r i c a l ,  th e  exp res­
s io n  d e s c r ib in g  t h e  i n e r t i a  o f  each , J k , i s  g iv e n  a s :
J k= | p ( ^ ( r ok‘ - r , / )  (VII-28)
Where:
r ok = o u te r  r a d iu s  o f  a n n u la r  s e c t io n  k  
Tj k s  in n e r  r a d iu s  o f  a n n u la r  s e c t io n  k  
pk s  d e n s i ty  o f  an n u la r s e c t io n  k
The d e n s i ty  o f  t h e  s t a i n l e s s  s t e e l  s h a f t ,  th e  r a r e  e a r th  magnet 
m a te r ia l ,  and t h e  s t e e l  r o to r  back i ro n  a r e  a l l  ap p ro x im ate ly  eq u a l. 
T h ere fo re  th e  i n e r t i a  o f  th e  r o to r  i s  g iv en  a s :
Jr = f p s .zr3‘ + (v n -29)
Where:
r 3 = o u te r  r a d iu s  o f  magnet, a s  shown in  F ig u re  V II-2
J se s  i n e r t i a  o f  th e  s h a f t  e x te n s io n  w hich ex ten d s  from th e  
end  o f  th e  r o to r  and o u t  th e  f r o n t  o f  th e  m otor.
ps = d e n s i ty  o f  s t e e l
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V H -? m  Tfia«aa •Rpg-igtanoe
An e g r e s s i o n  f o r  th e  r e s is ta n c e  o f  a  phase  o f  th e  m otor can  b e  
developed i n  th e  fo llo w in g  manner. The r e s is ta n c e  o f  a  le n g th  o f  w ire  
i s  g iv en  a s :
R =  N*t ppf (V II-30)
Where: N = Number o f  tu r n s  p e r  phase
i t = le n g th  o f  w ire  p e r  tu r n  
ppf = t h e  r e s i s t i v i t y  p e r  fo o t  o f  t h e  w ire  
T em perature e f f e c t s  can  b e  ta k en  in to  c o n s id e ra tio n  in  t h i s  equa­
t i o n  by making ppf te m p e ra tu re  dependent. A m a te r ia l  such  a s  co p p er 
h a s  a  r e s i s t i v i t y  t h a t  i s  a  reaso n ab ly  l i n e a r  fu n c tio n  o f  te m p e ra tu re . 
Hence, th e  r e s i s t i v t y  p e r  fo o t  cou ld  b e  modeled a s :
Ppf = Ppfo ( 1 + c rc AT) (vx-31)
Where: ppfo = t h e  r e s i s t i v i t y  p e r  fo o t  a t  25°C
Cj. s  t h e  te m p e ra tu re  c o e f f ic ie n t  o f  t h e  m a te r ia l  
(0 .0039 Q/°C f o r  copper)
AT = change in  tem p era tu re  o f  copper o v e r  am bient 
The model would b e  p a r t i c u l a r ly  u s e fu l  i f  th e rm a l m odels w ere in ­
c lu d ed  a s  p a r t  o f  t h e  d e s ig n . However, t h e  d e s ig n  p ro c e ss  d is c u s s e d  
i n  t h i s  w ork c a l c u la te s  r e s is ta n c e  a t  am bient te m p era tu re  o n ly .
I f  a  tu r n  i s  c o n s id e re d  t o  b e  th e  le n g th  o f  w ire  n e c e ssa ry  t o  w ind
a  s in g le  tu r n  f o r  a l l  w indings o f  a  phase , th e n  an  e x p re s s io n  f o r  th e
le n g th  p e r  tu r n  i s  g iv e n  in  E quation  V II-32 . F ig u re  V II-8  shows an  
exanp le  w ind ing  scheme f o r  a  s in g le  phase o f  a  4 p o le ,  3 p h ase , 24 
s l o t  m otor. One s e e s  from t h i s  f ig u re  t h a t  th e r e  a r e  4 c o i l s  t o  
co rrespond  t o  th e  4 p o le s .  A c o i l  has been d e f in e d  a s  th e  w ind ings 
o v e r a  p o le  fa c e . F o r  t h i s  m otor th e re  a r e  2 w indings p e r  c o i l .  A
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Figure V II-8  
Example W iring Diagram fo r  
1 Phase o f  a 4 P o le , 24 S lo t  Motor
s in g le  tu r n ,  a s  d e f in e d  above, i s  th e  le n g th  o f  w ire  n e c e ssa ry  t o  wind 
th e  e ig h t  lo o p s  shewn i n  t h i s  f ig u re .
(VII-32)
Where: Np = number o f  p o le s
NHps  number o f  w indings p e r  c o i l  
z = a x i a l  le n g th  o f  th e  m otor 
e  = w ire  a x ia l  overhang o v er s t a t o r  s ta c k  le n g th  
r save "  a v e n g e  ra d iu s  o f  s t a t o r  s l o t
The number o f  w ind ings p e r  c o i l  i s  g iv en  by  th e  e x p re s s io n :
Combining E q u a tio n s  V II-3 0 ,3 2  & 32 y ie ld s  an  e x p re s s io n  f o r  th e  
r e s is ta n c e  o f  a  p h ase  o f  th e  m otor a s :
V H .2C4 T ooth  W idth and Bade Iro n  'Hiirfcnpgspg
The s t a t o r  to o th  w id th  and s t a t o r  and r o t o r  b a c k  i r o n  th ic k n e s s  
can  b e  de term ined  from th e  c o i l  and magnet f lu x ,  and , a  l im i t in g  v a lu e  
o f  f lu x  d e n s i ty .  Once th e  c o i l  and magnet f lu x  i s  de te rm in ed , one can 
f in d  th e  c r o s s - s e c t io n a l  a re a s  o f  th e  s t a t o r  t e e t h ,  and  r o to r  and 
s t a t o r  back  i r o n ,  needed t o  c a r ry  t h a t  amount o f  f l u x  w ith o u t 
exceeding th e  p r e - s p e c i f ie d  le v e l  o f  f lu x  d e n s ity .
F i r s t ,  one f in d s  th e  maximum c o i l  f lu x  th ro u g h  one o f  th e  t e e th .
(VII-33)
(V II-34)
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th e  r e lu c ta n c e  o f  th e  a irg a p  re g io n  o v e r  each  to o th , 7?t t h , i s  g iv e n  in  
E quation  V II-3 5 .
The a re a  u sed  i n  t h i s  e x p re ss io n  i s  th e  c ro s s - s e c t io n a l  a re a  o v e r  one 
to o th  p i t c h ,  r a th e r  th a n  th e  c r o s s - s e c t io n a l  a re a  over th e  to o th  fa c e . 
I n  t h i s  manner, th e  f lu x  th ro u g h  th e  a i rg a p  o v e r th e  s l o t  f a c e  i s  
ta k e n  in to  acc o u n t. H ie p a th  le n g th  o f  th e  f lu x  th rough  s l o t  a irg a p  
i s  a c tu a l ly  lo n g e r  th a n  t h i s  model in d ic a te s ;  in  C hapter VI t h e  p a th  
ex tended  in t o  th e  s l o t  opening th ro u g h  a  s e m i-c ir c u la r  p a th  t o  th e  
edge o f  th e  to o th  t i p .  Ig n o rin g  th e  to o th  t i p  p a th  does n o t  
s ig n i f i c a n t ly  a f f e c t s  th e  r e s u l t s .
The maximum c o i l  f lu x  th ro u g h  a  to o th ,  , i s  th e n  g iv e n  by:
In  a  s im i la r  m anner, th e  maximum m agnet f lu x  th rough  a  to o th  i s :
(V II-35a)
Where:
Ag = 7T2(r4+r3 )/Nt 
A„ = * z (r3+ r2 )/N t (VII-35C)
(VII-35b)
r  n j  *' t  t  h
(VII-36b)
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A c o n s t r a in t  can  b e  in tro d u c e d  betw een th e  s t a t o r  to o th  w id th s  and 
back  i r o n  and th e  m agnet and c o i l  f lu x .  The c o n s t r a in t  w i l l  l i m i t  th e  
f lu x  d e n s ity  i n  th e s e  s e c t io n s  t o  p re v e n t s a tu r a t io n .  F i r s t ,  one 
needs t o  c a l c u la te  th e  maximum t o t a l  f lu x  th ro u g h  a  to o th  due t o  b o th  
c o i l  e n e rg iz a tio n  and m agnet. The maximum t o t a l  f lu x  th ro u g h  each  
to o th  i s  th e  sum o f  th e  maximum f lu x  due t o  tw o c o i l s ,  ( f o r  tw o-phase- 
on o p e ra t io n ) , and  th e  m agnet, d iv id e d  by th e  number o f  t e e t h  p e r  
p o le .  T h is  i s  a  w orse c a s e  c o n d itio n , o c c u rin g  when th e  r o t o r  and 
s t a t o r  f i e l d s  a r e  a l ig n e d .
^ m a x t t h  “  ^ c t t h  +  ^ m t t h  (V II-37a)
The n e c e ssa ry  w id th  o f  th e  to o th ,  wt , t o  su p p o rt a  p r e s p e c i f ie d
le v e l  o f  f lu x  d e n s i ty ,  Bmax, i s :
wt “  ^ a x t o t / C ^ a x )  < vn -37b )
T h is  e x p re ss io n  assum es a  l i n e a r  m agnetic s t e e l .  To e n su re  t h a t  th e  
s t e e l  rem ains i n  th e  l i n e a r  re g io n , th e  p r e s p e c i f ie d  le v e l  o f  f lu x  
d e n s ity  m ust b e  below  o r  n e a r  th e  knee o f  th e  s a tu r a t io n  cu rv e .
The n e c e ssa ry  w id th  o f  th e  s t a t o r  and r o t o r  back  i r o n  m ust a l s o  be  
determ ined . F ig u re  V II-9  shows a  co n to u r p l ; : t  o f  th e  f i e l d  s o lu t io n  
f o r  th e  m otor when th e  magnet and s t a t o r  f i e l d s  a r e  a l ig n e d . One se e s  
t h a t  b o th  th e  r o t o r  and  s t a t o r  back  iro n  th ic k n e s s e s  sh o u ld  b e  s e le c ­
te d  so  t h a t  each  w i l l  su p p o rt h a l f  th e  t o t a l  f lu x  th ro u g h  a  p o le .  
T h ere fo re , an  e x p re s s io n  f o r  th e  t o t a l  magnet f lu x  and c o i l  f lu x  
th ro u g h  one p o le  i s  needed .
The number o f  tu r n s ,  Nk , and th e  number o f  am p ere -tu m s, NkI max, 
d r iv in g  f lu x  a c ro s s  t h e  a irg a p  o v e r each to o th  fa c e  i s  known from  th e
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F ie ld  S o lu tio n  P lo t  fo r  
R otor and S ta to r  F ie ld s  A ligned
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number o f  tu r n s  f o r  each  w inding, N, and th e  number o f  w ind ings p e r  
c o i l ,  Nwp. NkI max co rresponds t o  th e  so u rc e , N|ci )c, u sed  in  each  
b ra n c h  o f  th e  c o i l  f lu x  c i r c u i t  model develop© ! and  shown i n  C hap ter 
VI a s  F ig u re  V I-11. S in c e  th e  c u r re n t i s  th e  same f o r  each  o f  th e  
so u rc e s , one can  sim p ly  sum th e  tu r n s  t o  f in d  th e  t o t a l  e f f e c t i v e  
tu r n s  f o r  each  b ranch .
Nwp Nt /Np- j + l
Nk =  I  I n  (V II-38)
j=1 k=j
H ie t o t a l  c o i l  f lu x  th ro u g h  a  p o le  i s :
N,/Np
= I  N* (V H-39a)
k = 1
H ie t o t a l  m agnet f lu x  th ro u g h  a  p o le  i s :
Nt
4 i = N " 4 n t t h  (VII-39b)
P
H ie maximum t o t a l  f lu x  th ro u g h  a  p o le  when two p h ases  a r e  e n e rg iz e d  
and b o th  th e  r o to r  and s t a t o r  f i e ld s  a r e  a lig n e d  i s :
^ a x t o t  = 2 0 C + t  (VII-39C)
T h e re fo re , t h e  maximum a llo w ab le  b ack iro n  th ic k n e s s ,  b t , i s :
b t = (20c+ 0 J /(2 B max) (V II-40)
H ie n e c e ssa ry  r o to r  and s t a t o r  back i ro n  th ic k n e s s e s ,  b t r , b ts  , a r e  
e q u a l.
b t r = : b t s = b t  (V H -40a,b)
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VET.2c5 C a lc u la tic a i o f  S lo t  A rea and S t a t o r  c&rmp t r y
Given th e  number o f  tu r n s ,  and a  u s e r  s e le c te d  w ire  s i z e  t o  t r y ,  
th e  s l o t  a re a  n e c e ssa ry  t o  aoccenmodate N tu r n s  o f  t h e  w ire  can  b e  
c a lc u la te d . In c o rp o ra te d  in  t h i s  c a lc u la t io n  i s  a  f i l l  f a c to r  w hich 
r e l a t e s  t h e  a c tu a l  co p p er a re a  o f  th e  t o t a l  amount o f  w ire  t h a t  can  be  
p la ced  i n  th e  s l o t  t o  th e  t o t a l  a v a i la b le  s l o t  a r e a .  The a v a i la b le  
s l o t  a re a  i s  e q u a l t o  th e  t o t a l  s l o t  a re a  m inus any s l o t  l i n e r s  and 
forms t o  h o ld  b u n d le s  i n  p la c e . T y p ica lly , t h i s  f i l l  f a c t o r  i s  40%- 
50%; s l i g h t l y  l a r g e r  v a lu e s  may b e  used  i f  th e  m otor i s  t o  b e  wound by 
hand.
The n e c e ssa ry  a v a i la b le  s l o t  a re a  i s  g iv en  a s :
A .n = 2 N A ^ / f f  (V II-41)
Where:
\ t = t o t a l  c o a te d  a re a  o f  a  s tr a n d  o f  th e  co p p er w ire  
f f=  a r e a  s l o t  f i l l  f a c to r  
The s l o t  m ust accommodate 2N tu r n s  o f  w ire . T h is  i s  becau se  th e r e  
must b e  2 b u n d le s  i n  each  s l o t ,  where each b und le  c o n ta in s  N tu r n s .
One b und le  i s  one s id e  o f  a  n o r th  p o le  c o i l  th e  o th e r  b und le  i s  one 
s id e  o f  a  so u th  p o le  c o i l .  T h is  can be seen  by  lo o k in g  back  a t  F ig u re  
V II-8 .
G iven th e  s l o t  a r e a  n ece ssa ry , th e  s l o t  o u te r  d ia m e te r  can  b e  
c a lc u la te d .  F i r s t ,  an  e x p re ss io n  f o r  th e  s l o t  a r e a  i s  w r i t t e n  in  
te rm s o f  th e  s l o t  d im ensions. F ig u re  V II-10 shows th e  geom etry o f  th e  
s l o t ,  a s  w e ll  a s  t h e  d e s c r ip t iv e  geometry.
i t r , 2 -  n r 2
 N  - M r 6 - r 5> (VI1" 42)
t
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Tiie s l o t  a re a  a v a i la b le ,  A^a , i s  eq u a l t o  th e  s l o t  a r e a  minus th e  a re a  
occupied  by  th e  s l o t  l i n e r .
P « *  1
h a  = h  ~ [ I ? ”  ~ + 2 ti ( r6 “  r 5> (VH-43)
Where: tg  = t h e  th ic k n e s s  o f  th e  s l o t  l i n e r
S u b s t i tu t in g  f o r  Ag , and s e t t i n g  Aga eq u a l t o  th e  n ece ssa ry  a v a i la b le  
s l o t  a re a ,  Agn , from E quation  V II-4 1 , y ie ld s  a  q u a d ra tic  ex p re ss io n
f o r  r 6 :
f Ntwt . ^ n Nt
L —  +2v - - t - J  + \ r ~ T ~  + ^ ~  +
wt r 5Nt 2 r5t^Nt „
— ----- + ------ «----------r 5 I = 0 (VII-44)■ ] - o
A ssign ing  sons te n p o ra rv  v a r ia b le s ,  r 6 i s  g iv en  a s :
s ~ t  + 2 -  c (VII-45)
Where:
b=-(Nt wt + 2Nt t^+ 2irtg)/ir
c=(-7tr52 + Nt wt r 5 + 2Nt t i r 5 + Nt t^wt -  Nt As n )/7r
r4 =  r3 + ^g
r 5= r 4+ t t
(VII-46)
(VII-47)
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Once th e  o u te r  s h a f t  r a d iu s  i s  known, i t  can  be  u sed  w ith  th e  b ack iron  
th ic k n e s s  t o  d e te rm in e  th e  s t a t o r  o u te r  d iam ete r.
r ? = 2 ( r6+ t jJ  (VII-48)
V T T C a l r a i l s r h i o n  o f  I ro n  lo s s e s
I ro n  lo s s e s  due t o  eddy c u r re n ts  and hyste rv  i s  a r e  dependent on 
th e  s t a t o r  la m in a tio n  m a te r ia l ,  th e  w eigh t o f  th e  s t a t o r ,  t h e  m otor 
speed , and s t a t o r  i r o n  f lu x  d e n s ity . O ften , a  m an u fac tu re r w i l l  
supp ly  a  s e t  o f  c u rv e s  showing lo s s  p e r  pound a s  a  fu n c tio n  o f  f lu x  
d e n s ity  and freq u en cy , such  a s  in  F ig u re  VTI-11. These c u rv e s  w i l l  
v a ry  w ith  m a te r ia l  ty p e  and th e  th ic k n e ss  o f  th e  la m in a tio n . The lo s s  
p e r  pound, Ls , c an  b e  modeled a s :
h  = K  (Bmax) k1 ^  O'11"49)
Bmax ^  maxi Inum f lu x  d e n s ity  in  th e  iro n  due t o  th e  m agnet and 
phase w ind ing , f  i s  th e  frequency o f  th e  a l te r n a t in g  f i e l d  and  i s  a
fu n c tio n  o f  th e  number o f  r o to r  p o le s  and th e  speed  o f  th e  m otor. The
unknown c o e f f i c i e n t s  kQ , k , , k^ , can  b e  found by  ap p ly in g  r e g re s s io n  
te ch n iq u es  t o  th e  d a ta  shown in  F ig u re  V C I-ll. For exam ple, ty p ic a l  
v a lu e  f o r  kQ ,1c, ,k^ f o r  M19 e l e c t r i c a l  g rade  s t e e l  w ere found t o  be:
ko =0.0012, kj =1.88, ]^=1.50 
A f te r  th e  geom etry o f  th e  s t a t o r  h as  been found, th e  i r o n  lo s s e s ,  IL, 
in  th e  s t a t o r  a r e  c a lc u la te d  by m u ltip ly in g  th e  lo s s  c o e f f i c i e n t ,  Ls , 
g iven  by  E quation  V II-4 9 , by th e  w eigh t o f  th e  s t a t o r  i r o n .
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(V I I -5 0 )
IL  = v o l p£ (VII-51)
T’Jhere: v o l  = t h e  volume occupied by  th e  s t a t o r  i r o n  
p£ = d e n s i ty  o f  th e  la m in a tio n  m a te r ia l  
0C = maximum con tinuous o p e ra t in g  speed  o f  th e  m otor
The volume o f  th e  s t a t o r  iro n  i s  g iv en  by:
v o l  = (r72- r 62 )rtz + Nt (r6 - r j w t (VII-52)
V II.2 d 7  OcaTstra i n t  on S lo t  W idth
O bviously , t h e  s l o t  opening in  any d e s ig n  m ust b e  la rg e  enough t o  
a llo w  w ire s  t o  b e  in s e r te d .  The maximum w id th  o f  th e  s l o t  opening  i s  
g iv e n  by:
O fte n , t o  overcame th e  com bination o f  a  narrow  s l o t  opening  and a  
r e l a t i v e l y  la rg e  d ia m e te r w ire , a  number o f  s t r a n d s ,  Np s , o f  a  sm a lle r  
d ia m e te r  w ire  a r e  wound to g e th e r  and co n n ec ted  i n  p a r a l l e l .  The 
number and  s i z e  o f  th e s e  sm a lle r  d ia m e te r  w ire s  i s  s e le c te d  so  t h a t  
th e  t o t a l  copper c ro s s - s e c t io n a l  a re a  o f  Nps s t r a n d s  o f  th e  s m a lle r  
d ia m e te r  w ire , i s  eq u a l t o  th e  c r o s s - s e c t io n a l  a r e a  o f  one tu r n  o f  th e  
l a r g e r  d ia m e te r  w ire . I n  t h i s  way, one o b ta in s  an  e q u iv a le n t w inding, 
i . e :  same r e s i s ta n c e  and induc tance , y e t ,  i t  i s  e a s i e r  t o  i n s e r t  in
Ws =  ~  “  Wt  - 2 t J2
2 r r 4
(V II-53)
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t h e  s l o t .  T here  i s  a  p r a c t i c a l  l i m i t ,  however, t o  t h e  number o f  
s tra n d s  t h a t  can  b e  wound in  p a r a l l e l .  Winding more th a n  e ig h t  
s tra n d s  i n  p a r a l l e l  can  b e  cumbersome and d i f f i c u l t .
The s l o t  open ing  shou ld  be  a t  l e a s t  tw ic e  th e  d ia m e te r  o f  th e  
w ire . T h is  v a lu e  co u ld  even b e  made la r g e r  t o  make w ind ing  in se rtio n - 
e a s ie r .  G iven th e  w ire  s i z e  and th e  r a t i o  betw een w ire  d ia m e te r  and 




Where: A^t = c o a te d  w ire  a re a
N_g = maximum number o f  p a r a l l e l  s t r a n d s
w td  = s p e c if ie d  minimum s l o t  w id th  t o  w ire  d ia m e te r  
r a t i o ,  (shou ld  b e  a t  l e a s t  2)
S lo t  w id th s  l e s s  th a n  t h i s  v a lu e  a r e  n o t w ide enough t o  a llo w  th e  w ire  
t o  b e  in s e r t e d .  F o r convience, a  s l o t  w id th  r a t i o  can  b e  d e f in e d  by 




I f  X i s  g r e a t e r  th a n  1, th e  w ire  w i l l  f i t  th rough  t h e  s l o t  because  th e  
r a t i o  o f  s l o t  w id th  t o  w ire  d iam ete r i s  equal t o  t h e  s p e c i f i e d  r a t i o ,  
w td, (g iven  th e  d e s ir e d  number o f  p a r a l l e l  s t r a n d s ) .
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VU.Srf* Calculation o f Tndorhanrs*
H ie in d u c tan ce  i s  c a lc u la te d  u s in g  th e  e x p re s s io n s  d e r iv e d  p r e ­
v io u s ly  i n  C hap ter V I. I n  C hapter VI i t  was shown t h a t  a c c u ra te  
p re d ic t io n  o f  in d u c ta n c e  by a  sim ple lumped p a ram e te r model i s  d i f ­
f i c u l t .  I t  was n e c e ss a ry  t o  in c lu d e  f lu x  le ak ag e  p a th s  betw een s l o t s  
i n  o rd e r  t o  p r e d i c t  t h e  induc tance  w ith  any accu racy . I t  was a l s o  
shown in  C h ap te r VI t h a t  th e  t o t a l  induc tance  i s  th e  sum o f  th e  
c o n tr ib u t io n  due t o  th e  c o i l  f lu x  c ro s s in g  th e  a irg ap /m ag n e t re g io n  
and th e  c o n t r ib u t io n  due  t o  th e  c r o s s - s lo t  le ak ag e  f lu x .  The 
e x p re ss io n s  de te rm in ed  f o r  th e  inductance a p p lie d  s p e c i f i c a l l y  t o  th e  
24 s l o t ,  4 p o le  p ro to ty p e  m otor. I n  t h i s  c h a p te r ,  a  more g e n e ra l 
e x p re ss io n  i s  d e s i r e d  w hich i s  a p p lic a b le  t o  any  m otor hav ing  
sym m etric w ind ings.
F i r s t ,  an  e x p re s s io n  f o r  th e  induc tance  due t o  th e  c o i l  f lu x  
c ro s s in g  th e  a i rg a p  w i l l  b e  w r it te n .  U sing th e  number o f  tu r n s ,  Nk , 
f o r  th e  mmf so u rce  a s s o c ia te d  w ith  each to o th ,  y ie ld s  an  e x p re s s io n  
f o r  th e  f lu x  th ro u g h  th e  a irg a p  over a  to o th ,  k ,  a s :
0c = — 5 ^ -  (VH-56a)
Ck « t t h
Where: 7?t t h  i s  th e  re lu c ta n c e  d e f in e d  p re v io u s ly  in
E quation  V II-35
Nk i s  th e  number o f  tu r n s  d e f in e d  p re v io u s ly  i n  
E quation  VII-38
The in d u c tan ce  c o n tr ib u t io n s ,  Lgap, due t o  th e  a i rg a p  f lu x  i s :
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N /N  „  .
p k ^ c k
I^ap = I  — T   (VH-56b)
l a x  
k= 1
S u b s t i tu t io n  o f  E quation  V II-56a y ie ld s :
V
^ . p  -  E  ( m s e c )
H ie in d u c tan ce  o f  th e  c r o s s - s lo t  le ak ag e  p a th  i s  determ ined  i n  a  
s im i la r  m anner. The c r o s s - s lo t  le ak ag e  r e lu c ta n c e  i s  shown in  
E quation  V II-5 6 d .
27r(r4+r6 )
w*
^  (r6 - r 4 ) *
In  t l i i s  e x p re s s io n , i t  h as  been assumed t h a t  th e  t e e th  a r e  s t r a i g h t  
s id e d  w ith  no to o th  t i p s .  A lte rn a t iv e ly  one co u ld  u se  r 5 in s te a d  o f  
r 6 in  t h i s  e q u a tio n  and th e n  a l s o  c a l c u la te  th e  a d d i t io n a l  r e lu c ta n c e  
from to o th  t i p  t o  to o th  t i p  and add th e  tw o re lu c ta n c e s  in  p a r a l l e l . 
The s im p le r  model was used  h e re  becau se  i t  d id  n o t s ig n i f i c a n t ly  
a f f e c t  t h e  r e s u l t s .  The t o t a l  f lu x  c ro s s in g  th e  to o th  t i p s  i s  much 
l e s s  th a n  t h a t  c ro s s in g  th e  s l o t .
The in d u c ta n c e , Lc s , due t o  th e  c r o s s - s l o t  le ak ag e  i s  now g iv e n  a s :
2N. 2 Nwp-1  2Nk
Lc s = —  + I  —  (Nk - N k+1) (V II-57a)
k = 1
The t o t a l  p h ase  in d u c tan ce , 1^ , f o r  Np c o i l s  connected  in  s e r i e s  i s  Np
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times the sum of the gap and cross-slot leakage inductances.
h  = n p ( I w  + I fcS) (VII-57b)
T h is  model i s  s im p l i s t i c  i n  t h a t  i t  i s  o n ly  a  l i n e a r  model in c lu d in g  
th e  a i rg a p  p a th  and  a  leak ag e  p a th . S a tu ra t io n  and  end  e f f e c t s  i n  th e  
a c tu a l  m otor can  s ig n i f i c a n t l y  a f f e c t  th e  in d u c ta n c e ; making th e  
accu racy  o f  any l i n e a r  model q u e s tio n a b le . I t  was shown i n  C hapter VI 
t h a t  end e f f e c t s  a r e  d i f f i c u l t  t o  account f o r  b eca u se  o f  th r e e  
d im ensional e f f e c t s .  S a tu ra t io n , a t  l e a s t ,  w i l l  a lw ays te n d  t o  
d e c re a se  th e  in d u c tan ce . I n  t h i s  r e s p e c t  th e  r e s u l t s  o b ta in e d  from 
t h i s  ty p e  o f  model w i l l  b e  a  w orse case  a n a ly s is .
v t t —2 r<> T.-ist o f  E q u a tio n s
F or co m ple teness, th e  e q u a tio n s  developed in  t h e  p re v io u s  s e c tio n s  
a r e  l i s t e d  belcw . Same a lg e b ra ic  m an ipu la tion  and  s u b s t i t u t i o n  has 
been perform ed . Twenty-one eq u a tio n s  a r e  l i s t e d  a s  E q u a tio n s  V II-58 
th ro u g h  V II-7 8 . The 51 v a r ia b le s  used  in  th e s e  E q u a tio n s  a r e  l i s t e d  
im m ediately  a f te rw a rd  in  T ab le  V II-2 .
Ehase to rq u e  c o n s ta n t :
(VII-58)
Where:
Br = Bro d  + Crn AT) (VII-59)
K otor i n e r t i a :
(VII-60)
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Phase resistance:
R  =  2 N
Pcu V
l3NpJK(z+e) + 7r(r5+r6 ) (VII-61)
Where:
Pcu “  Pcuo ( !  +  C rc  AT) (V II-62)
R e lu c tan ce  o f  a i rg a p  o v er a  to o th  p i tc h ;
=  d b t +  w  <V I>63)
A verage a r e a  o f  a i r  gap reg io n  o v e r a  to o th  p i t c h :
A. = rczfr, + r„)/N„ (V II-64)a ■ *♦ a * • t
A verage a r e a  o f  I-!agnet reg io n  o v er a  to o th  p i t c h :
2^ = 7TZ(r3 + r 2 )/Nt (V II-65)
Maximum c o i l  f lu x  th ro u g h  a  s in g le  to o th :
(VII-66)
N t  N  ^ a x  
* c t t h  3  Np 7?t t h
Magnet f lu x  th r o u ^ i  a  to o th ;
0 m t t h  Pr P0 * t t h
(VII-67)
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Maximum allowable tooth width:
( 2 * c 1 1  h + ^m 11 h )
Wt  -  (H ( / W  ) 2 ^ Bax t ™ ' 6 8 )
The number of turns for each xnmf source:
N t / 3 N p N t / N p - j + l
N k =  I  I n
j= 1  k = j
(VII-69)
The total coil flux through a pole:
N t / N p
h  - I Kk ^.x /
k = 1






The maximum allowable backiron thickness:
h  =  ( 2 0  + 0  ) / ( 2 B  )t  '  r c r m / / v  m a x ' (VII-72)
Stator slot outer radius:
-|+ vl - c
Where:
(Vli-73)
b = - ( N t w t  +  2 N t t ^ +  2 T T tg ) /T r
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c=(-?rr52 + N twtr5 + 2Nttirg + Ntt^wt
Necessary slot area:
\ n = 2 N W ff (V I I -7 4 )
Stator slot inner radius:








r7 = r6+bt (VII-79)
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Stator iron losses:
I k 2
^  = ko (Bma x)k 1 [ i§oC] {’rz (r72 -r62) + Ntwt (r6 -r4)} Pj (VH-81)
Cross-slot leakage reluctance:
27r(r4+r6 )
2  N t  -  w t
h  « (r6-r4)
Inductance due to gap flux:
N t / N p N a
Lgap = I I  (VII-83)
m a x
k= 1
Inductance due to cross-slot leakage flux:
9 N -1?N z wd 9N
+ I  (“k ■ Hk.i> CVH-87)
k.i
Phase inductance:
V N P ^ a p  + L c s >  (V I I “ 8 8 )
The proceeding summary has shown the design problem to be formulated 
by 28 equations with 58 unknowns. The unknowns are listed in Table 
VII-2. In order to solve the 28 equations listed, one needs to 
select, or specify, 30 of these variables. Of the 58 variables 
listed in Table VII-2, ps, pcuo, Crc can be treated as constants and
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Table VII-2 
List of Variables
Ag = cross-sectional area of airgap region
A^  s cross-sectional area of magnet region
Asn = necessary slot area
A^ = cross-sectional area of bare wire
A^ = cross-sectional area of coated wire
Bmax = maximum flux density allowed in stator back iron
Br = remanent flux density of magnet at AT above ambient
Bro = remanent flux density of magnet at 25 °C
bt = thickness of backiron
Crc = temperature coefficient for change in resistivity
Cj. m = reversible temperature coefficient of magnet material
e = overhang of wires
ff s slot area fill factor
Hi = stator iron losses
Imax = maximum phase current
J = rot^r irertiar
J „ h inertia of shaft extensions e
k0 = lamination iron loss coefficients 
k, = lamination iron loss coefficients 
s lamination iron loss coefficients 
Kj = Phase torque constant 
= magnet radial thickness 
= radial length of air gap 
Lcs = inductance due to cross slot leakage
L = inductance due to the coil flux across the gapg a p  3  c
1^  s inductance of a phase
N = number of turns for a coil
Nk = number of turns for mmf source k
Np = number of rotor pxoles
Nps s maximum number of parallel strands
N£ = number of teeth
R = phase resistance
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(Table VII-2, Continued)
r, s rotor backiron inner radius 
r2 h rotor magnet inner radius
r3 e rotor magnet outer radius
r4 e rotor airgap outer radius
r5 = stator slot inner radius
r6 = stator slot outer radius
r7 = stator outer radius
• AT = change in magnet temperature above ambient, assumed 
to also be change in coil temperature above ambient
• t£ = thickness of slot liner
• tt = tooth tip thickness
wt = thickness of stator teeth
• wtd s slot width to wire diameter ratio
Z H axial length of the rotor/stator
flux due to coil
III-e? coil flux through airgap over a single tooth
maximum coil flux through a single tooth
(b = rm flux due to magnet
11 h - magnet flux through a single tooth
•
h  = relative permeability of magnet material
k P s = density of steel - a constant
• Pi 3 density of lamination material
Pcu = resistivity of copper at AT above ambient
k Pcuo ~ resistivity of copper at ambient 25 °C
• K  ^ maximum continous operating speed of the motor
III</> reluctance of the cross slot leakage path
t^th “ reluctance of airgap over a tooth face
• X = slot width opening ratio
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are marked by a 'kx in the first column of the table. There is little 
variation in the density of steel from one type of iron to another.
The resistivity of copper is constant and relatively independent of 
wire size. (However, one might want to use aluminum wire instead, 
which has a different resistivity).
There are 22 variables in Table VII-2 that are marked with a ' •' 
in the first column. These can usually be specified in advance, 
either because of a limited number of choices, or because it is known 
in advance that the effects on the design are not significant. An ex­
planation of these choices follows.
Bpo, vr, C,.m are fixed once one selects a magnet material. Here 
there are a limited number of choices. For example, if a sintered 
rare earth magnet is desired, usually Bp is approximately 1 Tesla and 
-1-0.
AT is the maximum change in continuous temperature of the wire 
over ambient. This is a difficult number to determine without an in­
volved thermal model which includes heat transfer paths specific to 
the application. If one assumes that AT is zero, then one obtains the 
characteristics at ambient temperature; this would not account for the 
increased I2R losses and the decrease in magnet remanent flux density. 
Alternatively, one can assume the temperature of the winding is equal 
to the maximum temperature rating of the winding insulation. In this 
way, one can look at a worse case temperature condition. This 
analysis also assumes that the temperature of the magnet and the 
temperature of the winding are the same.
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Once one selects a lamination material, is specified. In addi­
tion, Bmax, the maximum flux density in the material before the onset 
of saturation, is specified. Selection of the lamination thickness 
fixes the loss coefficients kQ, k, and kg .
The airgap length, ig, is visually fixed by the tolerence that is 
to be held between the rotating and nonrotating member. The magnet 
radial length, &m, can be specified once ig is specified. Ihe 
analysis performed in Section VII-2cl showed that ratios of 7
were best for getting the most torque constant for the amount of 
magnet. Thus, a ratio of seven would typically be a good value to 
assume initially. Subsequently, this value might be changed slightly 
to refine the design.
The application will determine the geometry of the shaft exten­
sion. Therefore, Jse, will be fixed.
There are a limited number of teeth/pole combinations, Nt, Np, 
that result in symmetric windings like those being considered in this 
design. The consequences of selecting the number of teeth and poles 
on same of the fundamental parameters were discussed in Section VII- 
2b.
The wire overhang, e, is a parameter that is fixed by the winding 
process and is specified by experience. This value will typically 
range from 0.5 to 1.0 inch. TO same extent, however, this value 
depends on the size of the wire and the number of turns.
The thickness of the slot liner is fixed by the choice of slot 
liner material, this value is usually between 0.0075 and 0.015 inches.
Tooth tip thickness is another parameter specified from exper­
ience. The tooth tip serves the purpose of supporting wedges to hold
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windings in place and to allow the field to fringe in the airgap and 
distribute the flux. Typically, this thickness is about 0.050 inches.
The fill factor, ff, for slots usually runs- between 0.4 and 0.5. 
These are usually the maximum ratios of the copper area to slot area 
that can be inserted into the slots.
The slot opening width to wire diameter ratio, wtd, and maximum
number of parallel strands are fixed by practical considerations and
costs. The more difficult a motor is to wind, the more costly the
process. Thus, for most typical applications, a value of wtd of 4,
and a value of N of 4 are desirable. If these constraints are ps
satisfied then x will be equal to 1.
0C is the maximum continuous speed of the motor and is usually 
known in advance as part of the application requirements.
From the preceeding arguments one sees how 25 of the 58 variables 
listed in Table VII-2 can be pre-specified in initial designs. Com­
bining these with the 28 equations requires 5 additional variables to 
be specified. Then, all the variables listed in Table VII-2 can be 
determined. By displaying a graphical comparison for same of these 
parameters as a function of rotor diameter, a motor design can be 
selected which meets the application requirements. The graphical com­
parison is an important part of this design process because some addi­
tional constraints might be imposed that can be thought of as 'soft' 
constraints. These would constrain a parameter to be within an 
approximate range. For example, it might be desired to constrain 
iron loss to be below a specified value at maximum motor speed. If 
the problem is solved to exactly yield the limiting value of iron
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losses, designs might be overlooked which would yield slightly higher 
iron losses with less I2R loses.
The design pu'^ cess described in Section VII-2a assumes that ,
Jr i 3*ax, R are specified; therefore, only one additional variable 
needs to be fixed to specify a design. The design process described 
in the beginning of this section assumes the designer will select 
either the rotor length or the rotor diameter as that addition vari­
able. In this manner the designer can use graphical methods to 
develop a more global understanding of parameter variations as a 
function of rotor length and diameter.
The design process described is illustrated in the following. If 
the specified inertia of the motor rotor, Jr, is specified as Jg , and
one assumes a particular length and diameter shaft extension, Equation
VII-60 can be manipulated into:
zr34 = 2 (Jsp-JseJAPs (VH-79)
Relating the axial length, z, to the outer rotor radius, r3 , by a 
length to radius ratio, rj, the outer radius of the rotor necessary to 
satisfy the inertia specifications is given as:
r3 = [2(JspnJse)Aps]-2/r? (VII-80)
z=7jr, (VII-81)
Relating the length to radius by the ratio tj allows one to explore 
designs based on the ratio tj, which is usually within a range from 0.1 
to 20. (However, one can explore any range of interest). This allows 
the designer to explore immediately, a range of designs that are 
within a reasonable range of lengths to radius ratios.
For a particular value of t j ,  r3 given by Equation VII-80 can be 
used with Equation VII-58 to solve explicitly for the number of turns
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necessary to meet the torque constant and inertia specification.
3M 4 n + V
(r3-im/2) (27]r3BrNt.0m) (VII-82)
Since this expression will result in fractional values of turns, one 
needs to use the closest larger integer value. Once the number of 
turns is known, Equation VII-59 through VII-78 can be used to deter­
mine the remaining motor parameters. Graphical methods can be used to 
find a design which satisfy the resistance by a trial and error 
selection of different wire sizes.
VII.3 anriliration of the Dssicm Process 
VH.3a iteplieatlcg? of the Design Process to the Prototype Motor
The design method described above is illustrated by applying the 
process to design a motor with the same torque constant and inertia as 
the prototype motor discussed previously in this work. This was done 
as a verification of the design process. Therefore, the parameter 
specifications made are ones which will result, hopefully, in a match­
ing design. However, these parameters may not result in an optimum 
design with respect to weight or volume, for example.
The initial design parameters and constraints used are shewn in 
Table VII-3.
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Table VII-3






Number of rotor poles,







J = 7.738E-03 in-lb-s2 
Kj = 50 oz-in/Arnp 
Bp = 1.08 Tesla
1 = 0.011 inches9
2 = 0.121 inchesm
Np = 4 poles 
Nt = 24 teeth 
ff = 0.3 
tt = 0.025 in.
R = 5.4 ohms 
\ax =2.0 Amps
Bn ,a x  =  2 ’ °
Figure VII-12 shows a plot of combinations of rotor outer diameter 
and rotor length that will satisfy the inertia requirement for the 
prototype motor. These combinations correspond to a range of rotor 
length to radius ratio, tj ,  of 0.5<rj<25. Combinations that lie above 
this line will result in motor inertias greater than the specified 
value. Combinations lying below the line result in lesser inertias.
Figure VII-13 shews a plot of the number of turns necessary to 
satisfy the torque constant constraint, versus rotor diameter. It is 
important to remember that in this plot, and in similar ones to 
follow, although the parameter is plotted versus rotor diameter, 
length is not a constant. The length is changing with diameter in a 
manner to satisfy the inertia constraint. Figure VII-14 shows the 
number of turns necessary to satisfy the torque constant constraint 
plotted versus rotor length. Given the particular combination of
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Figure VI1-12 
Rotor Diameter and Length Combinations 
that Satisfy the Inertia Constraint
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Figure VII-13 
Number o f Turns Necessary to Satisfy  the Inertia  
and Torque Constant Requirements, versus Rotor Diameter
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F i g u r e  V I I - 1 4  
N u m b er o f  T u r n s  N e c e s s a r y  t o  S a t i s f y  t h e  I n e r t i a  
a n d  T o r q u e  C o n s t a n t  R e q u i r e m e n t s ,  v e r s u s  R o t o r  L e n g th
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rotor diameter and length, and the number of winding turns, the 
remaining motor geometry and performance parameter can be determined.
Both Figures VII-13 and VII-14 shew 'steps', this is due to the 
fact that the number of turns can only be an integer. When one solves 
for the number of turns necessary to meet a specified torque constant, 
the closest integer value is used. Therefore, any subsequent plots 
shown which depend on the number of turns will not be smooth.
To start the design process, one should first look at the diameter 
available in the center of the rotor to place the nonmagnetic stain­
less steel shaft. This parameter is determined by taking the. rotor 
outer diameter and subtracting the magnet thickness and calculated 
necessary rotor back iron thickness. The remainder is space available 
to accommodate a nonmagnetic shaft. Figure VII-15 shows such a plot. 
One sees from this figure that if a 0.625, (5/8), inch shaft is re­
quired, the rotor diameter must be larger than approximately 1.37 
inches in diameter. If a 0.625 inch diameter shaft is to be used, and 
the rotor diameter is smaller than 1.37 inches, the rotor back iron 
thickness will be less than was determined to be necessary to avoid 
saturation. This could affect the torque, constant of the motor.
Hence, this plot allows one to determine the minimum rotor diameter 
that satisfies this additional constraint. If the back iron thickness 
constraint is violated, the actual motor torque constant might be less 
than designed.
Whether or not the torque constant is significantly decreased 
depends upon the added saturated back iron reluctance to the airgap 
flux circuit. If the added reluctance of the saturated back iron is a 
very small percentage of the total circuit reluctance, then the coil
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Figure V I I - 1 5  
Available Diameter Remaining in Rotor 
Back Iron to Accomodate a Shaft
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flux will only change by a small percentage. Given the permanent 
magnet IxB method, we can deduce that the torque and torque constant 
will change by a corresponding percentage.
The reluctance of the back iron is a function of its length, area, 
and permeability (as shown previously in Equation VII-7a). If the 
back iron path has a low permeability due to saturation, but, the 
length of the saturated path is short, the saturated reluctance will 
be small. Hence, even though a portion of the path experiences same 
degree of saturation, the net effect on the torque constant could be 
negligible.
'She next step in this design process depends upon which performan­
ce parameter is more important to the user. Suppose the user is to 
use a current drive and has to meet a resistance specification to 
limit the 1? R heating losses of the motor. Suppose further, that the 
resistance is to be limited to 5.4 ohms, the resistance of the 
prototype motor. By selecting several different values of wire size,
the resistance of each combination of r and n for each wire size0 1
selected can be determined.
A plot of resistance versus diameter for wire sizes AWG 24,25,26 
is shown in Figure VII-16. If a line is place on this plot indicating 
the specified resistance limit of 5.4 ohms, one sees that in order to 
meet this specification with a wire size of AWG 25, the rotor diameter 
must be limited to approximately 1.68 inches or less. Wire size AWG 
24 would meet the resistance specification for diameters <1.86 inches 
and AWG 26 would meet it for diameters < 1.45 inches. Hie use of a 
large diameter wire, (smaller AWG number), would allow the use of a 
larger diameter rotor diameter. However, the larger the diameter of
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the wire, the greater the outer diameter of the motor.
Figure VII-17 shows a plot of motor outer diameter versus rotor 
diameter for the three different wire sizes. One sees that for a 
fixed rotor diameter, the larger the wire diameter, the larger the 
motor outer diameter. Hie information learned from the shaft and res­
istance plots can be transfered to the plot of motor outer diameter. 
Doe to back iron considerations the minimum rotor diameter allowable 
is 1.37 inches. A wire size of AWG 26 or less is necessary to meet 
the resistance specifications. If its desired to minimize motor outer 
diameter then on-j should select wire size AWG 25 and rotor diameter of 
1.45 inches. A ' •' marks the maximum diameter that can be used in 
each wire size and still meet the resistance specifications. An arrow 
marks the direction of decreasing phase resistance. One can deduce 
that use of a wire size higher than AWG 26 would not meet both the 
shaft and resistance requirements.
If minimization of resistance is more important then, again, one 
should select a rotor diameter of 1.45 inches and decide upon a 
maximum allowable motor outer diameter. Then one selects the largest 
diameter wire possible that results in a motor outer diameter within 
the predetermined limits. For example, if one selects a rotor 
diameter of 1.45 inches and AWG 24 instead of AWG 25, the resistance 
is reduced from 4.7 ohms to 3.0 ohms. Ihe penalty is an increase in 
motor outer diameter from 2.9 inches to 3.17 inches. This is a 9% 
increase in motor diameter for a 36% decrease in resistance and 
resistive losses.
Figure VII-18 shows a plot of motor weight versus rotor diameter. 
If similar trade-offs for weight are to be considered for the previous
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Figure VII-17 
Motor Stator Outer Diameter versus Rotor 
Diameter for Wire Sizes AWG 24, 25, and 26
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Figure VII-18 
Motor Weight versus Rotor Diameter 
for Wire Sizes AWG 24, 25, and 26
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exairple, one sees an 11% increase in weight for the 36% redaction in 
resistance. Overall, if weight represents a penalty, then one sees 
that the rotor diameter should be made as large as possible. A 
comparison of the three design points shows a 17% difference between a 
design using AWG 25 and AWG 26.
One should also examine the slot opening width ratio to determine 
the ease of winding. Figure VII-19 shows that for all designs, the 
slot opening is at least 6 times the wire diameter. Since the minimum 
acceptable ratio is usually in the range 2~2.5, slot opening width 
ratio is not a concern in these comparisons.
Figure VII-20 shows a plot of estimated iron losses at 1000 rpm 
versus rotor diameter; the no load speed for the motor operating from 
a 100 volt supply would be approximately 1500 rpm. Overall, iron 
losses decrease with increasing rotor diameter. While this might seem 
counter-intuitive, one has to remember that length is simultaneously 
changing to maintain a constant inertia. Since inertia is a function 
of the diameter to the fourth power, as rotor diameter increases 
slightly, length decreases dramatically. This reduces the volume and 
weight of the stator iron, and, thus, the iron losses.
A comparison of the three design points considered, show about a 
23% increase in iron losses with an AWG 26 design compared to the AWG 
24 design. The losses shown here are negligible compared to the stall 
I2R losses of 43.2 watts. It is possible, however, to use commutation 
phase advance to run the motor at speeds higher than the no load 
speed. The iron losses could then became significant.
Motor volume might also be considered. This is shown in Figure 
VII-21. The volume shown is simply calculated from the stator outer
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Figure VII-21 
Motor Volume versus Rotor Diameter 
for Wire Sizes AWG 24, 25, and 26
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diameter and length; it does not include winding end’ turns, wire 
overhang, end caps, external housing or sensors.
Obviously, the previous methods of comparison allows the designer 
to obtain both qualitative and quantitative assements of trade-offs 
between parameters. Comparisons for designs of the same inertia, 
torque constant, and resistance are tabulated in Table VII-4.
Table VII-4
Comparison of Designs Having the Same 
Inertia, Torque Constant and Resistance
Parameter AWG 24 AWG 25 AWG 26 Max/Min
Motor Outer diameter (in) 3.82 3.20 2.61 1.47
Motor Weight (lbs) 3.0 3.0 3.5 1.17
Slot Width Ratio 6.0 6.3 6,4 1-07
Iron losses at 
1,000 rpm (watts) 1.33 1.39 1.64 1.23
Motor Volume (in3) 10.54 11.26 14.07 1.33
Inductance (Henry o) 0.0096 0.0070 0,0045 2-13
Length (in) 0.92 1,40 2.65 2.88
Rotor Diameter (in) 1.85 1.66 1.42 1.30
Table VII-4 shots the parameters discussed and a ratio of maximum to 
minimum values for designs using the three wire sizes considered. One 
sees that by selecting the design using AWG 24, one obtains the design 
with the least volume and least weight. The penally paid lies in an 
inductance which is approximately twice that of the design using AWG 
26. If inductance is determined to be a critical factor, then com­
promises would have to be made. Inductance constraints can be deter­
mined in advance by torque-speed simulation.
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VU.3h Verification of tlie Design Equations Using the Prototype Motor 
To complete the verification of the design process against the 
prototype motor, a design is selected frcan these plots for wire size 
AW3 25 and the diameter of the prototype rotor, (1.665 indies). The 
resulting parameters predicted are then given as shown in Table VII-5. 
The actual parameters used in the prototype EAD motor are also shown 
for comparison in this table.
Table VII-5





diameter 1.665 in. 1.665 in.
length 1.400 in. 1.40 in.
rotor back iron thickness 0.320 in. 0.3325 in.
stator back iron thickness 0.320 in. 0.250 in.
number of turns 33 34
calculated 50.5 oz-in/A 50.0 oz-iryA
wiresize 25 25
rotor back iron ID 0.770 .in. 0.625 in.
tooth width 0.108 in. 0.095 in.
slot inner diameter 1.740 in. 1.73 in.
slot outer diameter 2.560 in. 2.625 in.
motor outer diameter 3.200 in. 3.127 in.
phase resistance 5.33 ohms 5.40 ohms
phase inductance 0.078 H 0.010 H (no
Stater iron weight 1.63 lbs 1.35
Selecting a design with the same rotor diameter as the prototype motor 
allows a comparison to be made between the calculated design and the 
actual design. Of course, since the same design criteria were not 
used to design the stator backiron and tooth widths of the prototype 
motor, one cannot expect perfect correlation.
Rotor diameter and length, torque constant and phase resistance 
have all been forced to match. A comparison of the remaining
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parameters yields the following:
1) The stator back iron thickness in the prototype is 23% less 
than the predicted. Thus, a higher degree of saturation will be 
present. This higher saturation means the torque constant might 
have been higher if the back iron was made thicker. The same is 
true for the stator teeth, which are 12% thinner than predicted. 
Both of these factors could contribute to the saturation effects 
observed in Chapter II, where the inductance increased by 22% 
with the magnets removed. It is doubtful that the torque 
constant would increase by 23% because a significant proportion 
of the inductance is due to leakage between teeth. However, one 
might expect to see a 5% to 10% increase in torque constant if 
these iron pieces were made thicker.
2) The number of turns predicted is 1 turn less, (3%), than used 
in the prototype motor. Thus, the same torque constant was 
obtained using one less turn in the motor winding.
3) The predicted motor outer diameter is 2% larger than the 
actual; however, this includes the thicker stator back iron 
discussed previously. A comparison of slot outer diameters 
reiterates this. The predicted slot outer diameter is less than 
the prototype.
4) A comparison of stator iron weights shows the design to be 24% 
heavier than the prototype. Again, the difference is due to the 
thicker back iron and teeth. This could result in 24% more iron 
losses, depending upon the relative flux density levels in the 
two stator irons. Losses are roughly a function of the square of 
the flux density.
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5) Hie inductance comparison was mads between the predicted and 
the prototype with no permanent magnets on the rotor. This is 
done in order to make a more fair comparison. We know that in 
the prototype motor, saturation effects significantly alter the 
inductance. The simple model used in the design does not account 
for this. The inductance predicted by this equation yields a 
lower value of inductance than the model developed earlier in 
Chapter 6. This is due to the fact that the inductance predicted 
is for the proposed design geometry, not for the actual motor 
geometry. Hence, the slot geometry is different, and, therefore, 
the cross-slot leakage inductance is also different.
Overall, one sees that the design process produces a motor design that 
meets the design specifications and is of comparable size and weight 
to the prototype motor. This proves that the models developed and 
used in the design process are reasonably accurate.
VH.3c An Tftmronle Design
In this section an example design is presented starting with the 
application requirements and ending with final selection of the design 
and torque-speed simulation. The design method used is slightly 
different than the one outlined. In this example, instead of 
calculating the maximum phase resistance from the allowable power 
losses, it is recognized that heating due to iron hysteresis and eddy 
current loss can be significant. Therefore, a design is selected 
based on the maximum total loss in the motor.
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Suppose, for this example, that a giver, application requires a 
motor which produces an average stall torque of 13.5 in-lbs and will 
deliver 7 in-lb at 6000 rpm. It is to be operated in a wye-node-open 
configuration12 3 using a current drive with a maximum continuous 
current rating of 5 amps. The supply voltage is 220 volts DC obtained 
from rectified 240 AC. The maximum acceleration capability required 
is IS, 666 rsd/csc2, which yields an maximum allowable inertia of 
0.000778 in-lb-sec2. Furthermore, it has been estimated that 50 watts 
can be dissipated through the mounting without the motor windings ex­
ceeding the rated temperature.
This power dissipation estimate is critical to the process of 
selecting a design; however, future work on this design process should 
include thermal models from motor winding to motor case and motor case 
to ambient. Then, given the effective thermal resistance of the heat 
sink, (or apparatus/fixture), the motor is mounted to, the models can 
be used to determine winding temperature for various wire sizes as a 
function of rotor diameter and length. Designs can then be directly 
selected so that the winding temperatures do not exceed the limits of 
the wire insulation. Because this model does not include thermal 
models, the loss analysis presented here for illustration simply used 
the cold resistance values. However, a worse case winding temperature 
could have been assumed and used to increase the resistance by a fixed 
percentage, (see Equation VII-62).
The torque constant can be calculated from the stall torque and 
maximum phase current, as shown previously in Equation VII-4. This 
equation yields the two-phase-on torque constant. The one-phase-on 
torque constant will be 1//3 times less. The back emf constant can be
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i n f  e r r e d  from th e  to rq u e  c o n s ta n t .  T h is le a v e s  th e  fo llo w in g  d e s ig n  
s p e c i f i c a t io n s .
Vs = 220 v o l t s
^ ax = 5 Amps
Kj = 1.572 in -lb /am p
Kjj = 0 .1 7 7  V /ra d /se c
J max = 0.000778 in - lb - s e c 2
Max Power lo s s e s  = 50 w a tts
Same p re lim in a ry  d e s ig n s  w ere in v e s t ig a te d  assum ing: a  4 p o le ,  24 
s l o t  m otor, a  magnet le n g th  t o  a irg a p  le n g th  r a t i o  o f  7 , a  p h y s ic a l  
a irg a p  le n g th  o f  0 .020  in c h e s , M19 s t a t o r  iro n ,  and a  r a r e  e a r th  
m agnet, a  maximum a llo w a b le  f lu x  d e n s ity  in  th e  i r o n  o f  2 .0  T e s la  and 
a  w inding f i l l  f a c to r  o f  0 .4 .  She t o t a l  lo s s e s  a r e  in v e s t ig a te d  
f i r s t ,  F ig u re  V II-22a . T o ta l lo s s e s  c o n s is t  o f  I ZR lo s s e s  and i r o n  
lo s s e s  a t  a  r o to r  sp eed  t o  b e  6000 rpm, (F igu res  V II-2 2 b ,c  
r e s p e c t iv e ly ) . She I 2R lo s s e s  a r e  c a lc u la te d  assum ing th e  average  
w inding c u r r e n t  rem ains a t  5 amps, even a t  6000 rpm. S h is  i s  a  'w orse  
c a s e 7 s c e n a r io .  The c u rv e s  shown a re  f o r  w ire  s i z e s  AWG 
1 0 ,1 2 ,1 4 ,1 6 ,1 8  20. S hese  w ire  s iz e s  w ere s e le c te d  a f t e r  a  same 
p re lim in a ry  t r i a l s  showed th e s e  s iz e s  t o  r e s u l t  in  a c c e p ta b le  lo s s e s  
o v e r a  l im i te d  ran g e  o f  r o to r  d ia m e te rs . Wire s iz e s  l e s s  th a n  10 and 
h ig h e r  th a n  20 would have  r e s u l t e d  in  even g r e a te r  lo s s e s .  However, 
a d d i t io n a l  s iz e s  betw een 10 and  20, in c lu d in g  h a l f  s i z e s ,  c o u ld  a l s o  
r e s u l t  in  a c c e p ta b le  l o s s  l i m i t s  and cou ld  b e  ex p lo re d . A lthough none 
o f  th e s e  d e s ig n s  show lo s s e s  l e s s  th a n  50 w a tts ,  r e s i s t i v e  lo s s e s  a r e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.









1 . 8 2 . 22 . 01 . 2 1 . 60 . 8 1 .41. 0
R o t o r  D i a m e t e r  ( i n )
F i g u r e  V I I - 2 2 a  
T o t a l  R e s i s t i v e  a n d  I r o n  L o s s e s  v e r s u s  R o to r  
D i a m e t e r  f o r  W ir e  S i z e s  AWG 1 0 , 1 2 , 1 4 , 1 6 , 1 8  a n d  20
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.





0 . 8 2 . 21 . 2 1 .4 1.6 1 . 8i . u
R o t o r  D i a m e t e r  ( i n )
F i g u r e  V I I - 2 2 b  
R e s i s t i v e  L o s s e s  v e r s u s  R o t o r  D i a m e te r  
f o r  W i r e  S i z e s  AWG 1 0 , 1 2 , 1 4 , 1 6 , 1 8  a n d  2 0



















i nR o t o r  D i a m e t e r
F i g u r e  V I I - 2 2 c  
I r o n  L o s s e s  v e r s u s  R o t o r  D i a m e te r  
f o r  Wire S i z e s  AWG 1 0 , 1 2 , 1 4 , 1 6 , 1 8  a n d  20
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
- 3 5 6 -
in c lu d ed  w hich assume th e  w indings c a r r y  5 airps a t  6000 rpm. I f  th e  
d r iv e  i s  no lo n g e r  c u r re n t  re g u la tin g ,  th e  average c u r r e n t  c o u ld  b e  
l e s s .  T h e re fo re , i t  i s  p o s s ib le  t h a t  th e r e  i s  scare m argin  i n  th e s e  
lo s s  e s t im a te s .  Hence, a  more a c c u ra te  e s tim a te  o f  th e  lo s s e s ,  
in c lu d in g  d r iv e  l im i ta t io n s ,  made l a t e r  by  to rq u e -sp ee d  a n a ly s is ,  
shows t h i s  i n i t i a l  e s tim a te  t o  be  re a so n a b ly  good.
G iven t h a t  th e  minimum t o t a l  lo s s e s  a r e  50 w a tts  and above f o r  th e  
fo u r  p o le  m otor s e le c te d ,  th e  maximum a llo w ab le  number o f  r o t o r  p o le s  
i s  p ro b ab ly  fo u r . I f  a  s i x  p o le  m otor had  been s e le c te d  th e  lo s s e s  
would have more th a n  doubled because th e  commutation frequency  would 
have in c re a s e  by a  f a c to r  o f  1 .5 . L osses in c re a se  w ith  th e  sq u a re  o f  
th e  frequency . A two p o le  m otor co u ld  have been used  and  th e  i r o n  
lo s s e s  w ould have d ecreased . However, i n i t i a l  a n a ly s is  showed t h a t  a  
two p o le  m otor u s in g  r a d ia l ly  o r ie n te d  f u l l  a r c  w id th  m agnets would 
have r e s u l t e d  i n  in s u f f ic i e n t  back  i r o n  th ic k n e s s  t o  m eet th e  f lu x  
d e n s ity  l i m i t :  t h e  model p re d ic te d  a  n e g a tiv e  a v a i la b le  s h a f t  
d ia m ete r. T h e re fo re , s a tu r a t io n  i s  l i k e l y  t o  b e  p re s e n t  w hich cou ld  
cause  s ig n i f i c a n t  e r r o r s  between th e  model p re d ic te d  p a ram ete rs  and 
th e  a c tu a l  m otor p aram eters .
From th e  lo s s  a n a ly s is  o f  F ig u re  V II-2 2 a , one se e s  t h a t  lo s s e s  can  
b e  m inim ized u s in g  w ire  s iz e s  AWG 12 t o  18, in  th e  ran g e  o f  r o to r  
d ia m e te rs , Dp , 1.5<Dr < 2 .0 . I f  AWG 12 i s  u sed , th e  ran g e  sh o u ld  
p ro b ab ly  b e  narrow ed t o  1.8<Dr < 2 .0 . I f  AWG 18 i s  u sed , th e  ran g e  
shou ld  p ro b ab ly  b e  narrowed t o  1.5<Dp< 1 .8 . C le a r ly , b e fo re  a  f i n a l  
d es ig n  can  b e  s e le c te d ,  f u r th e r  in v e s t ig a t io n  o f  t r a d e - o f f s  f o r  w ire  
s iz e s  and  r o to r  d iam ete rs  in  th e  ran g es  o u tl in e d  i s  n e c e ssa ry .
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F ig u re  V II-23  shows th e  phase r e s is ta n c e  v e r s u s  r o t o r  d ia m ete r f o r  
th e  s ix  w ire  s i z e s  c o n s id e re d . I n  t h i s  f ig u r e ,  and  subsequen t p lo t s  
t o  fo llo w , th e  e n d p o in ts  o f  th e  a c c e p ta b le  ran g e , (d iscu ssed  ab ove), 
f o r  each  w ire  s i z e  i s  marked w ith  a  ' * ' .  One s e e s  t h a t  th e  phase  
r e s is ta n c e  ran g es  from  rough ly  0 .2  t o  0 .7  chans. T h is  in fo rm atio n  
y ie ld s  a  'b a l l  p a r k ' v a lu e  f o r  th e  r e s is ta n c e  t h a t  can  b e  used  in  a  
to rq u e -sp e e d  a n a ly s i s .
Assuming a  p h a se  r e s is ta n c e  o f  0 .45  ohms, a  to rq u e -sp e e d  cu rv e  was 
s im u la ted  f o r  th e  p o t e n t i a l  d es ig n . The ph ase  in d u c tan ce  was v a r ie d ,  
assum ing a  c u r r e n t  d r iv e  w ith  no phase advance, u n t i l  a  maximum v a lu e  
was found t h a t  w ould a llo w  th e  m otor t o  re a c h  i t s  dynamic 
s p e c i f ic a t io n  o f  7 in - l b s  o f  to rq u e  a t  6000 rpm. The r e s u l t in g  
to rq u e -sp e e d  cu rv e  i s  shown in  F ig u re  V II-2 4 . The s o l i d  l i n e  
r e p re s e n ts  th e  to rq u e -s p e e d  b eh av io r. The s h o r t  d a sh , medium dash , 
and long  dash  l i n e s  r e p re s e n t  th e  average  c u r r e n t  o v e r  a  carrnm tation 
in te r v a l  f o r  p h a se s  1 , 2 and 3 r e s p e c t iv e ly .  The maximum a llo w ab le  
induc tance  was found t o  b e  8 .5  m illi-H e n ry s . As lo n g  a s  th e  d e s ig n  
y ie ld s  a  w inding in d u c ta n c e  l e s s  th a n  8 .5  mHenrys, th e  dynamic 
s p e c i f ic a t io n  w i l l  b e  m et. (There w i l l  b e  same v a r i a t i o n  in  th e  
maximum in d u c tan ce  due t o  v a r ia t io n s  i n  r e s i s ta n c e  w ith  in d iv id u a l 
d e s ig n s ) .
F ig u re  V II-25  shows in d u c tan ce  v s  r o t o r  d ia m e te r . One s e e s  t h a t  
o v er th e  ran g e  o f  d e s ig n s  under c o n s id e ra tio n  th e  in d u c tan ce  i s  w e ll 
w ith in  th e  8 .5  m illi-H e n ry  l im i t  found by to rq u e -sp e e d  s im u la tio n . In  
a d d i tio n , a  re a s o n a b le  m argin  i s  p re s e n t  t o  a llo w  f o r  a  s l i g h t l y  
la r g e r  in d u c tan ce  due t o  end e f f e c t s  i n  t h e  a c tu a l  d e v ic e .
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F ig u re  VI1-24 
Torque-Speed C h a r a c te r i s t ic  f o r  Example D esign 
Assuming a  Phase Inductance  o f  0.0085 Henrys 
Curve ( 1 ) -  Average Torque Over a  Commutation 
Curve ( 2 ) -  A verage C u rre n t in  Phase 1 Over a  Commutation
Curve ( 3 ) -  A verage C u rre n t in  Phase 2 Over a  Commutation
Curve ( 4 ) -  A verage C u rre n t in  Phase 3 Over a  Commutation
0 .0 0 0 0 0 0
0 .0 0 0 0
5 0 0 . 0 0 0 0
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F igu re  VI1-25 
P r e d ic te d  Inductance v e rsu s  Rotor 
D iam eter fo r  Example Design
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F ig u re  V II-26 , shows s h a f t  d ia m e te r  v e rs u s  r o to r  d ia m e te r. One 
s e e s  t h a t  i f  a  0 .5  in c h  d ia m e te r  s h a f t  i s  re q u ire d  th e  r o to r  d ia m e te r  
sh o u ld  be  g r e a te r  th a n  1 .5 5  in c h e s .
S lo t  w id th  r a t i o  i s  shown i n  F ig u re  V II-2 7 . The s l o t  w id th  r a t i o  
o v e r t h e  d iam ete r ran g e  o f  i n t e r e s t  v a r ie s  from 1 .5  t o  2 .9 . I f  a  
r a t i o  o f  2 i s  used  a s  a  c u to f f  p o in t ,  o f  th e  d e s ig n s  under 
c o n s id e ra t io n  on ly  a  d e s ig n  u s in g  AWG 18 would b e  a c c e p ta b le . The 
w ind ing  i s  s t i l l  d i f f i c u l t  t o  i n s e r t  a t  t h i s  r a t i o .  R a tio s  o f  4 a r e  
more common, making th e  w ire  e a s i e r  t o  i n s e r t  and le s s e n in g  th e  
l ik e l ih o o d  o f  damage t o  t h e  w ire  in s u la t io n  d u r in g  in s e r t io n .  A s l o t  
w id th  r a t i o  c o n s tr a in t  o f  4 would seem t o  ex clu d e  any o f  th e  d e s ig n s ; 
how ever, w indings c o n s is t in g  o f  p a r a l l e l  s t r a n d s  o f  w ire  can  b e  used  
t o  in c re a s e  th e  s l o t  w id th  r a t i o  and  y e t  have th e  same w inding r e s ­
is ta n c e ,  to rq u e  c o n s ta n t ,  and in d u c ta n c e . T h e re fo re , d e s ig n s  w ith  an  
e f f e c t iv e  w ire  s iz e  o f  AWG 12-16 can  s t i l l  b e  o o n s id e re rd . The w orse 
c a se  would b e  a  d es ig n  u s in g  AWG 12 which h as  a  s l o t  w id th  r a t i o  o f  
ab o u t 1 .5  o v e r th e  ran g e  o f  d ia m e te rs  o f  i n t e r e s t .  I f  one d e c id e s  th e  
r a t i o  i s  t o  b e  in c re a se d  t o  4 .0  by w inding p a r a l l e l  s t r a n d s ,  i t  would 
r e q u ir e  a  w ire  d iam ete r t h a t  i s  0 .375 tim es  th e  d ia m e te r  o f  th e  
o r ig in a l  w ire . T h is would co rresp o n d  t o  a  w ire  which was 0 .14 tim e s  
th e  a r e a  o f  th e  o r ig in a l  w ire . I n  o rd e r  t o  keep th e  r e s is ta n c e  o f  
th e  s e t  o f  p a r a l l e l  s t r a n d s ,  t h e  same a s  th e  r e s i s ta n c e  o f  th e  s in g le  
o r ig in a l  w ire , th e  t o t a l  c r o s s - s e c t io n a l  a re a s  o f  -the two m ust b e  th e  
same. Thus, 7 .11  p a r a l l e l  s t r a n d s  would b e  re q u ire d . In  o rd e r  t o  u se  
an  in te g e r  number o f  id e n t i c a l  s t r a n d s ,  7 p a r a l l e l  s tr a n d s  co u ld  b e  
u sed  w ith  l e s s  th a n  a  2% change in  th e  o r ig in a l  w ire  a re a ,  and th u s  
l e s s  th a n  a  2% change i n  th e  r e s i s t a n c e  o f  th e  phase .














Ro'tar D i a m e t e r  (in)
F ig u re  VXI-26 
In n e r  D iam eter o f  R o to r 
Back I ro n  A v a ila b le  f o r  S h a f t


















R o t o r  D i a m e t e r  ( i n )
F igu re  VI1-27 
R a tio  o f  S lo t  Opening Width to  W ire D iam eter 
f o r  W ire S iz e s  AWG 1 0 ,1 2 ,1 4 ,1 6 /1 8  and 20
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I t  sh o u ld  b e  n o te d  t h a t  th e r e  i s  a  l i m i t  on  t h e  number o f  p a r a l l e l  
s tra n d s  t h a t  c a n  b e  u sed , t r y in g  t o  wind more th a n  8 p a r a l l e l  s t r a n d s  
becomes d i f f i c u l t  from  a  m anufacturing  s ta n d p o in t .
An a l t e r n a t i v e  t o  th e  p a r a l l e l  s t r a n d  method would b e  t o  change 
th e  m otor d e s ig n  t o  b e  a  4 p o le , 12 s l o t  m otor. The a n a ly s i s  
perform ed a t  t h e  b eg in n in g  o f  t h i s  c h a p te r  showed th e  number o f  s t a t o r  
t e e th  t o  have no e f f e c t  on th e  phase r e s is ta n c e ,  in d u c tan ce  o r  to rq u e  
c o n s ta n t . By u s in g  12 s l o t s ,  th e  s l o t  w id th  r a t i o  would d o u b le , 
h a lv in g  th e  n e c e s sa ry  number o f  p a r a l l e l  s t r a n d s  f o r  a l l  o f  th e s e  
c a se s .
M otor volum e and w eig h t a r e  shown i n  F ig u re s  V II-28  and V II-29  
re s p e c t iv e ly .  M otor volume i s  minimized by  u s in g  a  h ig h  w ire  s i z e  and 
a  la rg e  d ia m e te r  m oto r. M otor w eight i s  m inim ized by  u s in g  a  h ig h  
w ire  s i z e ;  d e s ig n  m in im iza tio n  w ith in  each  w ire  s i z e  depends on th e  
w ire  s iz e .
Given th e  p re v io u s  a n a ly s is  and d is c u s s io n , T ab le  V II-6  l i s t s  same 
s p e c i f ic  r e s i s t a n c e ,  in d u c tan ce , lo s s ,  w e ig h t and  volume d a ta  f o r  
e ig h t  d i f f e r e n t  com binations o f  w ire  s i z e  and r o t o r  d ia m e te r . These 
d es ig n s  w ere s e le c te d  a s  r e p re s e n ta tiv e  o f  p o t e n t i a l  d e s ig n s  w hich 
r e s u l t  i n  t o t a l  lo s s e s  o f  50 w a tts (± ) . A lthough a l l  o f  th e  d e s ig n s  
l i s t e d  i n  t h i s  t a b l e  w ere w ith in  th e  lo s s  l i m i t s ,  t h e  w e ig h ts  v a r ie d  
by 40%, (minimum t o  maximum), and th e  volumes v a r ie d  by 33%. G iven 
lo s s ,  w e ig h t and  volum e c o n s id e ra tio n s , one s e e s  from  t h i s  t a b l e  t h a t  
a  d es ig n  u s in g  AW3 17 w ith  a  r o to r  d iam ete r o f  1 .6 5  in c h e s , i s  
p robab ly  th e  b e s t  c h o ic e .
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Figure VI1-28 
Motor Volume versus Rotor Diameter for  
Wire S izes AWG 10,12,14,16,18 and 20
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T ab ie  v H -6  
Li s t  o f  R e p re se n ta tiv e  P o te n t ia l  D esigns
AWG Dr R L T o ta l T o ta l Volume
( in .) (Ohms) (iriHenrys) Loss (W atts) Wt. ( lb s ) ( i n 3)
14 1 .6 0.23 3 .2 51.3 7 .4 2 6 .6
14 1 .7 0 .26 3 .8 50.3 7 .6 2 4 .7
14 1 .8 0 .30 4 .4 49.6 7 .8 2 2 .7
14 2 .0 0 .40 5 .5 50.6 8 .7 1 9 .6
16 1 .6 0 .35 3 .0 50.2 5 .6 2 0 .5
16 1 .7 0 .40 3 .6 50.4 5 .5 18 .9
16 1 .8 0 .45 4 .1 50.9 5 .6 1 7 .4
17 1.55 0.38 2 .4 49 .6 4 .8 1 8 .6
17 1.65 0.44 3 .0 50.5 4 .8 17 .2
18 1 .50 0.46 2 .1 52.3 4 .5 1 7 .8
A d e s ig n  s e le c t io n  u s in g  AWS 17 and a  r o to r  d ia m e te r  o f  1 .6 5  
in ch es  r e s u l t s  i n  a  phase  r e s i s ta n c e  o f  0 .44 Ohms, an  in d u c ta n c e  o f  
0.0030 H enrys, and a  s t a t o r  i r o n  w eigh t o f  2.32 lb s .  U sing  th e s e  
v a lu e s , a  to rq u e -sp e e d  and lo s s -sp e e d  cu rve can b e  g e n e ra te d  f o r  th e  
d e s ig n , (F ig u res  V II-30  and V II-31  r e s p e c t iv e ly ) . F ig u re  V II-3 0  shows 
t h a t  th e  s t a l l  to rq u e  and dynamic to rq u e  requ irem en ts  have b een  met 
w ith  no phase  advance. In  f a c t ,  because th e  in d u c tan ce  was lo w er th a n  
8 .5  iriHenrys, a t  6000 rpm th e  c u r r e n t  d r iv e  i s  r e g u la t in g  f o r  a  la rg e  
p o r t io n  o f  th e  commutation in t e r v a l .  Thus th e  m otor p rod u ces  
approx im ate ly  11 in - l b  a t  6000 rpm.
F ig u re  V II-31  shows th e  lo s s e s  f o r  th e  motor a s  a  fu n c tio n  o f  
speed. The s o l id  l i n e  r e p re s e n ts  th e  t o t a l  lo s s e s ;  t h e  s h o r t  dash  
l i n e  r e p re s e n ts  th e  i r o n  lo s s e s  and th e  long  dash l i n e  r e p r e s e n ts  th e  
I 2R lo s s e s .  One s e e s  t h a t  th e  m otor does g e n e ra te  43 w a tts  o f  h e a tin g  
lo s s  a t  6000 rpm. The h e a t in g  lo s s  a r e  l e s s  th a n  e x p ec ted  b eca u se  th e  
d es ig n  model assumed t h a t  th e  rms I 2R lo s s e s  had n o t  f a l l e n  o f f  a t  
6000 rpm from  th e  s t a l l  v a lu e s . W hile th e  d r iv e  c o n tin u e s  t o  c u r re n t
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TORQUE 1b -  1n
F igu re  V II-30 
Torque-Speed Curve fo r  Example D esign 
U sing th e  Model P re d ic te d  Param eter V alues 
Curve ( 1 ) -  A verage Torque Over a  Commutation 
Curve ( 2 ) -  A verage C u rren t in  Phase 1 Over a  Commutation
Curve ( 3 ) -  A verage C u rren t in  Phase 2 Over a  Commutation
Curve ( 4 ) -  A verage C u rren t in  Phase 3 Over a Commutation
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VS = 2 2 0 .0 0 0  R = 0 . 4 4 1 0  L = 0 .002960  IC = 5 . 0 0 0 0  CF = 0 . 0 0 0 0




0 2000 4000 6000 8000
SPEED r pm
F igure V II-31 
L osses a s  -a F unction  o f  Speed f o r  Example 
D esign U sing th e  Model P re d ic te d  Param eter V alues 
Curve (1) -  I ro n  Losses 
Curve (2) -  I  S Losses 
Curve (3) -  T o ta l Losses
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-3 7 0 -
re g u la te  a t  6000 rpm, in d u c tiv e  e f f e c t s  a r e  n o t  co m p le te ly  n e g l ig ib le  
and r e s u l t  i n  a  d e c re a se  in  th e  rms c u r re n t  o v e r th e  ccsnmutation 
in t e r v a l .
VU-4 Summary
T h is  c h a p te r  shewed how th e  back  emf c o n s ta n t ,  to rq u e  c o n s ta n t ,  
s t a l l  c u r r e n t  and  r e s is ta n c e  a r e  o f te n  s p e c if ie d  g iv e n  th e  no lo ad  
speed , su p p ly  v o l ta g e ,  s t a l l  to rq u e  and maximum a llo w a b le  I 2R lo s s e s .  
Given th e s e  m otor p a ram e te rs , a  p ro cess  was p re s e n te d  t h a t  a llow ed th e  
d e s ig n e r  t o  develop  a  m otor d e s ig n  t o  m eet th o s e  s p e c i f ic a t io n s .  H ie 
method p re s e n te d  r e p re s e n ts  a  rea so n ab le  approach  t o  sp e c ify in g  a  s e t  
o f  m otor p a ram e te rs  t h a t  w i l l  m eet th e  a p p l ic a t io n  req u irem en ts. 
However, t h i s  i s  n o t  th e  on ly  approach t h a t  c o u ld  b e  made.
I f  com m utation p hase  advance i s  t o  be  u sed , t h e  m otor can  be  ru n  a t  
speeds much h ig h e r  t h a t  th e  no lo a d  speed . However, th e  p ro c e ss  o f  
id e n t ify in g  a llo w a b le  back  emf and to rq u e  c o n s ta n ts  i s  l e s s  c le a r .
One p o s s ib le  m ethed would be  t r i a l  and e r r o r  to rq u e -sp e e d  s im u la tio n . 
Given an  id e a  o f  th e  maximum supp ly  v o lta g e  a v a i la b le  and a t  l e a s t  one 
to rq u e -sp ee d  p o in t  t h a t  m ust b e  m et, one co u ld  check  th e  to rq u e -sp ee d  
curve t o  s e e  i f  i t  m eets th e  req u irem en ts . I f  i t  does n o t ,  th e n  
p aram eters  c o u ld  b e  m o d ified  by v is u a l  feedback  o b ta in e d  from  th e  
to rq u e -sp ee d  s im u la tio n , u n t i l  th e  requ irem en ts a r e  m et. Those 
p aram eters  th e n  s e rv e  a s  th e  d es ig n  s p e c i f ic a t io n s  f o r  th e  m otor.
T h is  c h a p te r  a l s o  o u tl in e d  th e  e f f e c t s  o f  th e  number o f  r o to r  
p o le s  and th e  number o f  s t a t o r  t e e th  f o r  a  m otor, assum ing th e  s t a t o r  
i ro n  and co p p er volum es d id  n o t change. I t  was dem onstra ted  t h a t  
to rq u e  c o n s ta n t ,  back  emf c o n s ta n t and r e s is ta n c e  a r e  independen t o f
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th e  number o f  p o le s  and  te e th .  But, in d u c tan ce  d e c re a se s  w ith  th e  
sq u are  o f  th e  number o f  p o le s . S ince  th e  in d u c tan ce  l i m i t s  th e  speed 
a t  w hich th e  m otor p h ases  can b e  commutated, t h i s  im p lie s  t h a t  a  m otor 
w ith  a  h ig h e r  p o le  co u n t can run  f a s t e r .  Of c o u rse , i n  o rd e r  f o r  a  
h ig h e r  p o le  c o u n t t o  ru n  a t  th e  same speed  a s  a  low er p o le  cou n t m otor 
th e  com mutation freq u en cy  must b e  p ro p o r t io n a lly  h ig h e r .  However, 
th e  com bination  o f  th e  two e f f e c t s ,  h ig h e r  com m utation frequency  and 
low er in d u c ta n c e , s t i l l  r e s u l t s  in  th e  c u r r e n t  r i s e  tim e  b e in g  a  
p ro p o r t io n a l ly  s m a lle r  p e rcen tage  o f  th e  com m utation tim e  f o r  th e  
h ig h e r  p o le  c o u n t m otor. This i s  c o u n te r - in tu i t iv e .  Commonly, one 
th in k s  o f  a  lo w er p o le  coun t m otor a s  b e in g  a b le  t o  ru n  f a s t e r  bacause 
th e  eddy c u r r e n t  lo s s e s  a r e  l e s s .  However, t h i s  r e a l l y  r e l a t e s  t o  th e  
th e rm al a s p e c ts  o f  th e  d es ig n . As long  a s  th e  m otor can  s a f e ly  
d i s s ip a t e  th e  h ig h e r  lo s s e s ,  a  h ig h e r  p o le  co u n t i s  d e s i r a b le  f o r  h ig h  
speed  o p e ra t io n .
An e x te n s iv e  s e t  o f  equa tio n s  was developed  t o  d e s c r ib e  many 
d i f f e r e n t  m otor p a ra m e te rs . T his developm ent r e s u l t e d  in  a  s e t  o f  28 
eq u a tio n s  w ith  58 unknowns. T herefo re , 30 unknowns had  t o  b e  s e le c te d  
in  advance. I t  was shown th a t  th e  range o f  c h o ic e s  on 25 o f  th e se  
unknowns was somewhat r e s t r i c t e d .  O ften , many o f  th e  unknowns were 
c o n s tra in e d  t o  one a n o th e r  th rough m a te r ia l  p r o p e r t i e s .  For example, 
by choosing  a  p a r t i c u l a r  ty p e  o f  magnet m a te r ia l  th e  r e s id u a l  f lu x  
d e n s ity ,  r e l a t i v e  p e rm e a b ility  and r e v e r s ib le  te m p era tu re  c o e f f ic ie n t  
a r e  f ix e d . The p re s e n te d  d isc u ss io n  o u tl in e d  how r a t i o n a l  ch o ices  
co u ld  b e  made f o r  th e s e  25 unknowns, and how one c o u ld  a n t ic ip a te  same 
o f  th e  e f f e c t s  o f  a l te r n a t iv e  ch o ices  f o r  th e s e  p a ram e te rs . For 
example, i t  was shown ha*; to rq u e  c o n s ta n t v a r ie d  a s  a  fu n c tio n  o f  th e
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r a t i o  o f  m agnet le n g th  t o  p h y s ic a l a irg a p  le n g th .
Assuming th e  p r e - s e le c t io n  o f  th e  25 unknowns l i s t e d ,  t h e r e  
rem ained 5 a d d i t io n a l  v a r ia b le s  t o  be s p e c if ie d .  The d e s ig n  method 
p re se n te d  assumed t h a t  th e s e  would be  i n e r t i a ,  to rq u e  c o n s ta n t ,  
r e s is ta n c e ,  maximum phase  c u r r e n t ,  and e i t h e r  le n g th  o r  d ia m e te r . 
R ea lly , however, o n ly  i n e r t i a ,  to rq u e  c o n s ta n t and maximum p h ase  
c u r re n t  w ere n e c e ssa ry  t o  b eg in  th e  s o lu tio n  p ro c e ss  and  d e te rm in e  
p o s s ib le  m otor g e o m e trie s . A f te r  th e se  p aram eters  a r e  s p e c i f i e d ,  m ost 
any o th e r  two p a ra m e te rs , such  a s  volume and w eigh t, o r  t o t a l  lo s s e s  
and w eigh t can  b e  u sed  t o  ze ro  i n  on a  d es ig n .
The d e s ig n  p ro c e s s  was v e r i f i e d  a g a in s t  th e  p ro to ty p e  m otor u sed  
in  t h i s  in v e s t ig a t io n ,  by p re d ic t in g  a  d es ig n  f o r  a  m otor w i th  th e  
same r o to r  d im ensions, m a te r ia l  p ro p e r t ie s ,  w ire  s i z e  and to o th /p o le  
co u n ts . The p ro c e s s  r e s u l t e d  in  a  d es ig n  w ith  th e  same to rq u e  
c o n s ta n t, r e s i s ta n c e ,  and in d u c tan ce , a  3% la r g e r  o u te r  d ia m e te r  and a  
6% la r g e r  volume.
A second exam ple d e s ig n  was a ls o  p re se n te d  t h a t  u sed  th e  t o t a l  
lo s s e s  a s  a  c o n s t r a in t .  I t  was shown t h a t  w h ile  i r o n  lo s s e s  d e c re a se  
w ith  in c re a s in g  r o t o r  d ia m e te r , r e s i s t i v e  lo s s e s  in c re a s e .  Thus, 
th e re  e x i s te d  a  ran g e  o f  r o to r  d iam ete rs  where t o t a l  lo s s e s  w ere 
m inim ized. I f  h e a t  d is s ip a t io n  i s  a  concern , th e n  th e  d e s ig n  shou ld  
ta k e  advan tage o f  t h i s  mimimum.
I t  was a l s o  shown how to rq u e-sp eed  s im u la tio n  co u ld  b e  u se d  t o  
determ ine a d d i t io n a l  c o n s t r a in ts  such a s  th e  maximum in d u c tan ce  t h a t  
would s t i l l  a llo w  th e  m otor t o  m eet i t s  to rq u e-sp eed  re q u ire m e n ts . I t  
should  b e  em phasized becaused  BIDCM's can  have v e ry  n o n lin e a r  to rq u e -  
speed c u rv e s , to rq u e -sp e e d  s im u la tio n  i s  a  v e ry  im p o rtan t p a r t  o f  any
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BIDCM d e s ig n . T orque-speed  s im u la tio n  i s  an  im p o rtan t to o l .  Not o n ly  
becau se  i t  i s  e s s e n t i a l  t o  id e n t i f y  to rq u e -sp e e d  shape , b u t  a l s o  a s  an  
a id  t o  id e n t i f y in g  a d d i t io n a l  p aram eter c o n s t r a in t s  re q u ire d  i n  o rd e r  
f o r  th e  m o to r t o  m eet to rq u e-sp eed  re q u ire m e n ts .
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CHAPTER VTTT 
OCNdDSICNS AND FDIHRE WCKK
R eview  o f  C h a p te rs
C hap ter I I  was concerned w ith  th e  ex p erim en ta l d e te rm in a tio n  o f  
c h a r a c t e r i s t i c  p a ram e te rs  f o r  th e  p ro to ty p e  m otor. W hile th e  p rim ary  
purpose  o f  t h e  c h a p te r  was t o  de te rm in e  p a ram e te rs  f o r  l a t e r  com­
p a r is o n  a g a in s t  f i n i t e  elem ent r e s u l t s ,  same in t e r e s t i n g  c h a ra c te r ­
i s t i c s  w ere i d e n t i f i e d  t h a t  can b e  co n s id e re d  ty p i c a l  o f  m otors hav ing  
r a r e  e a r th  m agnets. I t  was shown t h a t  th e  d e te n t  to rq u e  was extrem ­
e ly  la rg e  com pared t o  th e  peak one-phase-on  s t a t o r  to rq u e  o f  th e  
m otor. The in h e re n t ly  h ig h  d e te n t  to rq u e  p ro b ab ly  re p re s e n ts  one o f  
th e  fo rem ost problem s in  u s in g  r a r e  ea rth , magnet m a te r ia ls  i n  b ru sh -  
l e s s  DC m o to rs . I n  o rd e r  f o r  th e  m otor t o  b e  u s e fu l  and produce 
smooth low sp eed  to rq u e  th e  d e te n t  to rq u e  w i l l  have t o  b e  reduced  by 
e i t h e r  skew ing o r  p ro p e r  desig n  o f  th e  magnet geom etry.
C hapter I I  a l s o  showed th e  to rq u e -c u r re n t  r e l a t i o n  f o r  th e  
p ro to ty p e  m oto r t o  b e  v e ry  l i n e a r .  One m igh t b e  in c l in e d  to  u se  t h i s  
a s  a  b a s is  t o  a rg u e  t h a t  th e re  i s  no m agnetic  s a tu r a t io n  in  th e  
d e v ic e . However, we know from th e  f lu x  lin k a g e  e v a lu a tio n  t h a t  t h i s  
i s  n o t  t r u e .  The absence o f  th e  perm anent m agnet r e s u l t e d  in  a  60% 
in c re a s e  i n  t h e  s lo p e . T h is  would seem t o  in d ic a te  a  h ig h  degree  o f  
s a tu r a t io n .  One m igh t th in k  t h a t  th e  60% change i n  s lo p e  o f  th e  f lu x -  
lin k a g e  cu rv e  means t h a t  th e  to rq u e  c o n s ta n t  c o u ld  b e  in c re a se d  60% by 
e l im in a tin g  s a tu r a t io n .  However, a n a ly s is  perfo rm ed  in  t h i s  t h e s i s  
h as  shown t h a t  in d u c tan ce , and hence th e  f lu x - l in k a g e  c u r re n t
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c h a r a c ± e r i s t ic , h a s  s ig n i f i c a n t  components due t o  end e f f e c t s  and 
c r o s s - s l o t ,  c ro s s - to o th  t i p  f lu x  leak ag e . lo c a l  s a tu r a t io n  o f  t h e  
to o th  t i p s  by  th e  p re se n c e  o f  th e  perm anent magnet co u ld  s ig n i f i c a n t l y  
d e c re a se  th e  c r o s s - to o th  t i p  leak ag e  c o n tr ib u tio n s .  D ie s a tu r a te d  
to o th  t i p s  would have l i t t l e  e f f e c t  on th e  to rq u e  c o n s ta n t b eca u se  th e  
in c re a s e  i n  e f f e c t iv e  a i rg a p  would b e  sm a ll. Hence, th e  d e c re a se  i n  
f lu x  in  th e  a irg a p  would b e  sm a ll, a s  would th e  d ec re a se  i n  c o i l  f lu x  
d e n s i ty  i n  th e  re g io n  o f  th e  m agnet. We know from in s ig h t s  developed  
from th e  IxB method, t h a t  i f  th e  r a d ia l  component o f  c o i l  f lu x  d e n s i ty  
in  th e  re g io n  o f  th e  m agnet i s  n o t s ig n i f i c a n t ly  a f f e c te d ,  th e n  
n e i th e r  i s  th e  to rq u e .
F in i t e  e lem en t a n a ly s i s  showed p a r t s  o f  th e  m otor t o  b e  a t  2 .0  
T e s la . Even though  t h i s  i s  c o n s id e ra b ly  h ig h e r  th a n  th e  1 .3  T e s la  
which i s  commonly u sed  a s  an  in d ic a to r  o f  s a tu r a t io n ,  th e  to rq u e -  
c u r r e n t  c h a r a c t e r i s t i c  was l i n e a r  and showed none o f  th e  c u rv a tu re  
u s u a l ly  a s s o c ia te d  w ith  s a tu r a t io n .  D ie f lu x  l in k a g e -c u r re n t c u rv e s  
w ere a l s o  l i n e a r .  One re a so n  s a tu r a t io n  i s  n o t r e f le c te d  i n  th e s e  
cu rv es  i s  t h a t  th e  c o i l  mmf i s  sm all compared t o  th e  magnet mmf, ( l e s s  
th a n  6% f o r  th e  p ro to ty p e  m o to r). D ie magnet mmf p ro v id es  a  l a r g e  DC 
b ia s  i n  th e  m a te r ia l  B-H cu rv e  so  t h a t  th e  f lu x  lin k a g e  v e rsu s  c u r r e n t  
cu rv e  th e n  g iv e s  an  id e a  o f  th e  average p e rm e a b ility  o f  t h e  m a te r ia l  
a s  i t  d e v ia te s  from  th e  o p e ra t in g  p o in t  e s ta b l is h e d  by  th e  m agnet.
In  g e n e ra l ,  one can  s e e  t h a t  BLDCM's hav ing  r a r e  e a r th  m agnets may 
have l i n e a r  to x ^ a e -c u rre r i t  cu rv es  d e s p i te  th e  p resen ce  o f  h ig h  l e v e l s  
o f  f lu x  d e n s i ty  w ith in  t h e  i r o n  p o r t io n s  o f  th e  d ev ice . D ie r a r e  
e a r th  m agnet e f f e c t iv e l y  'p r e s a tu r a t e s 7 th e  i ro n ;  th e  c o i l  mmf 
produces a  sm all change i n  f lu x  d e n s ity  compared t o  t h a t  produced  by
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t h e  magnet mmf. Thus, th e  l i n e a r  n a tu re  o f  th e  to rq u e -c u r re n t cu rve  
may sim ply in d ic a te  th e  l in e a r iz e d  b eh av io r o f  th e  to rq u e -c u rre n t 
c h a r a c t e r i s t i c  around th e  o p e ra t in g  p o in t  e s ta b l is h e d  by th e  m agnet.
In  C hap ter I I I ,  methods o f  p r e d ic t in g  d i f f e r e n t  m otor p a ram eters  
w ere p re se n te d . Probably t h e  m ost im p o rtan t o f  th e se  was th e  IxB 
method o f  d e te rm in in g  to rq u e  from th e  r a d i a l  component o f  f lu x  d e n s i ty  
i n  th e  a i rg a p  and th e  magnet e q u iv a le n t c u r r e n ts .  Torque c a lc u la te d  
by t h i s  method was shown t o  compare w e ll w ith  th e  d a ta  o b ta in ed  from 
coenergy m ethod. However, when used  to  p r e d ic t  th e  d e te n t to rq u e -  
a n g le  cu rv e , th e  IxB method was shown t o  produce a  sm all DC le v e l  in  
th e  cu rv e . I t  was f e l t  t h a t  t h i s  DC le v e l  was due to  sm all e r r o r s  
caused  by t r i a n g u la t io n  and th e  approx im ation  o f  c o n s ta n t f lu x  d e n s ity  
o v e r  th e  e lem en t. Sm all e r r o r s  in  th e  s o lu t io n  can be  m agn ified  in  
u s in g  t h i s  method t o  p r e d i c t  th e  d e te n t  to rq u e  because th e  n e t  d e te n t  
to rq u e  i s  th e  sum o f  la r g e  opposing  component to rq u e s  c a lc u la te d  from 
th e  f lu x  d e n s i ty  and c u r r e n t  d e n s i ty  in  s e v e ra l  in d iv id u a l e lem en ts . 
T h is  i s  th e  c l a s s i c a l  problem  o f  d e te rm in in g  a  param eter by 
s u b tr a c t in g  two la rg e  numbers o f  approx im ate ly  th e  same v a lu e . The
coenergy method, on th e  o th e r  hand i s  more o f  an  averag ing  m ethod, 
u s in g  th e  coenergy  c a lc u la te d  from a l l  o f  th e  elem ents.
D esp ite  t h e  sm all e r r o r s  in  p r e d ic t in g  d e te n t  to rq u e  ( th e  DC le v e l  
t h a t  appeared) t h e  IxB method i s  u s e fu l  i n  f i n i t e  elem ent a n a ly s is  
because  i t  a llo w s  f o r  r e l a t i v e l y  a c c u ra te  p r e d ic t io n  o f  th e  e n e rg iz e d  
to rq u e  from a  s in g le  FEA s o lu t io n .  T h is f a c i l i t a t e s  th e  g e n e ra tio n  o f  
to rq u e -c u r re n t  cu rv es . A lthough, a p p l ic a t io n  o f  th e  IxB method i s  r e ­
s t r i c t e d  t o  d e v ic e s  w hich have no v a r ia b le  re lu c ta n c e  e f f e c t s .
However, th e  l a r g e s t  advan tage  by f a r  o f  th e  IxB method l i e s  in
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p re d ic t in g  e n e rg ized  s t a t o r  to rq u e -a n g le  ca rv e s  by assum ing 
su p e rp o s itio n  and d i r e c t l y  c ro s s in g  th e  magnet e q u iv a le n t c u r r e n t s  
w ith  th e  d i s t r i b u t io n  o f  c o i l  r a d i a l  component o f  f lu x  d e n s i ty  i n  th e  
magnet re g io n , (as  d is c u s s e d  in  C hap ter V ). Not o n ly  a r e  many f i n i t e  
elem ent s im u la tio n s  av o id ed  by u s in g  t h i s  method, b u t ,  t h i s  t o o l  a l s o  
a llo w s one t o  v i s u a l i z e  th e  e f f e c t s  o f  magnet a rc  shape and th e  c o i l  
f lu x  d e n s ity  d i s t r i b u t io n  on th e  r e s u l t in g  s t a t o r  to rq u e -a n g le  c u rv e . 
Thus, a llo w in g  th e  m otor d e s ig n e r  t o  q u ic k ly  g a in  in s ig h t  in t o  t h e  
consequences o f  magnet shape and w inding d i s t r i b u t io n  s e le c t io n .  
U n fo rtu n a te ly , th e  s u p e rp o s it io n  IxB method i s ,  o f  c o u rse , l im i te d  t o  
c a s e s  where m agnetic  s a tu r a t io n  does n o t s ig n i f i c a n t ly  a f f e c t  th e  
to rq u e .
The purpose  o f  C h ap te r I I I  was tw o -fo ld ; one was t o  show t h e  d i f ­
f e r e n t  methods o f  p r e d ic t in g  m otor p a ram ete rs . T h is  was b ecau se  ques­
t i o n s  p e r ta in in g  t o  m otor d e s ig n  a r e  n o t  answered by f in d in g  th e  f i e l d  
s o lu t io n .  C e r ta in ly , a  p l o t  o f  t h e  f i e l d  s o lu t io n  p ro v id e s  t h e  m otor 
d e s ig n e r  w ith  a  c l e a r  p ic tu r e  o f  th e  f lu x  p a th s  -  in ten d ed  and 
o th e rw ise  -  w ith in  th e  d e v ic e . I n  a d d i t io n ,  i t  can  b e  used  t o  p ro v id e  
a  p ic tu r e  o f  th e  d i s t r i b u t io n  o f  a  number o f  f i e l d  p a ra m e te rs : f lu x  
d e n s ity ,  f i e l d  i n t e n s i t y  o r  energy-coenergy , f o r  exam ple. However, 
m otors a r e  n e t  d e s ig n ed  o r  b u i l t  t o  b e  f lu x  p ro d u cers ; th e y  a r e  
desig n ed  t o  b e  to rq u e  p ro d u c e rs . One i s  a lm ost alw ays p r im a r i ly  
in te r e s te d  in  d e te rm in in g  th e  p a ram ete rs  w hich a f f e c t  th e  perform ance 
o f  th e  d e v ic e : t y p i c a l l y ,  th e  d e te n t  to rq u e , to rq u e  c o n s ta n t ,  to rq u e -  
a n g le  waveform, back  emf c h a r a c t e r i s t i c ,  and in d u c tan ce . T h is  c h a p te r  
d e sc r ib e d  a t  l e a s t  one method o f  d e te rm in in g  each o f  th e s e  from  f i n i t e  
elem ent r e s u l t s .
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I h e  o th e r  p u rp o se  o f  t h i s  c h a p te r  was t o  e v a lu a te  t h e  two-dim en­
s io n a l ,  n o n lin e a r ,  f i n i t e  elem ent model a s  a  means o f  d e te rm in in g  th e  
pa ram ete rs  l i s t e d  p re v io u s ly . W hile t h i s  i s  n o t  th e  f i r s t  t im e  such  
an  e v a lu a tio n  h a s  been  perform ed, th e  e v a lu a tio n  p re s e n te d  h a re  was 
v e ry  d e t a i l e d  and th o ro u g h . In  a d d i t io n , such  an  e v a lu t io n  was 
n e c e ssa ry  i f  th e  tw o-d im ensional f i n i t e  e lem en t model was t o  b e  u sed  
a s  a  s u b s t i t u t e  f o r  p ro to ty p in g  m otors i n  th e  v e r i f i c a t i o n  o f  d e s ig n  
th e o ry .
O v e ra ll ,  th e  f i n i t e  e lem ent a n a ly s is  perform ed in  C hap ter I I I  
showed tw o-d im ensional f i n i t e  elem ent a n a ly s is  t o  b e  re a so n a b ly  a c c u r­
a t e  i n  p r e d ic t in g  m otor p aram eters  w ith  th e  e x c e p tio n  o f  p r e d ic t in g  
d e te n t  to rq u e  and f lu x  lin k a g e /in d u c ta n c e . A number o f  in v e s t ig a t io n s  
w ere perform ed t o  d e te rm in e  reaso n s  f o r  th e  d is c re p a n c ie s  observed  
betw een m easured and p r e d ic te d  v a lu e s  f o r  th e s e  p a ra m e te rs . The 
r e s u l t s  o f  th e s e  in v e s t ig a t io n s  were p re se n te d  i n  C h ap ter IV.
I t  was found t h a t  end e f f e c t s  appear t o  b e  t h e  p r in c ip a l  c au se  o f  
d isc re p a n c y  in  p r e d ic t in g  in d u c tan ce . End tu r n s  r e s u l t  i n  a  
s ig n i f i c a n t  c o n t r ib u t io n  o f  f lu x  t o  th e  c o i l ,  much o f  w hich does n o t  
l i n k  th e  a i rg a p . S in ce  much o f  i t  does n o t  l i n k  th e  a i rg a p  and 
perm anent m agnet, t h i s  end  f lu x  h as  l a r g e r  e f f e c t s  on th e  in d u c tan ce  
th a n  i t  does on th e  to rq u e  c o n s ta n t.
An e x te n s iv e  in v e s t ig a t io n  in to  th e  d e te n t  to rq u e  was a l s o  
perform ed in  C hap ter IV. I t  was shown t h a t  d e te n t  to rq u e  was 
ex trem ely  s e n s i t i v e  t o  th e  lo c a t io n  o f  th e  perm anent magnet e q u iv a le n t 
c u r r e n ts .  I t  was shown t h a t  an  11% change i n  magnet a r c  w id th  
r e s u l t e d  i n  a lm o st a  50% change in  th e  m agnitude o f  t h e  d e te n t  to rq u e . 
W hile t h i s  change was s p e c i f i c  t o  th e  p a r t i c u l a r  m otor geom etry
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t e s t e d ,  i . e .  t h e  s p e c i f i c  to o th  w id th s  and magnet geom etry, t h e  
geom etry was c e r t a in l y  ty p ic a l  o f  common m otor d e s ig n s  - th e  la m in a tio n  
vised was s e le c te d  from  a  la m in a tio n  c a ta lo g u e . T h is  h a s  s e v e ra l  
im p o rtan t im p lic a tio n s .  The f i r s t  i s  t h a t  a c c u ra te  p r e d ic t io n  o f  th e  
d e te n t  to rq u e  by th e  f i n i t e  e lem ent a n a ly s is  i s  d i f f i c u l t .  A ccu ra te  
p r e d ic t io n  w i l l  r e q u ir e  a  reaso n ab ly  f in e  mesh in  o rd e r  t o  model th e  
m agnet geom etry , i . e .  edge c u r r e n t  p lacem ent, a c c u ra te ly .  S in ce  
d e te n t  to rq u e  i s  v e ry  s e n s i t iv e  t o  edge c u r r e n t  p lacem ent, and  d e te n t  
to rq u e  i s  p r im a r i ly  g en e ra ted  w h ile  th e  m agnet in te r f a c e s  (edge 
c u r re n ts )  a r e  o v e r a  s l o t ,  th e  to o th  and s l o t  geom etry w i l l  a l s o  have 
t o  b e  m odeled a c c u ra te ly .  One w i l l  a l s o  have t o  b e  c a r e fu l  t o  model 
t h e  'm a g n e tic 7 d im ensions a c c u ra te ly ,  a s  opposed t o  j u s t  m o d e llin g  th e  
p h y s ic a l geom etry  o f  th e  magnet.
A nother consequence o f  th e  d e te n t  to rq u e  s e n s i t i v i t y  l i e s  i n  
t r y in g  t o  d e s ig n  m otors having  low d e te n t  to rq u e . I f  d e s ig n s  a r e  
developed b ased  on p r e c i s e  c o n tro l  o f  th e  magnet geom etry, ex trem e 
c a re  m ust b e  ta k e n  t o  en su re  th e  m agnet m an u fac tu re r can  m agnetize  th e  
magnet a s  r e q u ire d  and , t h a t  th e  m agnet segm ents can  b e  p o s i t io n e d  
a c c u ra te ly  on th e  r o to r .
A nother im p lic a t io n  o f  th e  r e s u l t s  o f  th e  d e te n t  to rq u e  
in v e s t ig a t io n  i s  t h a t  i f  one h a s  d i f f i c u l t y  i n  p r e d ic t in g  d e te n t  
to rq u e  by  f i n i t e  e lem en t means, because  c f  t h e  s e n s i t i v i t y  problem , 
th e n , c e r t a in l y ,  p r e d ic t in g  d e te n t  to rq u e  by a  lumped p a ram e te r  model 
would p ro b ab ly  b e  even  more d i f f i c u l t .  A f te r  a l l ,  th e  f i r s t  o rd e r  
f i n i t e  e lem en t model i s  n o th in g  more th a n  a  v e ry  co m plica ted  tw o- 
d im ensional lumped e lem en t model.
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To summarize th e  d e te n t  to rq u e  in v e s t ig a t io n ,  i t  was concluded 
t h a t  th e  m agnetic  geom etry o f  th e  magnet was d i f f e r e n t  th a n  th e  
p h y s ic a l  geom etry. In  o rd e r  t o  a c c u ra te ly  p r e d ic t  d e te n t ,  i t  i s  more 
im p o rtan t t o  model th e  m agnetic  geom etry. How one d e term ines th e  
m agnetic  geom etry i s  u n c le a r ;  e x c e p t, p e rh ap s , th rough  w orking w ith  
th e  m agnet m anu fac tu re r t o  d e te rm in e  to le ra n c e s  i n  th e  hom ogeneaity o f  
t h e  m agnetic  m a te r ia l  r e s u l t in g  from  d i f f e r e n t  s in te r in g  and c o o lin g  
p ro c e s se s , and, th e  u n ifo rm ity  o f  m a g n e tiz a tio n  from th e  m agnetiz ing  
p ro c e s s .
A nother p o in t  b rough t t o  l i g h t  by  th e  in v e s t ig a t io n s  p re se n te d  in  
C hap ter IV was t h a t  th e  magnet segm ents d id  n o t  appear t o  b e  t r u l y  
r a d i a l l y  o r ie n te d .  T h ere fo re , a  method was developed t o  id e n t i f y  a  
m agnet m odel. T hat method c o n s is te d  o f  making measurements o f  th e  
a irg a p  f lu x  d e n s i ty  d i s t r i b u t io n  produced by p la c in g  th e  magnet i n  a  
known un ifo rm  a irg a p . Then, f i n i t e  elem ent p re d ic te d  d a ta  was made to  
m atch m easured d a ta  by t r i a l  and e r r o r  p lacem ent o f  magnet edge and 
i n t e r i o r  c u r r e n t  d i s t r i b u t io n s .  Making f i n i t e  elem ent p re d ic te d  and 
m easured annu lus r a d ia l  component o f  f lu x  d e n s i ty  d a ta  m atch gave a  
good app rox im ation  f o r  th e  magnet m odel. Good c o r r e l a t io n  was 
o b ta in e d  betw een f i n i t e  elem ent p re d ic te d  and m easured f lu x  d e n s ity  
d i s t r i b u t io n s  when th e  m agnets w ere p la c e d  in  a  d i f f e r e n t ,  l a r g e r  
a i rg a p .  However, when t h a t  same model was u sed  t o  p r e d ic t  th e  to rq u e  
c o n s ta n t ,  back  emf c o n s ta n t, to rq u e -a n g le  and back  emf waveforms, th e  
f i n i t e  e lem en t r e s u l t s  w ere 10%-15% low. These numbers w ere 
c o n s is te n t  in  b o th  th e  f i r s t  and second p ro to ty p e  r o to r s  in v e s t ig a te d . 
I t  was concluded  t h a t  end e f f e c t s  can  v a ry  a s  a  fu n c tio n  o f  th e  
a i rg a p .  When th e  r o to r  i s  p la c e d  i n  th e  r e l a t i v e l y  sm all a irg a p  o f
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th e  m otor, m agnet end  e f f e c t s  a re  in c re a se d  o v e r  w hat was accounted  
f o r  in  th e  developm ent o f  th e  magnet model. T h is , combined w ith  a  
c e r t a in  amount o f  c o i l  end e f f e c t s ,  te n d  t o  make th e  m easured to rq u e  
c o n s ta n t h ig h e r  th a n  t h a t  p re d ic te d  by  th e  f i n i t e  e lem en t model.
T h is  d a ta ,  ta k e n  in to  c o n s id e ra tio n  w ith  th e  a n a ly s is  o f  a  
r e c ta n g u la r  lo o p  o f  w ire  in  a i r  and two i n f i n i t e l y  lo n g  w ire s  i n  a i r  
le a d s  one t o  e x p e c t e r r o r s  in  u s in g  th e  tw o-d im ensional f i n i t e  elem ent 
a n a ly s is  t o  model c o i l s  and magnets w ith  le n g th  t o  w id th  r a t i o s  l e s s  
th a n  10 :1 . However, p r a c t i c a l  ex p erien ce  h a s  shown t h a t  th e  tw o- 
d im ensional a n a ly s i s  can  be  vised t o  a c c u ra te ly  p r e d ic t  t r e n d s .  I f ,  
f o r  exam ple, t h e  tw o-dim ensional f i n i t e  e lem en t a n a ly s i s  p r e d ic ts  a  
10% in c re a s e  i n  to rq u e  c o n s ta n t by making t h e  back  i r o n  20% th ic k e r  to  
r e l i e v e  s a tu r a t io n ,  experim en tal ev idence  b e a rs  i t  o u t .  Thus, even 
though a b s o lu te  v a lu e s  may be in  e r r o r  f o r  m oto rs w ith  low le n g th  t o  
w id th s , t r e n d s  c a n  b e  a c c u ra te ly  p re d ic te d  w ith o u t th e  need  f o r  th r e e -  
d im ensional f i n i t e  e lem en t a n a ly s is .
In  C hap ter V m ethods o f  reducing  d e te n t  to rq u e  in  b ru s h le s s  DC 
m otors w ere p re s e n te d .  The methods p re s e n te d  w ere: skew ing, 
s ta g g e r in g , a l t e r i n g  th e  magnet a r c  w id th , and  c r e a t in g  unequal a rc  
w id th  m agnets.
Skewing i s  a  te c h n iq u e  commonly u sed  by many m otor m an u fac tu re rs . 
Peak s t a t o r  to rq u e  w i l l  b e  reduced by an  amount dependen t upon th e  
skew a n g le . W hile a l l  o f  th e  methods p re s e n te d  depend upon component 
d e te n t  to rq u e  c a n c e l l a t io n  in  one way o r  a n o th e r , skew ing i s  p robab ly  
th e  l e a s t  s e n s i t i v e  t o  magnet p o s it io n in g  and  m a g n e tiz a tio n  because  o f  
th e  la rg e  number o f  p h ase  s h if te d  components i t  u t i l i z e s  t o  ach iev e  
c a n c e la t io n . Skewed magnets e f f e c t iv e ly  u se  an  i n f i n i t e  number o f
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p h ase  s h if te d  com ponent d e te n t to rq u e -a n g le  cu rv e s . Skew ing ty p ic a l ly  
s u f f e r s  from  end e f f e c t  p rob lem s. The la m in a tio n s  a t  th e  en d s o f  th e  
m otor have s l ig h t ly  d if f e r e n t  d e te n t to rq u e -a n g le  c h a r a c te r i s t ic s .  
T hus, com plete  com ponent d e te n t i s  n o t ach iev ed , r e s u l t in g  in  seme r e ­
s id u a l d e te n t. I t  i s  o f te n  n e c e ssa ry  to  skew o v er an  a n g le  s l ig h t ly  
d i f f e r e n t  th a n  one to o th  p itc h  to  o p tim ize  th e  d e te n t to rq u e  
re d u c tio n .
U n less th e r e  i s  a  h ig h  r a t i o  o f  te e th  to  p o le s  th e  m otor m ust b e  
skewed o v e r a  r e la t iv e ly  la rg e  a n g le , m aking th e  w ind ing  d i f f i c u l t  to  
in s e r t .  T y p ic a lly  th e r e  i s  n o t a  h ig h  number o f  te e th  p e r  p o le . 
T h e re fo re , th e  m otor i s  skewed o v e r an  an g le  w hich r e p re s e n ts  a  
s ig n if ic a n t  p o r tio n  o f  th e  to rq u e -a n g le  cu rv e . T h e re fo re , skew ing 
te n d s  t o  e lim in a te  m ost h ig h e r harm onics making th e  to rq u e -a n g le  cu rv e  
v e ry  s in u s o id a l. T h is  i s  an  advan tage i f  a  s in u s o id a l to rq u e -a n g le  
cu rv e  i s  d e s ire d . F o r exam ple, i f  one i s  u s in g  a  th r e e  p h ase  s in e  
wave c u r re n t e x c i ta t io n  to  d r iv e  th e  m otor and r e q u ire  s in u s o id a l 
to rq u e -a n g le  cu rv es  t o  p roduce sm ooth low  speed to rq u e . However, 
u s u a lly  th e  p h ases a re  d riv e n  by ap p ly in g  c o n s ta n t v o lta g e s  t o  th e  
p h ases and  one r e l i e s  on f la t- to p p e d  to rq u e -a n g le  c u rv e s  t o  p roduce 
sm ooth low  sp eed  to rq u e . O bviously  in  th e  l a t t e r  c a s e , th e  s in u s o id a l 
to rq u e -a n g le  cu rv es  p roduced  by  skew ing a re  a  d isa d v a n ta g e .
The m anner in  w hich s ta g g e re d  m agnet segm ents red u ce s  d e te n t 
to rq u e  was shown to  b e  v e ry  s im ila r  to  skew ing, e x c e p t th e  
q u a n tiz a tio n  o f  p h ase  s h i f t  betw een component d e te n t to rq u e -a n g le  
cu rv es  was n o t a s  f in e .  However, a  la rg e  number o f  h ig h e r  harm onics 
a r e  e lim in a te d . S ta g g e rin g  a ls o  r e s u l t s  in  a  re d u c tio n  o f  th e  peak  
to rq u e . S im ila r  t o  skew ing, th e  re d u c tio n  depends upon th e  am ount o f
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
- 3 8 3 -
s ta g g e r . More com plete e lim in a tio n  o f  d e te n t to rq u e  i s  ach iev ed  by- 
u s in g  a  la rg e  number o f  s ta g g e re d  segm ents. T h e re fo re , t h i s  m ethod 
w ould b e  b e s t  f o r  lo n g e r m otors because  th e re  i s  v isu a lly  a  l im i t  to  
th e  a llo w a b le  th in n e s s  o f  th e  m agnet m a te r ia l b ecau se  o f  i t s  
b r i t t l e n e s s .
A lte r in g  m agnet a rc  w id th  seems to  b e  b e s t s u ite d  a s  a  means o f  
sh ap in g  th e  d e te n t to rq u e -a n g le  cu rv e . T h is  m ethod p ro b a b ly  w i l l  on ly  
r e s u l t  in  a  p a r t i a l  e lim in a tio n  o f  d e te n t. Com plete e lim in a tio n , a s  
in  th e  skew ing and  s ta g g e rin g  schem es, i s  n o t a ssu re d , a t  l e a s t  n o t 
w ith  r a d ia l  a r c  segm ents. However, i t  i s  p o s s ib le  th a t  th e  m agnets 
may b e  shaped  d i f f e r e n t ly  to  p ro v id e  a  re a so n a b ly  low  d e te n t to rq u e  
m otor.
P ro b ab ly  i t  i s  b e s t to  combine a l te r in g  m agnet a rc  w id th  w ith  
s ta g g e re d  m agnet segm ents. The m agnet a r c  w id th  sh o u ld  b e  s e le c te d  to  
p roduce a s  s in u s o id a l a  d e te n t to rq u e -a n g le  cu rv e  a s  p o s s ib le . Then, 
s ta g g e rin g  can  b e  u sed  to  ach iev e  p h ase  s h if te d  com ponent d e te n t 
to rq u e s . O b v iously , i f  a  p u re ly  s in u s o id a l com ponent d e te n t to rq u e  i s  
ach iev ed , i t  w ould o n ly  be n ecessa ry  to  s ta g g e r  tw o segm ents by one 
h a l f  a  to o th  p itc h  to  e lim in a te  d e te n t.
I t  w as a ls o  shown th a t  s ta g g e rin g  does n o t e lim in a te  o r  red u ce  
harm onics t h a t  a r e  in te g e r  m u ltip le s  o f  th e  number o f  s ta g g e re d  
segm ents. T h e re fo re , i t  i s  a d v isa b le  to  u se  s e v e ra l s ta g g e re d  
segm ents. Then, a t  l e a s t ,  th e  harm onic t h a t  i s  p assed  th ro u g h  w il l  be 
o f a  h ig h e r  freq u en cy  and , because o f  m echan ical f i l t e r i n g  e f f e c t s ,  
have le s s  o f  an  e f f e c t  on low speed  to rq u e  r ip p le .
O v e ra ll, one se e s  th a t  th e re  a re  ad v an tag es and d isa d v a n ta g e s  to  
th e  d i f f e r e n t  re d u c tio n  schem es. I  th in k  th a t  a  com bination  o f  p ro p e r
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s e le c tio n  o f  m agnet a r c  w id th  and stag g e re d  a r c  segm ents i s  one o f  th e  
b e s t ways o f  re d u c in g  d e te n t. Problem s r e la t in g  to  c o n s is te n c y  o f 
m agnet m a g n e tiz a tio n  and m agnet p o s itio n in g  can  p ro b a b ly  b e  more 
e a s i ly  overcam e th a n  th e  end e f f e c t  problem s en co u n te red  in  s tew in g .
C hap ter V p re s e n te d  a  su p e rp o s itio n  m ethod o f  c ro s s in g  m agnet edge 
c u rre n ts  w ith  f i n i t e  elem en t p re d ic te d  d is tr ib u t io n  o f  r a d ia l  
component o f  c o i l  f lu x  d e n s ity . S ince t h i s  m ethod d o es r e ly  on 
s u p e rp o s itio n , s a tu r a t io n  e f f e c ts  a re  n o t in c lu d e d . As was shown in  
t h i s  c h a p te r , s a tu r a t io n  can  s ig n if ic a n tly  a f f e c t  th e  to rq u e  r ip p le  
p re d ic te d . However, th e  u s e fu ln e s s  o f t h i s  m ethod l i e s  n o t so  much in  
i t s  u se  to  p r e c is e ly  p r e d ic t th e  to rq u e -a n g le  w aveform  b u t a s  a  to o l 
to  o b ta in  g lo b a l in s ig h t  in to  th e  re la tio n s h ip  betw een  c o i l  w indings 
and m agnet shape on  th e  r e s u lt in g  to rq u e -a n g le  c u rv e . In  th e  p a s t , 
t h i s  r e la tio n s h ip  h a s  been  l i t t l e  und ersto o d . I t  w as commonly f e l t  
th a t  sm all changes in  m agnet geom etry o r  s l o t  w id th  c o u ld  r e s u l t  in  
la rg e  changes in  to rq u e . The w ork p re se n te d  in  t h i s  th e s i s  h a s  h e lp ed  
to  illu m in a te  t h i s  r e la tio n s h ip . We now know th a t  sm a ll changes in  
geom etry can  r e s u l t  i n  la rg e  d e te n t torque changes b u t do not have 
much a f f e c t  on th e  e n e rg iz e d  to rq u e . The IxB m ethod h a s  a ls o  h e lp ed  
to  p ro v id e  an  u n d e rs ta n d in g  o f  how to  ach iev e  e i th e r  a  m ore s in u so id a l 
o r  more f l a t  to p p ed  to rq u e -a n g le  cu rv e . I f  a  s in u s o id a l to rq u e -a n g le  
cu rve i s  d e s ire d , d i s t r i b u te  th e  w inding and d i s t r i b u te  th e  m agnet 
edges so  th a t  h ig h e r  harm onics a re  averaged  o u t. N e ith e r  o f  th e s e  
shou ld  be done i f  one d e s ir e s  a  more f la t- to p p e d  c u rv e . M otors w ith  
low er num bers o f  t e e th  p e r  p o le  w il l  have more f la t- to p p e d  to rq u e -  
an g le  cu rv es  b ecau se  th e  w indings a re  d is tr ib u te d .
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The f in a l  to p ic  p re s e n te d  in  C hapter V was th e  u se  o f  th e  b ack  emf 
waveform a s  a  s u b s t i tu te  f o r  f in d in g  th e  en e rg ized  s t a t o r  to rq u e -a n g le  
waveform . T h is  m ethod com plem ents th e  IxB m ethod b ecau se  th e  IxB 
m ethod assum es th e  w ind ings a re  unchanged and a llo w s one to  v a ry  
m agnet w id th . The back  em f m ethod assum es th e  m agnet i s  unchanged and 
a llo w s one to  v a ry  th e  w ind ing  d is tr ib u tio n . W hile t h i s  m ethod does 
n o t g iv e  a s  good, a  m en ta l p ic tu r e  o f  th e  r e la tio n s h ip  a s  th e  IxB  
m ethod, i t  does in c lu d e  m ore s a tu ra t io n  e f f e c ts  b ecau se , in  a  r a r e  
e a r th  m agnet m oto r, th e  s a tu r a t io n  i s  more l ik e ly  to  be. cau sed  by th e  
p re sen ce  o f  th e  perm anent m agnet a s  opposed to  th e  c o i l .
In  C hap ter VI o n e-d im en sio n al lumped p aram eter m agnetic  m odels f o r  
th e  b ru sh le s s  DC m otor w ere e x p lo re d . The p rim ary  g o a l o f  t h i s  
c h a p te r  was to  id e n tif y  th e  s im p le s t model th a t  w ould p r e d ic t to rq u e  
and o th e r  perform ance p a ram e te rs  w ith in  th e  accu racy  l im it s  re q u ire d . 
T hese m odels had  to  b e  s im p le  enough to  p ro v id e  c lo se d  form  s o lu tio n s  
f o r  d esig n  s y n th e s is . M ore co m p lica ted  m odels th a t  p ro v id e  h ig h e r  
d eg rees o f  accu racy  b u t w ere n o t tr a c ta b le  w ere n o t d e s ire d  b ecau se  
th e  f i n i t e  elem en t m ethod i s  a  good a n a ly s is  to o l . A second a n a ly s is  
to o l  was n o t n e c e ssa ry .
The b a s ic  th e o ry  o f  lim ped  p aram ete r m agnetic m odels w as developed  
f i r s t  in  t h i s  c h a p te r  t o  id e n tif y  any fundam ental assum ptions t h a t  
co u ld  b e  in a d v e r te n tly  v io la te d  d u rin g  th e  developm ent o f a  lunped  
m odel. I t  was shown t h a t  in  o rd e r  f o r  th e  lunped e lem en ts t o  p r e d ic t  
th e  f lu x  in  any re g io n , th e  e lem en ts s e le c te d  m ust b e  f lu x  'tu b e s ' in  
w hich a  c o n s ta n t am ount o f  f lu x  flo w s.
T h is  c h a p te r showed t h a t  a  sim p le  lunped model in c lu d in g  o n ly  th e  
mmf d ro p s aco ss  th e  a irg a p s  can  b e  used  to  p r e d ic t th e  r a d ia l
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ccm ponent o f  c o i l  f lu x  d e n s ity . Thus, t h i s  sim p le  m odel can b e  
com bined w ith  th e  IxB method d e sc rib e d  in  C h ap te r V to  p r e d ic t th e  
s t a t o r  to rq u e -a n g le  waveform. O bviously , i f  th e  s t a t o r  to rq u e -a n g le  
w aveform  can  b e  p re d ic te d , th e n  th e  peak  to rq u e  can  a ls o  b e  p re d ic te d  
and 'is e d  t o  p r e d ic t  th e  to rq u e  c o n s ta n t.
W hile th e  r e la t iv e ly  sim ple m odel was a c c u ra te  in  p re d ic tin g  th e  
r a d ia l  com ponent o f c o i l  f lu x  d e n s ity , i t  w as o v e r 30% in  e r r o r  in  
p re d ic tin g  in d u c ta n c e . In  order to predict an  inductance v a lu e  w ith in  
10% o f  th e  f i n i t e  elem en t r e s u l t s ,  c r o s s - s lo t  le ak ag e  p a th s  had  to  be 
in c lu d e d . T h is  p roduced  an  in d u c tan ce  v a lu e  w hich was 7.7% h ig h e r 
th a n  th e  f i n i t e  e lm en t p re d ic te d  v a lu e . However, t h i s  v a lu e  was s t i l l  
16% l e s s  th a n  th e  m easured r e s u l t s .  T h is i s  n o t s u rp r is in g  
c o n s id e rin g  th e  in v e s tig a tio n s  in to  f i n i t e  e lem en t p re d ic tio n  o f  
in d u c tan ce  made p re v io u s ly  in  C hap ter IV . We know t h a t  le ak ag e  p a th s  
s ig n if ic a n t ly  a f f e c t  th e  in d u c tan ce , and , same o f  th o s e  leak ag e  p a th s  
a re  due t o  end e f f e c t s .  In  o rd e r to  p r e d ic t in d u c ta n c e  a c c u ra te ly , 
lunped  p a ra m e te r m odels would re q u ire  p a th s  f o r  end tu r n  le ak ag e ; I  
f e e l  t h i s  m odel w ould b e  co m plica ted  b ecau se  o f  th e  th re e -d im e n sio n a l 
n a tu re  o f  th e  end tu rn  leak ag e . Once a g a in , t h i s  i s  c o n tra ry  to  th e  
b a s ic  g o a l o f  d ev e lo p in g  a  sim ple model to  b e  u sed  f o r  d e sig n  
s y n th e s is ,
A s im p le  m odel was developed to  p r e d ic t th e  r a d ia l  com ponent o f  
f lu x  d e n s ity  due t o  th e  perm anent m agnet. I t  was shown th a t  w here th e  
b a s ic  r u le s  o f  lum ped param eter m odels w ere n o t v io la te d , th e  r e s u l t s  
m atched w e ll w ith  f i n i t e  elem ent r e s u l t s .  When av e rag e  mmfs w ere 
u sed , th e  t o t a l  f lu x  th ro u g h  th e  e lem en t c o r re la te d  w e ll w ith  f i n i t e  
elem en t r e s u l t s ,  even  though th e  d is tr ib u t io n  o f  r a d ia l  component o f
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-3 8 7 -
f lu x  d e n s ity  d id  n o t. T h is w ould in d ic a te  t h a t  t h i s  sim ple model 
co u ld  b e  u sed  w ith  th e  back  emf m ethod to  p r e d ic t  th e  back  emf and 
s t a t o r  to rq u e -a n g le  w aveform s.
F in a lly , th e  u se  o f  a  lumped elem ent m odel to  p r e d ic t d e te n t 
to rq u e  was in v e s tig a te d . I t  was shown th a t  any m odel w hich u se s  an  
av e rag in g  te c h n iq u e  to  re p re s e n t th e  mmf o f  th e  m agnet, w h ile  th e  
m agnet in te r f a c e  i s  o v e r th e  e lem en t, w il l  p roduce erroneous d e te n t 
to rq u e  v a lu e s  because i t  u se s  an  in c o r re c t e x p re ss io n  f o r  th e  
coenergy . When th e  m odel was c o rre c te d  so  t h a t  th e  coenergy was 
c a lc u la te d  p ro p e rly , i t  p re d ic te d  zero  d e te n t to rq u e  w h ile  th e  m agnet 
in te r f a c e  was o v er th e  to o th . T h is  a g re e s  c lo s e ly  w ith  f i n i t e  elem en t 
r e s u l t s  w hich showed l i t t l e  d e te n t to rq u e  p roduced  w h ile  th e  m agnet 
in te r f a c e  i s  o v e r a  to o th  fa c e . An a tte m p t was made to  in c lu d e  lumped 
elem en ts f o r  th e  s l o t  and c a lc u la te  d e te n t b u t t h i s  a ls o  showed no 
d e te n t to rq u e  to  b e  g e n e ra te d . T h is i s  in  d i r e c t  c o n tra d ic tio n  to  
f i n i t e  e lem en t r e s u l t s  w hich p r e d ic t m ost o f  th e  d e te n t to  be g e n e ra te  
in  t h i s  re g io n . I t  i s  my co n c lu sio n  th a t  d e te n t to rq u e  i s  p r im a rily  a  
consequence o f  leak ag e  f lu x  from  th e  m agnet t o  th e  s l o t  s id e s  and 
to o th  t i p s .  T h e re fo re , in  o rd e r f o r  th e  lum ped m odel t o  p re d ic t th e  
d e te n t to rq u e , th e  m odel w ould have to  in c lu d e  le ak ag e  p a th s  w hich 
change le n g th  and d ir e c tio n  a s  a  fu n c tio n  o f  m agnet p o s itio n . B esides 
b e in g  im p ra c tic a l, from  a  d e s ig n  s ta n d p o in t t h i s  i s  n o t r e a l ly  
p o s s ib le  s in c e  one does n o t know th e  to o th  geom etry a  p r io r i ;  th e  
to o th  geom etry i s  one o f  th e  p aram eters  to  b e  d e term in ed . A lso , in  
te rm s o f  th e  g lo b a l p ic tu r e , i f  one i s  d e s ig n in g  a  h ig h e r perform ance 
m otor, know ing th e  d e te n t to rq u e  i s  n o t c r i t i c a l  s in c e  one o f  th e
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schemes o u tlin e d  in  C h ap ter IV w ill  p ro b ab ly  b e  u sed  to  e lim in a te  
d e te n t.
The s im p le s t m odels developed in  C hap ter VI w ere u sed  a s  a  b a s is  
f o r  th e  developm ent o f  a  m otor d e sig n  m ethod and  p re s e n te d  in  C hap ter 
V II. The m ethod p re se n te d  assum e! th a t  a t  l e a s t  th e  to rq u e  c o n s ta n t, 
in e r t ia ,  r e s is ta n c e  and s t a l l  c u rre n t f o r  th e  m oto r h ad  been 
s p e c if ie d . F i r s t ,  an  e x p la n a tio n  o f  how th o se  p a ra m e te rs  a re  
ty p ic a lly  d e te rm in ed  from  th e  supp ly  v o lta g e , n o -lo a d  sp eed , and 
maximum pow er d is s ip a t io n  c a p a b ili te s  o f  th e  a p p lic a tio n  was g iv en .
The d e s ig n  m ethod p re se n te d  a c tu a lly  o n ly  re q u ire s  th e  to rq u e  
c o n s ta n t, maximum p h ase  c u rre n t and in e r t i a  to  b e  s p e c if ie d  in  
advance. A v a r ie ty  o f  d if f e r e n t  d e s ig n s  can  th e n  b e  ex p lo re d  and 
tr a d e -o f f s  c o n s id e re d . The f in a l  d e s ig n  s e le c te d  can  th e n  b e  based  on 
th e  r e s u l t s  o f  th o s e  com parisons. The f in a l  s e le c tio n  may b e  one 
w hich p ro d u ces minimum I 2R lo s s e s , o r  minimum w e ig h t, minimum volum e, 
o r  an a c c e p ta b le  com bination  o f  s e v e ra l d i f f e r e n t  p a ra m e te rs .
A p re lim in a ry  in v e s tig a tio n  o f  th e  number o f  s t a t o r  te e th  and 
r o to r  p o le s  w as a ls o  perform ed. I t  was shown t h a t  i f  one sim ply  
changes th e  num ber o f  te e th  and p o le s , keep ing  a l l  r a d i i ,  ( s lo t  in n e r 
ra d iu s , s l o t  o u te r  ra d iu s , magnet o u te r  ra d iu s , e t c .)  c o n s ta n t, th e n  
th e  number o f  te e th  s e le c te d  h as no e f f e c t  on th e  to rq u e  c o n s ta n t, th e  
in d u c tan ce  o r  th e  r e s is ta n c e  o f  th e  d e v ic e . W hile th e  number o f  p o le s  
a ls o  h a s  no e f f e c t  on th e  to rq u e  c o n s ta n t o r  r e s is ta n c e , th e  
in d u c tan ce  a p p e a rs  t o  d ec re ase  by th e  in v e rs e  o f  th e  sq u a re  o f  th e  
number o f  p o le s . T h is  im p lie s  th a t  a  h ig h e r p o le  c o u n t m otor can  be 
ru n  f a s te r  b eca u se  th e  e le c t r i c a l  tim e  c o n s ta n t h a s  d e c re a se d  by th e  
in v e rse  o f  th e  sq u a re  o f  th e  p o le s , w h ile  th e  com m utation r a te  has
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o n ly  in c re a s e d  p ro p o r tio n a lly . However, th e re  i s  an  a d d itio n a l 
p e n a lty  p a id . H ie h e a tin g  due to  iro n  lo s s e s  th e o r e t ic a l ly  in c re a s e s  
b y  th e  sq u a re  o f  th e  e x c ita t io n  frequency .
G iven th a t  a  b a s ic  u n d erstan d in g  o f  th e  consequences o f  p o le  co u n t 
and s l o t  co u n t s e le c tio n  was developed, th e  d e s ig n  m ethod o u tlin e d  
assum ed th a t  th e  d e s ig n e r  had  p re -s e le c te d  th e  number o f  p o le s  and 
s lo t s .  E q u a tio n s r e la t in g  perform ance p aram ete rs and m otor geom etry 
w ere th e n  d ev e lo p ed ; 28 eq u a tio n s  w ith  58 unknowns w ere fo rm u la ted . 
Argum ents w ere p re se n te d  f o r  th e  p re - s e le c tio n  o f  25 o f  th e s e  unknowns 
b ased  on m a te r ia l c o n s tr a in ts  and p h y s ic a l lim ita tio n s  o f  c h o ic e s .
F or exam ple, c h o ic e  o f  a  m agnet techno logy  l im it s  th e  r e s id u a l f lu x  
d e n s ity ; s in te r e d  r a r e  e a r th  m agnets have Bp v a lu e s  ra n g in g  from  1 .0  -  
1 .2  T e s la , and r e la t iv e  p e rm e a b ilitie s  ran g in g  from  1 .03 -  1 .1 . T here 
a re  a  number o f  s im ila r  exam ples.
I t  was a ls o  shown t h a t  th e  deg ree  o f  m axim ization  o f  th e  to rq u e  
c o n s ta n t can  b e  determ in ed  p r io r  to  com pletion  o f  th e  d e s ig n . A 
n o rm alized  to rq u e  c o n s ta n t ex p ressio n  was developed  w hich showed th a t  
w h ile  th e  maximum to rq u e  c o n s ta n t i s  o b ta in ed  by h av ing  a  r a t i o  o f 
m agnet le n g th  t o  a irg a p  le n g th  o f in f in i ty ,  91% o f  th e  maximum i s  
o b ta in e d  a t  a  r a t i o  o f  1 0 :1 , and 83% o f  th e  maximum i s  o b ta in e d  a t  
5 :1 . F in i te  e lem en t r e s u l t s  w ere shown th a t  s u b s ta n tia te d  th e s e  
f in d in g s . The to rq u e  c o n s ta n t- le n g th  r a t io s  f in d in g s  a re  im p o rtan t 
because th e  consequences o f  u s in g  a  p a r t ic u la r  m agnet le n g th  to  a irg a p  
le n g th  r a t i o  a r e  now known in  advance. G iven a  p a r t ic u la r  a irg a p  th a t  
can  b e  h e ld  by m an u fac tu rin g  to le re n c e s , th e  m oto r d e s ig n e r can  s e le c t  
th e  m agnet th ic k n e s s , b a la n c in g  m axim ization o f  to rq u e  c o n s ta n t 
a g a in s t c o s t - a  fu n c tio n  o f  m agnet volum e; and in d u c tan ce , w hich
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d e c re a se s  w ith  in c re a s in g  com bined xnagnet/airgap  le n g th .
The b a s ic  approach  o f  th e  d e s ig n  m ethod p re se n te d , f ix e s  th e  r o to r  
s iz e  to  m eet an  in e r t i a  c o n s ta in t and th e n  a llo w s th e  s ta to r  
d im ensions t o  grow  u n t i l  th e  s lo t s  a re  s u f f ic ie n t ly  la rg e  to  
accommodate enough tu rn s  to  p roduce th e  d e s ire d  to rq u e  c o n s ta n t. 
C o n sid e ra tio n  i s  g iv e n  to  e n su re  t h a t  s a tu r a t io n  o f  iro n  p a r ts  does 
n o t o ccu r. One o f  th e  b a s ic  p rem ises o f  th e  method i s  th a t  th e  
d e s ig n e r does n o t w ant t o  d e s ig n  a  m otor w hich o p e ra te s  in  a  
m a g n e tic a lly  s a tu ra te d  s t a t e .  I t  i s  my fe e lin g  th a t  f o r  any m otor 
w here s a tu ra t io n  h a s  cau sed  a  d e c re a se  in  th e  p o te n tia l  to rq u e  
c o n s ta n t, a  m otor o f  com parable w eig h t and s iz e  co u ld  have been  
d esig n ed  u s in g  le s s  m agnet, and th e re fo re  le s s  c o s t.
C o n sid e ra tio n  i s  a ls o  g iv e n  to  th e  s l o t  opening w id th s to  make 
s u re  th a t  th e  w ire  can  b e  in s e r te d . The d e s ig n  m ethod a llo w s th e  
d e s ig n e r to  com pare tr a d e - o f f s  betw een in d u c tan ce , w e ig h t, r e s is ta n c e , 
r e s i s t iv e  lo s s e s , and iro n  lo s s e s  a t  a  g iv e n  speed . T hese com parisons 
can  b e  made f o r  a  v a r ie ty  o f  d i f f e r e n t  w ire  s iz e s , and r o to r  d ia m e te rs  
and le n g th s , g iv in g  th e  d e s ig n e r a  g lo b a l id e a  o f  p a ram ete r v a r ia t io n  
f o r  a  ran g e o f  d e s ig n  s e le c tio n  v a r ia t io n s .
The d e s ig n  m ethod was v e r if ie d  a g a in s t th e  p ro to ty p e  m otor 
d isc u sse d  th ro u g h o u t t h i s  w ork. A d e s ig n  was developed  th a t  p roduced  
th e  same to rq u e  and r e s is i ta n c e ;  was 2% g re a te r  in  d ia m e te r and had  a  
s ta to r  iro n  w e ig h t th a t  was 20% h e a v ie r . The h e a v ie r  w eig h t was due 
to  th e  th ic k e r  s t a t o r  back  iro n . I t  i s  p o s s ib le  th a t  th e  f lu x  d e n s ity  
l im its  a llow ed  in  th e  s t a t o r  h ack  iro n  w ere c o n se rv a tiv e . A llow ing a  
h ig h e r le v e l o f  f lu x  d e n s ity  w ould r e s u l t  in  a  th in n e r  back  iro n , 
w eighing le s s .  O v e ra ll, th e  d im ensions o f  th e  d e s ig n  c o r re la te d  w e ll
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w ith  th e  p ro to ty p e  m otor.
L a s tly , in  t h i s  c h a p te r , an exam ple d e s ig n  w as perform ed f o r  a  
m otor to  b e  d riv e n  from  a  c u rre n t d r iv e  w ith  a  la rg e  o v e r v o lta g e  
r a t i o .  M o to r-d riv e  com binations w ith  la rg e  o v e r-v o lta g e  r a t io s  
ty p ic a l ly  have v e ry  n o n lin e a r c o n s ta n t v o lta g e  to rq u e -sp e e d  c u rv e s . 
C o n sid e ra tio n  o f  th e  to rq u e -sp ee d  b eh av io u r sh o u ld  alw ays be 
u n d ertak en  b e fo re  a  d e s ig n  i s  p rep a red . T h is  i s  n e c e ssa ry  to  en su re  
th e  d e s ire d  to rq u e -sp e e d  b eh av io u r can  be ach iev ed  g iv e n  th e  s p e c if ie d  
m otor c h a r a c te r i s t ic s .  The exam ple d esig n  p re s e n te d  allow ed  th e  
d e s ig n e r to  d ev elo p  a  d e s ig n  w hich m et th e  ru n n in g  to rq u e  
s p e c if ic a t io n s  w ith in  th e  d is s ip a tio n  envelope. B oth th e  v e r if ic a t io n  
and th e  exam ple d e s ig n  show th e  d esig n  p ro c e ss  p re s e n te d  to  be a  
v ia b le  means o f  p ro d u cin g  reaso n ab le  d esig n s  f o r  b ru s h le s s  DC m o to rs. 
The v e r i f i c a t io n  p ro v es th a t  th e  sim p le a irg a p  m odels a re  s u f f ic ie n t  
t o  u se  a s  a  b a s is  f o r  th e  m agnetic p o rtio n  o f  th e  m otor d e s ig n . F in a l 
d e s ig n s  c o u ld  th e n  be 'f i n e  tu n e d ' by f i n i t e  e lem en t a n a ly s is  to  
f u r th e r  m inim ize s t a t o r  iro n  volum e. Thereby re d u c in g  w eigh t w h ile  
in v e s tig a tin g  s a tu r a t io n  e f f e c ts  to  en su re  th e  to rq u e  c o n s ta n t 
req u irem en t i s  m a in ta in ed .
F litu re  Work
I  b e lie v e  th a t  th e  re se a rc h  docum ented in  t h i s  th e s i s  h as answ ered 
many q u e s tio n s  r e la t in g  to  b a s ic  m otor d e s ig n , an d , h e lp ed  to  le n d
1  ™ 4 a k 11 4 I i aH A «wa«aM« atia 4 a« Ik a.K. a«aa 1.1k a  a3a » »4 ■1
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b e lie v e  t h a t  i t  h a s  p ro v id ed  a  fo u n d atio n  f o r  m o to r d e s ig n . However 
th e re  rem ains much to  b e  done.
The m otor s tr u c tu r e  w hich was analyzed  and u se d  a s  a  b a s is  f o r  
m otor d e s ig n  assum ed r a d ia l ly  o rie n te d  a rc  shaped  m agnets. Many
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b ru sh le s s  DC m o to rs com m ercially  a v a ila b le  have r o to r s  o f  th e  form  
shown a s  p ro to ty p e  2 in  C hap ter IV . These c o n s is ts  o f  sq u a re d -o ff  
r o to r  back  ir o n s  w ith  perm anent m agnet segm ents w hich a rc  o r ie n te d  
s tr a ig h t  th r o u ^ i. T hese ty p e s  o f  r o to r  d e s ig n s  have th e  ad v an tag e  o f  
b e in g  le s s  c o s t ly  to  p ro to ty p e . R ectan g u la r m agnet segm ents 
m agnetized s t r a i g h t  th ro u g h  a re  re a d ily  a v a ila b le  in  p ro to ty p e  
q u a n tit ie s . T hese segm ents a re  mounted to  th e  sq u a re  r o to r  b ack  iro n s  
and th e n , v ia  a  g r in d in g  o p e ra tio n , a re  tu rn e d  down to  p roduce a  round 
r o to r . P ro to ty p e  r o to r s  o f  t h i s  ty p e  can  b e  produced much m ore 
q u ic k ly  and te n d  to  b e  le s s  c o s tly  th a n  m otors w ith  r a d ia l  o r ie n te d  
a rc  segm ents.
Same p re lim in a ry  w ork perform ed by th e  a u th o r h a s  shown t h a t  th e  
to rq u e  c o n s ta n t o f  each  o f  th e s e  ty p e s  o f  d e s ig n  i s  ap p ro x im ate ly  th e  
same when each  a r e  o f  th e  same a x ia l  le n g th , a re  u sed  in  th e  same 
s ta to r ,  and h av e  eq u a l m agnet c ro s s -s e c tio n a l a re a s . However, 
a d d itio n a l com parisons sh o u ld  b e  made betw een th e s e  tw o b a s ic  d e s ig n  
ty p e s . I t  seem s to  me th a t  th e  r o to r  w ith  th e  sq u a re  r o to r  b ack  iro n  
w ould have l e s s  d e te n t to rq u e  and  b e  more s in u s o id a l in  n a tu re  b ecau se  
th e  edges o f  th e  m agnet a re  more d is tr ib u te d . The d is tr ib u te d  m agnet 
edges would a ls o  r e s u l t  in  a  m ore s in u s o id a l s ta to r  to rq u e -a n g le  
cu rv e . T hese s p e c u la tio n s , how ever, a re  based  on in s ig h t  g a in e d  by 
th e  IxB m ethod, w hich i s  n o t s t r i c t l y  a p p lic a b le  in  th e  c a se  o f  th e  
sq u a re d -o ff r o to r  back  iro n .
The developm ent o f  a  sim p le  model to  p re d ic t th e  m agnetic  
c h a r a c te r is t ic s  o f  th e  m otor r o to r  w ith  th e  sq u are  r o to r  b ack  iro n  
w il l  be made d i f f i c u l t  by th e  v a r ia b le  re lu c ta n c e  e f f e c ts  o f  th e  
sq u are  r o to r  b ack  iro n . S in ce  th e  IxB m ethod w il l  no lo n g e r b e  a
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v a l id  means o f  c a lc u la tin g  to rq u e?  i t  may b e  n e c e ssa ry  to  develop  
o th e r  m ethods.
A p art from  an  in v e s tig a tio n  in to  th e s e  o th e r  ty p e s  o f  r o to r s , 
th e re  a re  th r e e  p rim ary  a re a s  t h a t  I  th in k  sh o u ld  b e  fo cu sed  on in  th e  
fu tu re : an  a n a ly s is  o f  h y s te r e s is  and eddy c u r re n t lo s s e s ; th e  
developm ent o f  a  th e rm al model f o r  th e  d e v ic e ; and a  th o ro u g h  in v e s­
t ig a t io n  in to  th e  e f f e c ts  o f  s a tu r a t io n .
A v e ry  s im p le  m ethod o f  in c lu d in g  iro n  lo s s e s  was u sed  in  th e  
d e s ig n  e q u a tio n s  p re se n te d  in  C h ap ter V I. T h at approach  sim ply  used  
th e  m a n u fa c tu re r 's  lo s s  p e r  pound c u rv e s . Those c u rv e s  a re  b ased  on 
an  AC e x c i ta t io n  and assum e a  un ifo rm  f i e l d  i s  p re s e n t th ro u g h o u t th e  
iro n . The f i e l d  p re s e n t in  th e  m otor iro n  i s  much m ore co m p lica ted . 
D if fe re n t p a r ts  o f  th e  iro n  s e e  d i f f e r e n t  f i e l d  le v e ls  and th e r e  a re  a  
number o f  d i f f e r e n t  AC com ponents w hich a r e  due to  th e  r o ta t in g  
perm anent m agnets, th e  fundam ental p h ase  c u r re n t, harm onics due to  
p u ls e  w id th  m odu lation  o f  th e  d r iv e , and iro n  n o n lin e a r i t ie s .
I t  i s  n o t c le a r  t o  me th a t  th e  t o t a l  lo s s e s  can  b e  determ in ed  by 
losing th e  m a n u fa c tu re r 's  lo s s  cu rv es  to  f in d  th e  lo s s e s  due to  each  o f  
th e  AC com ponents, and th e n  u s in g  s u p e rp o s itio n  to  f in d  th e  t o t a l  
lo s s e s . In v e s tig a tio n  i s  n e c e ssa ry  t o  d e te rm in e  i f  a  m ore co m p lica ted  
model i s  needed  to  acco u n t f o r  each  o f  th e s e  c o n tr ib u tio n s  in  v a rio u s  
s e c tio n s  o f  th e  iro n  because iro n  lo s s e s  can  b e  a  s ig n if ic a n t  so u rce  
o f  h e a tin g  in  th e  m otor. F u rth e r  ex p erim en ta l w ork t o  v e r if y  th e  
m odels i s  a l s o  n e c e ssa ry .
A m ore com plete  model f o r  th e  iro n  lo s s e s  co u ld  b e  coup led  w ith  a  
th e rm al m odel f o r  th e  m otor. In  o rd e r to  t r u ly  o p tim iz e  th e  system  
d e s ig n , th e  m otor d e s ig n  sh o u ld  in c lu d e  th e rm a l c o n s id e ra tio n s  f o r  th e
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a p p lic a tio n . The h e a t t r a n s f e r  c h a r a c te r is t ic s  v a ry  f o r  each  
a p p lic a tio n ; w h atev er th e  m otor i s  m ounted to  a c ts  a s  a  h e a t s in k , 
an d , th e  h e a t t r a n s f e r  c h a r a c te r i s t ic s  o f  th e  mount a r e  a  fu n c tio n  o f  
i t s  s iz e ,  m a te r ia l p ro p e r tie s  and a d jo in in g  p ie c e s . In  a d d itio n , th e  
m otor can  b e  m ounted in  an  e n c lo su re , subm ersed in  a  f lu id ,  o r  have a  
fa n  b low ing  a i r  o v e r i t .  M odelling  th e  h e a t t r a n s f e r  c h a r a c te r i s t ic s  
o f  th e  m o to r/a p p lic a tio n  a s  a  system  i s  im p o rtan t b ecau se  th e  
co n tin u o u s to rq u e  re q u ire d  f o r  an  a p p lic a tio n  i s  a  fu n c tio n  o f  th e  
to rq u e  c o n s ta n t and  th e  maximum co n tin u o u s c u r re n t. The co n tin u o u s 
c u r re n t r a t in g  i s  b a sed  on th e  am ount o f  h e a t t h a t  can  b e  tr a n s f e r e d  
away from  th e  w in d ing . O bviously , th e  h ig h e r th e  c o n tin o u s c u r re n t 
i s ,  th e  lo w er th e  n e c e ssa ry  to rq u e  c o n s ta n t i s  to  m eet a  c e r ta in  s t a l l  
to rq u e . The th e rm a l c h a r a c te r i s t ic s  re p re s e n t an  a d d itio n a l d eg ree  o f  
freedom  in  th e  d e s ig n  o f  th e  system .
The developm ent o f  sim p le  m odels f o r  th e  th e rm al r e s is ta n c e  from  
s t a t o r  w ind ings t o  m otor h o u sin g  and housing  to  am bient w ould b e  a  
f i r s t  s t a r t  in  th e  a n a ly s is  o f  th e  th e rm al c h a r a c te r i s t ic s  o f  th e  
m otor. The th e rm a l r e s is ta n c e  from  w inding to  h o using  w ould, a t  
l e a s t ,  b e  u s e fu l f o r  th o s e  a p p lic a tio n s  th a t  do n o t blow  a i r ,  o r  fo rc e  
f lu id s  down th ro u g h  th e  a irg a p  betw een th e  s t a t o r  and r o to r .  W ith th e  
e x c e p tio n  o f  th e s e  c a s e s , th e  s ig n if ic a n t  h e a t t r a n s f e r  p a th  i s  
ou tw ard th ro u g h  th e  c a s e ; th u s  th e rm a l r e s is ta n c e  o f  t h i s  p a th  w ould 
b e  f ix e d  f o r  a  g iv e n  m o to r. In  many a p p lic a tio n s , th e  th e rm a l 
r e s is ta n c e  from  h o u sin g  to  am bient i s  o f  lim ite d  u se , o th e r  th a n  a s  a  
b a s is  f o r  com parison betw een m otor. Once th e  m otor i s  m ounted, th e re  
a re  u s u a lly  o th e r  h e a t t r a n s f e r  p a th s  w hich te n d  to  dom inate th e  
th e rm al c h a r a c te r i s t ic s  o f  th e  m otor.
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In  same c a s e s , o p tim al m otor d e s ig n  w i l l  r e q u ire  a  lum ped th e rm al 
m odel t h a t  d e s c r ib e s  th e  dynam ic th e rm al b e h a v io r o f  th e  
m o to r/a p p lic a tio n  system ; n o t j u s t  a  q u a s i - s ta t ic  m odel. T h is  w il l  b e  
im p o rtan t i n  a p p lic a tio n s  th a t  re q u ire  la rg e  o u tp u t pow er from  s n a il 
package s iz e s  f o r  s h o r t p e rio d s  o f  tim e , (e .g . m is s le  a p p lic a t io n s ) .
The w ork p re se n te d  in  t h i s  th e s i s  h a s  made no a tte m p t to  
in c o rp o ra te  a  th e rm al model in to  t h i s  d e s ig n . D evelopm ent o f  same 
g e n e ric  th e rm a l m odels i s  n e c e ssa ry  to  com plete th e  a n a ly s is  o f  th e  
d e v ic e  a s  a  p a r t  o f  th e  system .
S a tu ra tio n  i s  a n o th e r im p o rtan t is s u e  w hich needs to  b e  ad d ressed . 
The sim p le  m odels developed  n e g le c t s a tu r a t io n  and assum e t h a t  th e  
m otor i s  t o  b e  d esig n ed  to  o p e ra te  in  a  m a g n e tic a lly  l in e a r  s t a t e .
FiUu s t r i c t l y  a  to rq u e  p ro d u c tio n  s ta n d p o in t, i t  i s  my o p in io n  th a t  
one n e v e r w an ts to  d e s ig n  a  m otor t h a t  o p e ra te s  in  a  re g io n  o f  
s a tu r a t io n . A n o n lin e a r to rq u e -c u rre n t c h a r a c te r i s t ic  i s  u n d e s ira b le  
b ecau se  a t  h ig h  c u r re n t le v e ls  th e  to rq u e  c o n s ta n t i s  s a tu ra te d  and 
th e  s t a l l  to rq u e  i s  reduced . A t low  c u r re n t v a lu e s  th e  to rq u e  
c o n s ta n t, and  hence th e  back  emf c o n s ta n t, i s  h ig h , d e c re a s in g  th e  
n o lo ad  sp eed  o f  th e  m otor. M agnetic s a tu r a t io n  o f  th e  to rq u e  
c o n s ta n t w i l l  r e s u l t  in  a  nonoptim al u se  o f  m agnet m a te r ia l. However, 
th e r e  may b e  tr a d e - o f f s  betw een d e c re a se s  in  to rq u e  and  d e c re a se s  in  
in d u c ta n c e . lo c a l s a tu ra tio n  m igh t have a  more s ig n if ic a n t  e f f e c t  on 
in d u c tan ce  th a n  on th e  to rq u e  c o n s ta n t. D ecreasin g  th e  in d u c tan ce  
co u ld  im prove th e  h ig h  speed to rq u e  c a p a b ili ty  o f  th e  d e v ic e .
Includ ing- s a tu ra t io n  in  th e  model w i l l  c e r ta in ly  make th e  d esig n  
p ro c e ss  m ore co m p lica ted . However, I  f e e l  t h a t  i t  m igh t b e  p o s s ib le  to  
m odel s a tu ra b le  p a th s  and b ase  th e  d e s ig n  so  t h a t  th e  mmf d ro p s a c ro ss
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th e  s a tu ra b le  p a th s  do n o t exceed a  c e r ta in  p e rc e n ta g e  o f  th e  a irg a p  
mmf d ro p s . T h is  w ould r e s u l t  in  a  more o p tim a l u se  o f  th e  iro n  p a th s . 
Mmf d ro p s th ro u g h  th e  iro n  a re  a  fu n c tio n  o f  th e  re lu c ta n c e  o f  th e  
p a th . The p a th  re lu c ta n c e  i s  a  fu n c tio n  o f  th e  p a th  le n g th  and th e  
s a tu ra b le  r e lu c t iv i ty  o f  th e  iro n . In  re g io n s  w here th e  f lu x  p a th s  
w ere s h o r t , h ig h e r f lu x  d e n s it ie s  would b e  a llo w ed . Longer f lu x  p a th s  
th ro u g h  th e  iro n  w ould l im i t  th e  f lu x  d e n s ity  t o  lo w er v a lu e s .
In  t h i s  m anner one i s  n o t concerned  w ith  th e  f lu x  d e n s ity  le v e ls  in  
th e  ir o n  so  much a s  w ith  th e  u n d e s ire d  mmf d ro p s . The f lu x  d e n s it ie s  
w ould b e  w hatever v a lu e  n e ce ssa ry  to  make th e  mmf d ro p s b e  a s  s p e c i­
f ie d .
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APEEMXEX A
EEVEEOTMENT OF A NONLINEAR MAGNETIC FINITE ELEMENT MDCEL
A f i r s t  o rd e r , n o n lin e a r , tw o-d im ensional f i n i t e  elem en t m agnetic 
model was u sed  t o  m odel th e  m otors shewn in  t h i s  th e s i s .  In  t h i s  
appendix  th a t  f i n i t e  e lem en t model w il l  b e  d eveloped . The m a te r ia l 
p re se n te d  in  t h i s  appendix  i s  ex ce rp ted  from  a  p ap e r w r itte n  by th e  
a u th o r and  D r. T .J .  H am ed o f  E a s te rn  A ir  D ev ices, D over NH and 
p re se n te d  a t  th e  1987 IMCS C onferencec173 .
The ty p e s  o f  problem s u s u a lly  th o u g h t o f  a s  tw o-d im ensional a re  
r e a l ly  th re e -d im e n s io n a l w ith  c e r ta in  c o n s tr a in ts . T hese problem s a re  
ax isym m etric o n es th a t  can  b e  m odeled by assum ing th a t  th e  geom etry 
v a r ie s  in  th e  p la n e  o f  th e  d e v ic e  and i s  un ifo rm  in  th e  a x ia l  
d ir e c tio n .
A .l  N o n lin e a r Ifeo n e tic  I f a te r ia la
M agnetic m a te r ia ls  found in  e lec tro m ech an ica l d e v ic e s  a re  u s u a lly  
h ig h ly  n o n lin e a r . T h e ir  m agnetic c h a r a c te r is t ic s  a re  d e sc rib e d  by  a  
B-H c u rv e , (se e  F ig u re  A - l) . The B-H cu rv e  r e la te s  th e  m agnetic f lu x  
d e n s ity , B, p roduced  in  th e  m a te r ia l due to  an  a p p lie d  m agnetic  f i e l d  . 
in te n s ity , H. F ig u re  A -l shews th a t  m agnetic m a te r ia ls  a re  n o n lin e a r , 
and th e y  a ls o  e x h ib it  h y s te r e s is . M odelling th e  h y s te r e t ic  
c h a r a c te r i s t ic  o f  th e  m a te r ia l re q u ire s  in fo rm a tio n  ab o u t th e  p a s t 
h is to ry  o f  th e  m ag n etic  f i e ld ,  m aking such  m o d ellin g  im p ra c tic a l.
Hence, th e  m ag n etic  m a te r ia ls  a re  u s u a lly  m odeled u s in g  t h e i r
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m a g n e tiz a tio n  c u rv e . T h is  cu rv e  i s  s in g le  v a lu e d , a s  shown in  F ig u re  
A -l. Thus, E q u a tio n  A -l can  b e  vised to  d e s c r ib e  th e  m agnetic  
p ro p e r tie s  o f  th e  m a te r ia l.
B = ( i H  (A -la)
Or;
B = “  (A—lb )
W here: y. i s  th e  p e rm e a b ility  o f  th e  m a te r ia l
v i s  th e  r e lu c t iv i ty  o f  th e  m a te r ia l
In  a  s a tu ra b le  m a te r ia l , such  a s  m ost fe rro m a g n e tic s , th e  p e rm e a b ility  
and th e  r e lu c t iv i ty  a r e  n o n lin e a r  fu n c tio n s  o f  e i th e r  th e  f lu x  d e n s ity  
o r  th e  f i e l d  in te n s i ty .
A .2  The M aan e to -S ta tic  F ie ld  E q u a tio n  
The p a r t i a l  d i f f e r e n t i a l  eq u a tio n , (PDE), d e s c r ib in g  th e  s t a t i c  
m agnetic f i e l d  can  b e  d e riv e d  u s in g  M axw ell's fo u r th  e q u a tio n 1-83 , in  
d i f f e r e n t ia l  form , and  th e  m agnetic m a te r ia l p r o p e r tie s . M axw ell's 
fo u rth  e q u a tio n , f o r  tim e  in v a r ia n t problem s, i s  shown in  E q u atio n  
A -2.
V X  H =  J  (A-2)
T h is e q u a tio n  s t a t e s  t h a t  th e  c u r l  o f th e  m ag n etic  in te n s i ty  e q u a ls  
th e  t o t a l  c u r re n t d e n s ity , J ,  w ith in  th e  f i e ld  re g io n . I f  th e  
m agnetic m a te r ia l r e la t io n  g iv e n  in  E quation  A -la  i s  s u b s t i tu te d  in to  
t h i s  eq u a tio n  th e n  E q u a tio n  A-3 r e s u l t s .
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V X -  = J (A -3)
In  s o lv in g  tw o-d im ensional problem s, i t  i s  co n v en ien t to  d e fin e  a  
v e c to r  m ag n etic  p o te n tia l ,  A , such  th a t :
T h is  d e f in i t io n  i s  co n v en ien t f o r  th e  tw o -d im en sio n al ca se  b ecau se  i f  
B  i s  t o  h av e  com ponents o n ly  in  th e  x  and  y  d ir e c tio n s , th e n  A m ust 
have com ponents o n ly  in  th e  z d ir e c tio n , (A^) .  S in ce  th e  v e c to r  
p o te n t ia l  A  h a s  o n ly  th e  component A ,, th e n  th e  v e c to r  PDE red u ces to  
a  s c a la r  PDE. Exam ining th e  tw o-d im ensional c a se  by  s u b s titu t in g  
E q u atio n  A-4 in to  E quation  A-3 r e s u l t s  in  E q u atio n  A -5.
I t  can  b e  seen  from  E quation  A-5 th a t  th e  v e c to r  d i f f e r e n t ia l  e q u a tio n  
h as  been  red u ced  to  a  n o n lin e a r s c a la r  PDE. E q u a tio n  A-5 i s  th e n  
so lv ed  f o r  A^  u s in g  f i n i t e  elem ent m ethods. Once Ai  i s  o b ta in e d , B  
can  b e  c a lc u la te d  u s in g  E quation  A -4.
F in i te  e lem en t m ethods p re s e n t a  way o f  d is c r e t iz in g  a  system  and 
u s in g  ap p ro x im atin g  fu n c tio n s  to  d e s c rib e  th e  p a ram ete r o f  in t e r e s t  
o v e r th e  e lem en t. P rim a rily , th e re  a re  tw o app roaches to  th e  
developm ent o f  a  f i n i t e  elem ent m odel. One, i s  th ro u g h  th e  m ethod o f  
w eigh ted  r e s id u a ls . The o th e r  i s  th e  v a r ia t io n a l  approach . The 
w eigh ted  r e s id u a l m ethod w ill  be d e sc rib e d  b r ie f ly ,  th e n  th e  
v a r ia t io n a l  m ethod w ill  be used  to  d e r iv e  th e  f i n i t e  elem ent model in  
d e t a i l .
B  =  V x  A (A-4)
(A-5)
A .3 F iir itp  re o rie n t P n trm ila tim
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-4 0 6 -
In  th e  w eig h ted  r e s id u a l m ethod th e  re s id u a l i s  th e  am ount by 
w hich th e  ap p ro x im atin g  fu n c tio n  m isses s a tis f y in g  th e  g o v ern in g  
d i f f e r e n t ia l  e q u a tio n . T h is  r e s id u a l i s  m u ltip lie d  by  seme w e ig h tin g  
fu n c tio n  and th e n  in te g ra te d  o v e r th e  doma i n .  By s e t t in g  t h i s  
'in t e g r a l  eq u a l t o  z e ro , one fo rc e s  th e  re s id u a l to  b e  z e ro , in  an  
av erag e se n se , o v e r th e  dom ain. Same c la s s ic a l  w eigh ted  r e s id u a l 
p ro ced u res a r e : C o llo c a tio n , L e a st S quares and G a le rk in 1183 .
G a le rk in 's  m ethod, in  w hich th e  w eig h tin g  fu n c tio n  i s  ch o sen  to  be 
id e n tic a l  t o  th e  ap p ro x im atin g  fu n c tio n , i s  one o f  th e  m ost p a p u la r .
In  th e  v a r ia t io n a l  approach1193 , th e  s ta t io n a ry  v a lu e , i . e .  
extremum, o f  same d e f in a b le  fu n c tio n a l p ro v id e s  th e  s o lu tio n  to  th e  
d i f f e r e n t ia l  e q u a tio n . The fu n c tio n a l o f te n  re p re s e n ts  sam e p h y s ic a l 
q u a n tity  in  th e  p rob lem , such  a s  th e  p o te n tia l  energy  in  th e  
m a g n e to s ta tic  c a s e . I t  a ls o  c o n ta in s  low er o rd e r d e r iv a tiv e s  th a n  th e  
d i f f e r e n t ia l  e q u a tio n , w hich means th a t  low er o rd e r  ap p ro x im atin g  
fu n c tio n s  can  b e  u se d . The v a r ia tio n a l approach  a llo w s one to  t r e a t  
m ore co m p lica ted  d e r iv a tiv e  boundary c o n d itio n s , such  a s  n a tu ra l  
boun dary  c o n d itio n s . In  a d d itio n , i t  alw ays le a d s  to  a  sym m etric 
system  o f  a lg e b ra ic  e q u a tio n s .
In  th e  fo llo w in g , th e  v a r ia tio n a l approach i s  u sed  to  d ev e lo p  a  
f i n i t e  e lem en t m odel fo r  tw o-d im ensional, n o n lin e a r m ag n etic  f i e l d  
p rob lem s. I t  sh o u ld  b e  n o te d , how ever, th a t  a  developm ent u s in g  th e  
G ale rk in  m ethod o f  w eigh ted  re s id u a ls  w ould r e s u l t  in  an  id e n t ic a l  s e t  
o f  a lg e b ra ic  e q u a tio n s .
The n o n lin e a r  m ag n etic  f i e l d  problem  d e sc rib e d  by E q u atio n  A-5 can  
b e  ex p ressed  in  th e  v a r ia t io n a l  approach a s  an  energy  fu n c tio n a l, 
E quation  A -6. T h is  fu n c tio n a l was f i r s t  d e riv e d  by C h ari and
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S y lv e s te rc 2 01 and l a t e r  m o d ified  by B rau erc 213, and was shown by them  
to  s a t i s f y  th e  nece s s a ry  c o n d itio n s  re q u ire d  in  o rd e r  f o r  i t  b e  a  t r u e  
fu n c tio n a l fo rm u la tio n  o f  E q uation  A -5.
F(U (B )) = f  W(U) dfl -  f  J«U d£2 -  f U -|S  dS (A-6)
Q JQ Js dn
W(D) i s  th e  en erg y  d e n s ity  a s s o c ia te d  w ith  th e  app rox im ate , o r  
t r i a l  s o lu tio n , U, o f  th e  v e c to r  p o te n t ia l ,  A. The en erg y  d e n s ity  f o r  
b o th  l in e a r  and  n o n lin e a r  a n is o tro p ic  m agnetic m a te r ia ls  i s  g iv e n  by 
E quation  A -7, and  i s  th e  a re a  w hich l i e s  to  th e  l e f t  o f  a  B-H cu rv e  
f o r  th e  m a te r ia l. (See F ig u re  A - l) .
W(U(B)) = f  ° |h | d |B | (A-7)
o
U sing E q u atio n  A -lb , and e x p re ss in g  th e  r e lu c t iv i ty  a s  a  fu n c tio n  o f  
th e  m agnitude o f  th e  f lu x  d e n s ity , th e  energy  d e n s ity  can  b e  ex p ressed  
a s  shown by E q u a tio n  A -8.
H =  u ( |B | )  B (A -lb)
W(U(B)) = f ° « ( | B | )  |B | d |B | = f ° u ( | B | )  |B| d |B | (A-8)
J 0 J 0
| B |, in  t h i s  e q u a tio n , i s  th e  m agnitude o f  th e  f lu x  d e n s ity  and i s  
d e fin e d  by  E q u atio n  A -9.
IBI - , [ S T  * [ ^ ] 2
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E q u atio n  A-9 i s  v a l id  o n ly  fo r  tw o -d im en sio n al m agnetic problem s 
w here b o th  U and J  have com ponents in  th e  z - d ir e c tio n  o n ly . The 
fu n c tio n a l can  now b e  w r itte n  a s  shown in  E q u a tio n  A -10.
I t  sh o u ld  b e  n o te d  th a t  by s e t t in g  th e  l in e  in te g r a l  on th e  r ig h t  hand 
s id e  o f  E q u a tio n  A-10 to  ze ro , n a tu ra l boundary  c o n d itio n s , 
(homogeneous Neumann), a re  im p lic itly  s a t i s f i e d  b y  th i s  
fo rm u la tio n 12 21 . T h e re fo re , on mesh b o u n d a rie s  w here th e  p o te n tia l  i s  
u n s p e c if ie d , c o n to u rs  o f  c o n s ta n t p o te n tia l  w i l l  b e  p e rp e n d ic u la r to  
th e  boundary .
A t t h i s  p o in t , th e  energy  d e n s ity  w il l  b e  re w r itte n  in  te rm s o f  
th e  sq u a re  o f  th e  f lu x  d e n s ity . T h is makes th e  m athem atics s l ig h t ly  
m ore c o n v e n ie n t. A new r e lu c t iv i ty  fu n c tio n  can  b e  form ed th a t  i s  a  
fu n c tio n  o f  th e  sq u a re  o f  th e  f lu x  d e n s ity . The r e lu c t iv i ty  
e x p re ss io n  u s u a lly  com prises a  s e re s  o f  cu b ic  s p lin e s  approx im ating  
th e  r e lu c t iv i ty - f lu x  d e n s ity  d a ta , i t  i s  no m ore d i f f i c u l t  to  
re fo rm u la te  th e  fu n c tio n  a s  a  s e t  o f  cu b ic  s p lin e s  approx im ating  th e  
r e lu c t iv i ty - f lu x  d e n s ity  squared  d a ta .
To re w r ite  th e  en erg y  d e n s ity  in  te rm s o f  th e  sq u a re  o f  th e  f lu x  
d e n s ity  th e  fo llo w in g  d e f in itio n s  a re  made:
F(U(B)) = (A-10)
u( | b | ) = u ( | B | 2)
B =  | B| 2 
dB =  2 |B| d ! B|
(A -lla )
(A -llb )
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° u( | b | ) | b | d |B |  j ° u ( B )  dB (A -llc )
o
S u b s titu tio n  o f  E q uation  A - llc  in to  E quation  A-10 and s e t t in g  th e  l in e  
in te g ra l to  z e ro , p roduces th e  fu n c tio n a l ex p ress io n  shown in  
E quation  A -12.
I f  th e  dom ain i s  d is c r e t iz e d  in to  a  s e t  o f  Ne n o n o v erlap p in g  
f i n i t e  e lem en ts, and th e  p o te n t ia l  i s  d e fin e d  w ith in  an  e lem en t by an  
in b e rp o la tiv e  app ro x im atio n , th e n  th e  fu n c tio n a l becom es a  sum m ation 
o f  in te g r a ls  o v e r each  and ev e ry  elem en t, E quation  A -13. A g e n e ra l 
form  fo r  th e  in te rp o la t iv e  app rox im ating  fu n c tio n  i s  shown in  E q uation  
A -14. Nq i s  th e  number o f  nodes on th e  elem en t, Uzi- i s  th e  p o te n tia l  
a t  node i  and  N. i s  th e  shape o r  b a s is  fu n c tio n  a s s o c ia te d  w ith  
node i .
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The en erg y  fu n c tio n a l i s  th e n  m inim ized by s e t t in g  th e  p a r t i a l  
d e r iv a tiv e s  o f  th e  fu n c tio n a l, w ith  re s p e c t to  each  o f  th e  unknown 
n o d a l, p o te n t ia ls  e q u a l t o  z e ro .
S in ce  th e  en erg y  fu n c tio n a l i s  a  sum m ation o f  in te g r a ls  o v e r each  
e lem en t, th e  m in im iza tio n  p ro c e ss  can  b e  a p p lie d  to  a  s in g le  elem ent 
to  p roduce a  s e t  o f  a lg e b ra ic  e q u a tio n s  in  te rm s o f  i t s  unknown nodal 
p o te n t ia ls .  Once t h i s  p ro ced u re  h a s  been  a p p lie d  t o  a l l  o f  th e  
e lem en ts , th e  r e s u l t  w i l l  b e  a  system  o f  N_ e q u a tio n s  f o r  th e  N— ii — n
unknown n o d al p o te n t ia ls .
A pply ing  th e  m in im iza tio n  to  a  s in g le  e lem en t, E q u a tio n  A-15 
re q u ire s  th e  c o n d itio n  shown by  E q uation  A -16.
S u b s titu tio n  o f  th e  in te r p o la t iv e  app rox im ation  f o r  th e  p o te n tia l  o v er 
th e  e lem en t, d e fin e d  by  E quation  A -14, in to  th e  second  in te g r a l  o f 
E q u a tio n  A -16, y ie ld s  th e  r e s u l t  shown in  E q u atio n  A -17.
A p p lic a tio n  o f  th e  c h a in  r u le  to  th e  f i r s t  in te g r a l  o f  E q u a tio n  A-16, 
w hich i s  th e  en erg y  d e n s ity , W, in  E q u atio n  A -18, p ro d u ces th e  
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i § T  w ^ ) )  = W ~  2  J  ° v &  d 5 =  u(g) ! § “  <A” 18)z 1 z i 0 z l
The rem ain ing  p a r t i a l  d e r iv a tiv e  te rm  in  t h i s  in te g r a l  can  be 
e lim in a te d  by  u s in g  th e  f a c t  th a t  B i s  th e  sq u a re  o f  th e  m agnitude o f  
th e  f lu x  d e n s ity , (E q u atio n  A-9 and A - l la ) . The sq u a re  o f  th e  f lu x  
d e n s ity  m agnitude i s  a s  shown in  E q u atio n  A -19a.
B = IB I2 =






The p a r t i a l  d e r iv a tiv e  o f  B w ith  re s p e c t to  th e  a x ia l  com ponent o f  
v e c to r  p o te n tia l  a t  node i  i s :
au a 2u  au  a 2u
auzi =  2 a iT  auz f ax + 2 ay”  auz f ay  (A -i9b)
The p a r t i a l  d e r iv a tiv e  o f  th e  v e c to r  p o te n tia l  can  b e  e v a lu a te d  by  




-  L  ^  a iT  (A" 19c)
fc=i
N_
f i  =  V  TT ^
3y Z -  zk 3y
(A-19d)
fe=l
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Therefore,
N Nn   — n
aS r r  dN k 1 9Ni r r  3Nk 1 9N.
su ~  = L uzk ax" J diT  + L Uzk W  J W  (A~20)
1  6B
2 6 l , ,
k?=l k = l
Substitution of the results from Equation A-17, A-18 and A-20 into 
Equation A-16 yields Equation A-21.
N Nn   _  _  n
/„•* [E^S-IS- * [E«..5-15-1^ -
e <■ k = l  kKL
J JZN. d£2e = 0 (A-21)
This equation is applied for each nodal potential UZ). on the element 
for all N0 nodes on the element. This will result in N0 equations 
which can be restated in matrix form as shown in Equation A-22.
[S]e (U}e = {J}e (A-22)
{U)e is the vector of unknown nodal potentials, Uz i, of the element. 
The individual entries of the [S]e matrix and (J)e vector are given by
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Equations A-23a and A-23b
(A-23a)
3N- 3N. 3N. 3N. ]
ax' a>T + ay" ay" J (A—23b)
This represents the general equation which can be applied to any type 
of finite element selected to discretize the region.
In the finite element work discussed in this appendix, first order 
triangular elements with 'regular-' node numbering on a 'regular7 mesh 
are used to analyze electric machines. A 'regular7 mesh was shown in 
Chapter III, Figure HI-1. It will be shewn here, that these types of 
meshes result in matrix equations which are banded and sparse. This, 
combined with the fact that the variational method produces a 
symmetric set of equations, results in a very compact set of 
equations.
Consider the example element, e, in Figure A -2  with vertices, or 
nodes, labeled j ,k ,l. The interpolative approximating function which 
will be used to describe the approximate vector potential, Uz, within 
the element is:
The functions N. are basis functions for the natural, or area 
coordinate system of the trianglec18] . The transformation between 
cartesian and natural coordinates is given by the foliating 
relationship:
(A—24)
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I
Figure A-2 
A Single Triangular Finite Element
3
Figure A-3 
A Two Element Example
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Where:
Ni =  2 A ~  ( P -‘ + ( ^ i X +  r i ^
i  s j,k ,l
A; = triangle area
pj = xjyk - w
qj = Yt -  yk
ri = ^  ^
(A-25)
Similar expressions for , qk, rk and pL, ^ , rt can be found by the 






Applying guations A-23a&b to find the individual entries of the [S]e 
and {J}e matrix for the example element, produces the matrix Equation 
A-26.
4A V<Be>e
(q. 2+r. 2) (q^ +r} rk ) ql •:-rj rt )'
(^ j+ ^ r.) (%2+rk2> (%l+rkrl)
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One should bear in irdnd that this assumes that the current density is 
constant over the element. Furthermore, since Uz. was assumed to vary 
linearly over the element, the flux density, and hence the 
reluctivity, are also constant over the element.
One can see that the individual elements of the matrix are only 
functions of the geometry of the triangle. One can also see the 
symmetry which results from this type of formulation.
New consider the two elements A and B with nodes 1,3,4 and 1,2,4 
respectively, shown in Figure A-3. If the matrix [S]A is formed for 
element A, then the matrix equation A-27 results. For clarity, the 
individual entries are expressed as s#i j where the superscript, #, 
corresponds to the element.
4A.






















Note that the second row and column entries in the matrix [S]A are 
zero because node 2 is  not contained in element A.
In a similar manner, the matrix equation for the potentials for 
element B is  given by Equation A-28.
4Ab Vb
0 ^ 1 3  ^ 1 4 V T
0 0 0 0 Uz 2 J* CD J* 0
^ 3 1  0  ^ 3 3  sB34 Uz3 3 1
.S P 41  0 S%3 S8, ,  . 1
(A-28)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-4 1 7 -
The matrix equation which describes the entire system of elements A 
and B, Equation A-29, is  formed by adding the two individual matrix 
equations.
The assembly of the system of equations for a large number of 
elements proceeds in exactly the same manner as for this two element 
example. The elements are dealt with one at a time, calculating the 
individual s# . .  and J components, and then adding them into the system 
matrix. Once the component calculations for a ll the elements have 
been completed, a ll that remains is to solve the matrix equation, A- 
30.
[S] {U} - {J} = 0 (A-30)
It must be remembered, however, that this equation is nonlinear, due 
to the fact that the reluctivities used in forming the [S] matrix are 
functions of the flux densities within the elment.
It is obvious that for a large number of nodes, Nn, not only is a 
large amount of memory required for storage of the Nn by Nn matrix 
[S], but also that the solution of Equation A-30 will be 
computationally expensive. Carrputational costs are increased even 
more by the fact that this is a nonlinear system requiring an 
iterative technique to find the solution. Therefore, it  would be 
advantageous i f  the nodes were numbered in such a manner as to rake 
the matrix [S] as banded and as sparse as possible; thereby allowing 
the use of a solution technique which takes advantage of these 
properties.
It was stated previously that the use of regular node numbering on 
a regular mesh would result in a coefficient matrix that was banded 
and sparse. By regular node numbering and regular mesh, we mean one
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like that shc'-Ti in Figure A-4.
The node numbering on this mesh is  regular in the sense that the 
numbering starts in the upper right comer and successive rudes are 
numbered in increasing order in going along the top boundary from left 
to right. Then,the second row of nodes is numbered in the same 
manner. The mesh is  considered regular because there are the same 
number of nodes, Nx, along each row. If this type of numbering and 
meshing scheme is vised, then any interior node, i, is always conected 
to six other nodes and forms the set pf connected nodes given in 
Equation A-31. The interconnection of nodes that lie  along a boundary 
will form a subset of these.
[ (i-Nx-l) , (i-Nx), (i-l), i, (i+l), (i+Nx), (i+Nx+l)] (A-31)
As a result of this regular numbering scheme, the matrix [S] has the 
structure shown in Figure A-5. Since the matrix is  symmetric, i t  is  
only necessary to store the diagonal terms and the three off diagonal 
terms that lie  above it . Therefore, for Nn unknown potentials, one 
does not need to be able to store a full Nn by Nn matrix, only one 
that is Nn by four. This is a significant savings, and when coupled 
with an efficient algorithm for solving the equations, allows one to 
model structures that require a large number of nodes and elements.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




'Regular' Mesh with 'Regular' Node Numbering
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F i g u r e  A -5  
S p a r s e ,  B a n d e d  M a t r i x  S t r u c t u r e  
R e s u l t i n g  f r o m  ’ R e g u l a r '  M esh  a n d  N u m b e r in g
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APEENDIX B
S O innC N  OF THE FINITE ELEMENT MDCEL NCNLINE&R MMR3X  SQDMICW
In Appendix A, the finite element method was developed, and the 
governing partial differential equation was reduced to a set of 
simultaneous, nonlinear, algebraic equations. Once the symmetric, 
banded coefficient matrix has been set up, the problem is reduced to 
solving the set of nonlinear equations. Solving the nonlinear matrix 
equations is  a two-step iterative process. First, an outer, nonlinear 
loop must be developed that will cause the nonlinear properties to 
converge on their correct values. Then, for each iteration, it  is 
necessary to solve the linear matrix equation. This process, as it  
applies to the set of equations developed in Appendix A, was discussed 
in detail in reference [17] and is repeated here for completeness.
One of the most popular methods for solving the nonlinear portion 
of the problem is the Newton-Raphson iteration scheme. The Newton 
method is  popular because it  is unconditionally stable, provided the 
B-H characteristic is monotonic. In addition, the convergence rate 
for the process becomes quadratic near the solution pointc18] .
During each iteration, the Newton method evaluates the nonlinear 
equations at an operating point. This results in a set of linear 
equations valid at that operating point. The linear equations can 
then be solved using one of several different techniques and a new 
operating point is determined. The iteration process is  repeated 
until a satisfactory solution is obtained.
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B.l Solution of the Nonlinear Equations by the Newtcn-Raphsnn Mpj-hmi 
Hie Newton process can be formulated as follows123 "J . Given that 
(Az} is the exact solution and {Uz > is  an approximate solution which 
is close to (Az } but misses by {6Uz}, then {Uz} can be expressed as:
{Uz} = {Az} - {8UZ } (B-l)
In Appendix A it  was required that the gradient of the energy 
functional be zero to provide a solution for {Uz}. Each component of 
the gradient of F(D), (i.e . Equation A-15), can be expanded in a 






z 1 z 1
6U . + H.O.T. (B-2)
U...
(H.O.T. signifies "higher order terms".)
-Equation A-15 required that each component of the gradient must be
equal to zero. Therefore, i f  the higher order terms of the Taylor
series are neglected, the matrix equation, B-3a, results. The 
deviation of (Uz} from (A^ ,} can be expressed as in Equation B-3b.
0= (V) + [P]{8UZ) (B-3a)
(6UZ) = [P]'1{V} (B-3b)
[Pj in these equations is  the Jacdbian matrix of the Newton-Raphson 
iteration. Its individual components are given by Equation B-4- (V) 
contains the components of the gradient of F(0) at U5 , as shown in 
Equation B-5.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
The components of {V}, Vj, are the partial derivatives of the 
functional. In Appendix A, the minimization process required that 
these terms be set equal to zero in order to produce the solution 
{U_}. Hois resulted in the matrix equation, [S]{UZ }-{J2 } = 0. If 
{Uz} is  not the exact solution to the equation then {V} will represent 
the residual values of the equation.
Hie Newton iterative method proceeds as follows: an initial {Uz }
is  assumed and {5UZ } is  calculated, {6UZ} is then added to the assumed 
{Uz} to form a better estimate. Hie recursive relation is given by 
either Equation B-6a or* B-6b.
{U}k + 1 = {U}k - ([P]'1)k (V}k (B-6a)
{U}k+1 = {U}k + {6U}k (B-6b)
In order to implement the Newton process described by Equation B- 
6b, [P] must be evaluated and the matrix equation B-3a solved. To 
form [P], the partial derivatives expressed in Equation B-4 must be 
evaluated. This can be done on an element by element basis.
If one tabes the partial derivative with respect to LL of Equation 
A-16, after first having substituted the results from Equation A-18, 
(as shown in Equation B-7), then Equation B-8 results.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
In the second integral on the right hand side of Equation B-8, the 
partial derivative of u must be evaluated from the B-H data. This is  
why it  is more efficient to use curves relating the reluctivities to 
the square of the flux density (B), instead of the classical B-H 
curve.
The first integral in Equation B-8 can be evaluated by taking the 
partial derivative of Equation A-20, which results in Equation B-9.
If one refers back to Equation A-23b, one sees that the right hand 
side of Equation B-9 is  really just an element of [S].
At this point i t  is  convenient to define a new coefficent, S; ., as 
shown in Equation B-10.
( B - 1 0 )
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One sees from comparing Equations A-23b and B-10 that Sj. is  'what 
remains once u has been taken outside of the integral. This is  valid 
because, for first order triangular elements |b|, and hence u., is - 
constant over the element. In addition to defining S, let an 
temporary vector, {E}, be defined as in Equation B-ll.
Now, return to the second integral in Equation B-8. If the 
expressions for the partial derivatives of B?, derived earlier in 
Equation A-19, are substituted and the terms expanded and collected, 
one finds that the second integral reduces to:
Therefore, the individual elements of the Jacdbian matrix [P] are 
given by Equation B-13.
The complete Jacdbian matrix is  assembled by cycling through all of 
the elements and adding the contributions. In actuality, [P]e , {V}e , 





Pn  = u(B)SfJ + (B-13)
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and {J}e are calculated first, then the residual, {V}e= [S]e {U}e -  
{J}e , as well as [P]e . Once all the elements have been cycled 
through, [P] and {V} are ccanplete and {6UZ} can be calculated using 
Equation B-3a. The result can then be used in the recursive relation 
B-6b. The equation is  iterated until same convergence criteria, which 
is  usually based on the vector norm of {V}, is reached. This 
algorithm1233 is  shown in Figure B-l.
The Newton method outlined above linearizes Equation B-3 about the 
operating point of the current iteration. {8Uz} is not usually found 
via Equation B-3b because of the necessity of inverting [P]. Instead, 
{6U7} is usually found by an iterative solution method. Any one of a 
number of iterative techniques^ 18  ^ could be used, such as Gauss- 
Seidel, Jacobi or successive overrelaxation. The finite element 
program used in this research uses a preconditioned conjugate gradient 
method.
B.2 Solution of the T.inpa-r Prcblan 
In previous sections we have dealt with the nonlinear magnetic 
field problem. The linear magnetic field problem is merely a subset 
of the nonlinear problem. The variational derivation shown in 
Appendix 1 is  valid for both the nonlinear and linear case. If the 
materials are linear then the Newton-Raphson method yields the 
solution in one iteration.
Alternatively, one can solve the linear field problem directly by 
solving the matrix equation that was derived in Appendix A, Equation 
A-30.
[S] {U} -  {J} =0 (A-30)
This can be solved by either direct methods or any of the iterative 
methods mentioned previously.
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Figure B-l 
Flow Diagram for Newton-Raphson Method
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AEHNDIX C 
EERIVAEICN OF TC6RQ0E SEEED BgOMICNS
In general, Brushless DC motor constant voltage torque-speed 
curves are nonlinear. It should not be assumed that the torque-speed 
characteristic can be represented by a straight line drawn between the 
no-load speed and the stall torque. Hie torque-speed characteristic 
should be determined from a model of the steady state speed behavior 
of the motor. Huardc31 has investigated constant voltage drive 
torque-speed behavior of Brushless DC motors by assuming sinusoidal 
back emf and torque-angle waveforms and developing closed form expres­
sions for the currents during the commutation interval. Hie approach 
described in this appendix is a numerical one. A phase model is  
developed and the equations are numerically integrated. Because it  is 
a numerical method, many nonlinear effects can be included in the 
analysis: nonsinusoidal torque-angle and back emf waveforms; 
saturation of the torque constant, the back emf constant and 
inductance; and angular variations of inductance. Hie numerical 
approach also allows one to simulate pulse width modulated current 
drives as well as different diode breakdown conditions.
In this appendix, the equations describing the steady state speed 
versus torque behaviour of the brushless DC motor are derived.
Average torque for a commutation interval is calculated assuming the 
motor is  running at a constant speed. This derivation assumes that 
the BIDCM is  a three phase motor being driven with a wye connected
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drive, (see Figure C-l). This figure shows that one end of each phase 
is connected in caramon. The other end of each phase is  connected to a 
half bridge so that it  can be connected to either supply or to ground. 
Protection diodes are shown for each transistor; these may be an in­
tegral part of the transistor package or they may be external. The 
blocking diodes shown may or may not be present.
An electrical model for the motor phases is shown in Figure C-2. 
Each phase model consists of a connection to a supply voltage, a back 
emf voltage generator, a resistance, and an inductance which is  
mutually coupled to each of the other phases. If the center node is  
assigned the unknown voltage Vc, the following three nodal equations 
can be written:
In addition, one can also vise Kirchoff's nodal law to sum the currents 




= 0 (0 4 )
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Half Bridge Connections for 
a Wye Connected Drive
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Circuit Model for a Wye Connected Drive
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Equation C-l can be used to solve for V. explicitly:
Vc -  V, + Vb1 ~ L ,^  + M,™ + - ^R, (C-5)
Substituting Equation C-5 into Equation C-2 and C-3 to eliminate the 
unknown variable V :
C
V2~V1+Vb2~%>1 2^*2 -H “ + (C-6)
V V1+Vb3-Vb, + TK<V^) (C‘7)
Asuming symmetry within the motor:
M = M, = = Mj (C-8)
L = L, = I* = Lj (C-9)
R = R,= Rj = Rj (C-10)
Substituting Equations C-8 through C-10 into Equations C-6 and C - l , 
and rearranging terms yields:
^  = [V2-V1+Vb2-Vbl-R(iJ- i1)]/(LHD (C-ll)
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+ _dt = V3-V1+Vb3-Vb1-R(i3- i1)]/(I^ ) (C—12)
In addition, the constraint equation, C-4, can be differentiated to 
produce:
<3*1 <*4 ^
dt + dt + dt “ 0 (C-13)
Equations C-11,12,13 can be expressed in the matrix form shown in 
Equation C-14; where the variables a,b represent the right hand sides 
of Equations C-ll and C-12 respectively.
■ -1 1 0 ‘ di,/dt a
- 1 0  1 cl^/dt = b
. 1 I 1 . aij/dt 0
(C-14)
This matrix can be solved by any of the standard techniques: Gaussian 
elimination or Cramers rule for example, to yield explicit expressions 




Substitution of the definitions for a,b yields:
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di, (2V, -V2 -V3 ) + (2Vb, -Vb2 -Vb3 ) -R(2i, -i, )
(C-16)dt 3(LfM)
di. (-V.+2V2-V3) + (-Vb1+2Vb2-Vb3) -  R(-i1+2i2-ij)
dt 3(L+M)




These equations can be further reduced if  one uses the constraint 
equation, C-4, and the fact that phase relation of the back emf 
voltages is  such that their sum is zero, (Equation 019)
=0 (04)
vb i +vb2+vb3 = 0 (C-W )
di, (2V,-V2-V3) + 3Vb1 -  3Ri,
dt 3(M4)
di* (V,-2V2-V3) + 3Vb2 -  3Ri*
dt 3(IitM)
d^ (V,-V2-2V3) + 3Vb3 -  3Rij
(020)
(021)
dt 3 (LH'l) (0 2 2 )
Given the equations for the derivatives of the phase currents, one can 
integrate these numerically to find the current in each phase as a
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function of time. Hie currents can then be used with Equation C-23 
to determine the instantaneous torque produced by the motor for any 
combination of phase currents.
T = -K,. (dL, sin(A0)+i2sin(A0-2jr/3)+i3sin(A0-47r/3) (C-23)
This torque is  averaged over the ccmnnutation interval, (60 electrical
degrees), to yield the average torque as a function of speed:
&
First, however, in order to simulate the phase currents, initial 
current conditions need to be determined. Figure C-3a shows a com­
mutation squence for a Wye node open drive. If the node voltages are 
switched according to the sequence shown in this figure, one obtains 
the static torque vectors shown in Figure C-3b. Commutation at the 
proper position will result in a unidirectional torque produced lay the 
motor.
Instead of simulating the commutation and switching through the 
sequence shown in Figure C-3, it  is only necessary to simulate one 
commutation. If the motor is running at a constant speed, the in­
stantaneous torque waveform and the average torque are the same for 
every commutation. However, in order to determine the correct cur­
rents and torque by simulating a single commutation interval, one 
needs to have a means of determining the appropriate initial currents
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Node Voltages for the Six 
Different Commutation States
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Stdte I State 2 State 3
F T  7 1
State 4 State 5 State 6
Figure C-3b 
Torque Vectors Corresponding to 
the Six Different Commutation States
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to use. This is not necessary if  one simulates the switching sequence 
because one can simply assume zero current initial conditions and sim­
ulate the response until equilibrium conditions have been reached,
(i.e. no change in the average torque or pattern of current waveforms 
from one commutation interval to the next).
In simulating just one ccmrnvitation interval, the initial current 
for a phase at the begii^ ung of the commutation interval, is  equal to 
the final current in the phase at the end of the last commutation 
interval. But, the final currant in the phase at the end of the last 
commutation interval is unknown. However, it  should be possible to 
find a relationship between the final currents of interval n and the 
initial currents of interval n. This should be possible because the 
final currents of interval n-1 became the initial currents of interval 
n, and the current waveform patterns are repeated from one commutation 
interval to the next. This will be shown later
Analogous currents between commutation state n-1 and commutation 
state n can be determined by looking at the switching sequence. In 
order for the currents to be analogous they must have gone through the 
same switching sequences. Table C-l lists the voltage switching 
sequence for a wye-node-open drive. The sequence starts at state 1 and 
ends at state 6; states 1 through 6 correspond to those shown in 
Figure C-3a and C-3b.
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Table C-l 
Ccanrmatation Switching Sequence
Vs t  a t  e 
p h a s e  ' 1 2 3 4 5 6
i 0 g g 0 v. V0
2 g 0 vs o' g
3 Vs Vs 0 g g 0
Suppose, for example, one needs to find a current in commutation 
state 1 that went through the same sequence of node voltage changes as 
a current in state 2 did. The switching sequence for the five states 
prior to state 2 is given in Table C-2
Table C-2
Switching Sequence Ending at State 2
\ s  t  a t  e 
p h a s e  ' 3 4 5 6 1 2
1 g 0 v. v, 0 g
2 V s V s 0 CT g 03 0 g g 0 vs Vs
Now looking at state 1 and constructing a similar table, as shown in 
Table C-3:
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Table C-3
Switching Sequence Ending at State 1
\ s t a t e  
p h a s e  ' 2 3 4 5 6 i
1 g g 0 % % 0
2 0 v. V. 0 g g
3 Vs 0 g g 0 Vs
Defining a natation for the currents as i (state) (phase;' a comparison 
of these two switching sequences shews that the sequences for i, 3,
(Table C-3), is the same as for 1, (Table C-2), except that ground
and supply are swapped. This change would produce an oppositely dire­
cted set of currents, but, the switching transients would be the same. 
Thus, the analogous current condition is  given as:
*2. 1  = - i i . 3  <c “ 2 5 a )
Similar analogies can be made for ig 2 and ig 3 .
* 2 . 2  " " V i  ( C- 2 5 b >
i2>3= - i l f2 (C-25C)
These analogies apply for corresponding instants in time during the 
commutation. For example, the current in phase 1, At seconds into 
state 2, is  equal to the negative of the current in phase 3, At 
seconds into state 3. Since the initial current for any phase of 
state 2 is  also equal to the final current of the same phase of state 





h , z .  h , 2 f (C-26b)
:L2 ,3 i  = i 1 ,3 f (C-26c)
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Where; i. k s final current of commutation interval for 
f state j, phase k
ij k s initial current of ccaranatation interval for 
' 1 state j, phase k
Hie analogies defined in Equations C-25 can be vised to replace the 
final currents of state 1 in Equations C-2 6 with the equivalent final 
currents of state 2. Thus, a mapping of final currents to initial 
currents within the same state is established.
^ , 1 ,  = _12 , 3 f
*2.2,. = _i2.if
*2.31 = ~ h , Z f
While these initial conditions were established for a wye node 
open drive a similar analysis can be used to show that they also hold 
for wye node closed drive.
Given that the mappings for the initial current conditions have 
been identified; one also needs to determine the appropriate voltages 
to apply to nodes 1,2,3. If it  could be assumed that phase currents 
could be shut off instantaneously, then one could simply apply the 
voltages frcm the sequence table for the appropriate state. State 2, 
for example, would require node 1 to be at ground, node 2 to be float­
ing and node 3 to be at supply. However, current transients that 
occur when the transistors are switched can have a significant effect 
on the net average torque predicted when modelling the high speed be­
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m odelling  t r a n s i s t o r  and  d io d e  breakdown v o lta g e s .
F ig u re  C-4 shows tw o h a l f  b r id g e  c i r c u i t s  connected  t o  p h ase  ends. 
The h a l f  b r id g e s  in c lu d e  b lo c k in g  d io d es  t h a t  may o r  may n o t  be  
p re s e n t  i n  a  p a r t i c u l a r  d r iv e .  F igure  C-4a shows a  h a l f  b r id g e  con­
n ec ted  t o  a  phase  c a r ry in g  p o s i t iv e  c u r re n t .  I n  F ig u re  C-4b th e  h a l f  
b r id g e  i s  connected  t o  a  phase c a rry in g  n e g a tiv e  c u r r e n t .  The dashed 
l i n e s  in  b o th  f ig u r e s  show p o s s ib le  c u r re n t  breakdown p a th s .
When a  p hase  i s  sw itch  t o  th e  'o p e n ' s t a t e  and b o th  t r a n s i s t o r s  
a r e  sw itched  o f f ,  in d u c tiv e  e f f e c t s  cau se  a  v o lta g e  s p ik e  t i i a t  w i l l  
always b e  o f  s u f f i c i e n t  m agnitude t o  cause  a  breakdown c o n d itio n  to  
o ccu r. A t t Q, when e i t h e r  t r a n s i s t o r  Q1 o r  Q2 i s  s h u t o f f ,  i f  i p * 0 
th e n  s h u t t in g  o f f  th e  t r a n s i s t o r  causes a  la rg e  in d u c tiv e  v o l ta g e  
sp ik e  t o  o ccu r. T h is , i n  tu r n ,  re v e rse  b ia s e s  e i t h e r  th e  t r a n s i s t o r  
p ro te c t io n  d io d e  o r  th e  b lo c k in g  d iode , ( i f  p r e s e n t ) , and c a u se s  i t  t o  
e n te r  th e  breakdown re g io n . The d iode w ith  th e  low er breakdown 
v o lta g e  conducts  f i r s t ;  i p decays t o  ze ro  and th e n  th e  d io d e  p re v e n ts  
f u r th e r  c u r r e n t  flow . The r a t e  o f  c u r re n t  decay a s  i t  flow s th rough  
one o f  th e s e  breakdown p a th s  depends, among o th e r  th in g s ,  on  th e  
m agnitude o f  th e  breakdown v o lta g e .
The breakdown p a th  th e  c u r re n t  fo llo w s depends on th e  s ig n  o f  th e  
c u r re n t  and th e  ' c r i t i c a l '  breakdown v o lta g e . F or a  g iv en  c a s e  o f  
e i t h e r  p o s i t iv e  o r  n e g a tiv e  c u r re n t ,  th e  p a th  th e  c u r r e n t  fo llo w s  w i l l  
depend on which p a th  h a s  th e  low er m agnitude breakdown v o lta g e .  The 
w i l l  be  th e  c r i t i c a l  breakdown v o lta g e .
W hile a  d io d e  i s  i n  i t s  breakdown re g io n , th e  v o lta g e  se e n  a t  node






F ig u re  C-4a 
H a lf  B ridge Connected to  a  
Phase C arry ing  P o s it iv e  C u rren t
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Biocking 
Diode
F igure  C-4b 
H a lf  B ridge Connected to  a 
Phase C arry ing  N egative C urren t
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p  i s  eq u a l t o  v o lta g e  n e c e ssa ry  t o  cau se  th e  d iode t o  breakdown.
Thus,- th e  c r i t i c a l  breakdown v o lta g e  sh o u ld  be  used  a s  th e  's u p p ly ' 
v o lta g e  seen  by th e  node. The breakdown v o lta g e  c o n d itio n s  sh o u ld  b e  
m a in ta in ed  u n t i l  t h e  c u r r e n t  re a c h e s  ze ro  and th e  breakdown p a th  s h u ts  
down. Once i^  decays t o  z e ro , th e  v o lta g e  a t  node p  f l o a t s  a t  a  le v e l  
determ ined  by  th e  back  emf v o l ta g e ,  and c e n te r  node v o lta g e .
The breakdown v o lta g e s  a r e  determ ined  in  th e  fo llo w in g . F i r s t ,  
th e  fo llo w in g  p a ram ete rs  a r e  d e f in e d :
Vg a su p p ly  v o lta g e
Vtpy = t r a n s i s t o r  re v e rs e  b ia s  breakdown v o lta g e
Vt f  a  t r a n s i s t o r  forw ard  b ia s  v o lta g e
Vdpv = d io d e  r e v e r s e  b ia s  breakdown v o lta g e
Vdfv a d ic d e  fo rw ard  b ia s  v o lta g e
Vu b p d  s  u pper le g  breakdown v o lta g e  f o r  p o s i t i v e  c u r r e n t  
w ith  b lo c k in g  d io d es
v i b p d  s  low er le g  breakdown v o lta g e  f o r  p o s i t i v e  c u r r e n ts  
w ith  b lo c k in g  d io d e s
Vu b p n  s  u pper le g  breakdown v o lta g e  f o r  p o s i t i v e  c u r r e n t  
no b lo c k in g  d io d es
V, b = low er le g  breakdown v o lta g e  f o r  p o s i t i v e  c u r r e n ts  
no b lo c k in g  d io d es
Vu b n d  E u p p er le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
w ith  b lo c k in g  d io d es
v i b n d  E low er le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
w ith  b lo c k in g  d io d es
Vu b n n  H u pper le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
no b lo c k in g  d ic d es
v ibnn E low er le g  breakdown v o lta g e  f o r  n e g a tiv e  c u r r e n t  
no b lo c k in g  d ic d es
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H ie upper and low er le g  breakdown v o lta g e s  f o r  p o s i t iv e  c u r r e n t  
w ith  b lo ck in g  d io d es  p r e s e n t  a r e :
Vu b p d  =  Vs  "  V t r v  ~ Vd f v  (C-28a)
V l b p d  = -  Vd f v  “  Vd r v  (C-28b)
I f  no b lo ck in g  d io d e s  a r e  p re s e n t  th e n  th e s e  breakdown v o lta g e s  
a r e  g iven  by:
Vu b p n  =  Vs  " V t r v  ( C “ 2 9 a )
V l b p n  -  " Vd f v  ( C - 2 9 b )
H ie breakdown v o lta g e s  f o r  n e g a tiv e  c u r re n t  w ith  b lo ck in g  d io d e s
a re :
Vu b n d  == Vd r v  + V t f v  +  Vs  ( M O a )
V l b n .d  =  Vd f v  +  Vt r v  ( C " 3 0 b )
H ie upper and low er le g  breakdown v o lta g e s  f o r  n e g a tiv e  c u r r e n t  
w ith  no b lo ck in g  d io d e s  a r e :
Vu b n r ,  =  V t f v  + V s  <C - 3 1 a )
V l b n n  =  V t r v  ( C “ 3 1 b )
H ie c r i t i c a l  v o lta g e  i n  each  o f  th e  fo u r  c a se s  i s  th e  breakdown 
v o lta g e  w ith  th e  l e s s e r  m agnitude. H ie a p p ro p r ia te  breakdown v o lta g e  
u sed , depends upon w heth er th e  c u r r e n t  i s  n eg a tiv e  o r  p o s i t iv e  and, 
w hether o r  n o t th e re  a r e  b lo c k in g  d io d e s  p re s e n t in  th e  c i r c u i t .  H ie 
b lo c k in g  d iode c o n d itio n  i s  an  in p u t a t  th e  beg inn ing  o f  th e  
s im u la tio n . H ie d i r e c t io n  o f  th e  c u r r e n t  i s  checked a t  each  
in te g r a t io n  tim e  s te p .  Thus, th e r e  i s  a  c r i t i c a l  breakdown v o lta g e  
f o r  n e g a tiv e  c u r re n t ,  and one f o r  p o s i t iv e  c u r re n t .  Given th e  c u r r e n t  
d i r e c t io n s  and th e  c r i t i c a l  breakdown v o lta g e s ,  lo g ic a l  c o n d itio n s  can
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be s e t  15) t o  d e te rm in e  th e  a p p ro p r ia te  nodal v o lta g e s  t o  be  app lied , t o  
each  o f  th e  p h ase  nodes a t  each  tim e  s te p  o f  th e  in te g r a t io n .
G iven t h a t  a p p ro p r ia te  i n i t i a l  c o n d itio n s , sw itc h in g  c o n d itio n s , 
breakdown v o lta g e s  and n odal v o lta g e s  can  now b e  a p p l ie d .  One cam now 
s im u la te  a  s in g l e  commutation in te r v a l  in s te a d  o f  s im u la tin g  th e  
sw itch in g  sequence and w a it in g  f o r  t r a n s i e n ts  t o  p a s s .  An a lg o rith m  
f o r  d e te rm in in g  th e  to rq u e -sp ee d  beh av io r p roceeds a s  fo llo w s :
1) The z e ro  speed  s te a d y  s t a t e  c u r re n ts  a r e  c a lc u la te d .  These 
a r e  u sed  t o  d e term ine  th e  average to rq u e , ( s t a l l  to r q u e ) , o f  th e  
m otor.
2) A speed  i s  assumed w hich i s  some sm all f r a c t i o n  o f  t h e  no 
lo a d  sp eed . The c u r re n ts  from s te p  1 a r e  used  a s  i n i t i a l  co n d i­
t i o n s  v i a  t h e  mapping s t r a t e g y  o f  E quations 0 2 7 .  The c u r r e n ts  
a r e  s im u la te d  by num erical in te g ra t io n  o v e r t h e  d u ra t io n  o f  th e  
com m utation in t e r v a l .
3) The f i n a l  c u r r e n t  v a lu e s  found from s te p  2 a r e  now u sed  t o  
d e te rm in e  th e  new i n i t i a l  c o n d itio n s  and th e  c u r r e n t  waveforms 
a r e  re - s im u la te d . S in ce  th e s e  f i n a l  c u r re n ts  a r e  dependent on 
speed  th e y  a r e  n o t q u i t e  c o r r e c t ,  b u t  a r e  a  good f i r s t  
app rox im ation . An i t e r a t i v e  p rocedure  can  th e n  b y  e n te re d , u s in g  
th e  change i n  f i n a l  c u r re n ts  a s  a  convergence c r i t e r i a ;  t h i s  s te p  
i s  re p e a te d  u n t i l  convergence has  been s a t i s f i e d .
4) An in c re m e n ta lly  la r g e r  speed i s  assumed and  s t e p  3 i s  re p e ­
a te d .  I n  t h i s  manner, sm a ll s te p s  in  speed  can  b e  ta k e n  so  t h a t
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th e  s t a r t i n g  i n i t i a l  c u r r e n t  co n d itio n s  a r e  n o t much in  e r r o r .
F igure  C-5 shews a  s e t  o f  c u r re n t  waveforms s im u la te d  f o r  one 
cammutation in t e r v a l  u s in g  t h i s  method. The s o l id  l i n e  r e p re s e n ts  th e  
in s ta n ta n e o u s  to rq u e  p roduced  by th e  c u r re n ts  i n  a l l  th r e e  p h a se s .
The s h o r t  dash  l i n e  r e p r e s e n ts  phase 1 c u r re n t ,  th e  medium d ash  l i n e  
i s  phase 2  c u r r e n t ,  t h e  lo n g  dash  l i n e  re p re s e n ts  th e  c u r r e n t  i n  p hase  
3 . One s e e s  t h a t  th e  i n i t i a l - f i n a l  c u r re n t  r e l a t i o n  o u t l in e d  by  Equa­
t i o n s  G-27 h o ld s .
F igure  C-5 a l s o  shows th e  e f f e c t s  o f  th e  n o n in s ta n tan eo u s  s h u to f f  
o f  c u r re n t i n  p hase  2 . F o r t h i s  s im u la tio n , no b lo c k in g  d io d e s  w ere 
in c lu d ed ; th e r e f o r e ,  t h e  breakdown p a th  f o r  c u r r e n t  2  i s  th ro u g h  th e  
forw ard b ia se d  p r o te c t io n  d io d e  in  th e  low er le g  o f  F ig u re  C -4a.
One s e e s  in  F ig u re  C-5 t h a t  a s  th e  c u r re n t  i n  phase  2 i s  d r iv e n  
down by th e  tem porary  co n n ec tio n  t o  grpund, th e  c u r r e n t  i n  p h ase  3 i s  
d r iv e n  up q u ic k ly  and  t h e  c u r r e n t  in  phase 1  i s  d r iv e n  down q u ic k ly . 
The s to re d  f i e l d  en erg y  t h a t  was a s s o c ia te d  w ith  th e  c u r r e n t  i n  phase  
2 i s  now a s s o c ia te d  w ith  th e  c u r re n t  i n  phases 1 and 3 . T h is  o ccu rs  
because th e  s to re d  f i e l d  energy  cannot change in s ta n ta n e o u s ly . Thus, 
phase  c u r re n ts  1 and 3 a d j u s t  acco rd in g ly . One a l s o  s e e s  from t h i s  
f ig u re  t h a t  i f  t h e  t r a n s i e n t  had  occured a lm ost in s ta n ta n e o u s ly ,  th e  
i n i t i a l  c u r re n ts  f o r  b o th  p h ases  1  and 2 would have been  app rox im ate ly  
h a l f  t h e i r  f i n a l  v a lu e s .  T h is  i s  in  aggreem ent w ith  H u a rd 's  
th e o r e t ic a l  p r e d ic t io n .  However, i f  t h a t  w ere th e  c a se , th e n  th e  
i n i t i a l  to rq u e  would have  been  l e s s ;  r e s u l t in g  i n  a  low er av erag e
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to rq u e  o v e r  th e  in t e r v a l .  T here fo re , i t  ap p ea rs  a s  i f  th e  t r a n s i e n t  
decay h a s  in c re a s e d  th e  average to rq u e  a t  t h i s  sp eed , t h i s  i s  n o t 
alw ays th e  c a s e . I f  th e  decay tim e  became a  s ig n i f i c a n t  p o r t io n  o f  
th e  com m utation tim e , i t  i s  p o s s ib le  t h a t  th e  to rq u e  produced by t h a t  
phase  w ould b e  n e g a tiv e  o v e r some p o r t io n .
The th r e e  c u r re n ts  shown in. F ig u re  C-5 can  b e  u sed  t o  re c o n s tru c t  
an  e n t i r e  c y c le  o f  th e  c u r re n t  waveform. This: i s  shown in  F ig u re  C-6 ; 
i t  r e p re s e n ts  6 com m utations. Again, n o tic e  t h a t  a t  th e  unfl o f  
com mutation 3 , th e  t r a n s i e n t s  a s s o c ia te d  w ith  sw itc h in g  caused  th e  
c u r r e n t  t o  d ro p .
The to rq u e -sp e e d  s im u la tio n  method d isc u sse d  h e re  was v e r i f i e d  
a g a in s t  a n a l y t i c a l  and experim en tal work perform ed by Huard. F igu re  
C-7a shows a  com parison o f  a n a ly t ic a l  and ex p erim en ta l r e s u l t s  
o b ta in e d  by  H uardc3] , f o r  commutation phase  advance a n g le s  o f  0° and 
45°. The r e s u l t s  o b ta in ed  ftcrn th e  s im u la tio n  method p re s e n te d  in  
t h i s  appendix  f o r  th e  same m otor p aram eters  and p h ase  advaivos an g les  
a r e  shown i n  F ig u re  C-7b. One se e s  t h a t  th e  m ethod p re se n te d  h e re  
y ie ld s  b e t t e r  c o r r e la t io n  a t  low to rq u e -h ig h  speed  p o in t s ,  t h i s  i s  
due t o  th e  f a c t  t h a t  th e  s im u la tio n  u sed  h e re  in c lu d e d  models? f o r  th e  
d iode  breakdown e f f e c t s  o f  b o th  th e  b lo ck in g  d io d e s  and t r a n s i s t o r  
p r o te c t io n  d io d e s , which were n o t  in c lu d ed  in  B oards a n a ly t ic a l  model.
The to rq u e -sp e e d  s im u la tio n  method p re se n te d  h e re  can  b e  used 
e a s i l y  t o  s im u la te  p u ls e  w id th  m odulated, (EWM), c u r r e n t  d r iv e s .  A 
EWM c u r r e n t  d r iv e  m ight ty p ic a l ly  c o n tro l  th e  c u r r e n t  by c o n t ro l l in g  
th e  c o n n ec tio n  t o  ground o f  one o f  th e  t r a n s i s t o r  le g s .  The FWM
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c u r r a n t  d r iv e  c o n t ro ls  c u r ra n t  by sam pling th e  v o l ta g e  a c ro ss  a  sense  
r e s i s t o r ,  (w hich in d ic a te s  c u r r e n t ) , and com paring i t  t o  a  re fe re n c e  
l e v e l .  H ie  sam pling  i s  u s u a lly  done a t  a  f ix e d  frequency , ( ty p ic a l ly  
10-2OkHz) . I f  th e  sen se  v o lta g e  i s  Lass th a n  t h e  r e fe re n c e  le v e l  i t  
tu r n s  on t h e  low er t r a n s i s t o r  le g  co n n ec tin g  th e  p h ase  t o  ground. I f  
th e  sen se  v o l ta g e  i s  g r e a te r  th a n  th e  re fe re n c e  l e v e l  i t  tu rn s  o f f  th e  
low er t r a n s i s t o r  b reak in g  th e  ground co n n ec tio n .
F ig u re  C-8a shows c u r re n t  and to rq u e  waveforms f o r  one commutation 
in t e r v a l  o f  a  m otor b e in g  d r iv e n  a t  ‘5000 rpm w ith  a  EWM d riv e  chopping 
a t  20kHz. F ig u re  C-8b shows one f u l l  c y c le  o f  one o f  th e  phase, 
c u r r e n t  w aveform s. F or com parison, F ig u re s  C-9a and 9b show 
co rre sp o n d in g  c u r r e n t  waveforms r e s u l t in g  f rom an  ' i d e a l '  H\M d r iv e  
chopping a t  an  i n f i n i t e  frequency. H ie f i n i t e  chop frequency  o f  th e  
r e a l  EWM d r iv e  o b v io u s ly  in tro d u ces  c u r r e n t  and  to rq u e  r ip p le  in to  th e  
system . H ie  s im u la tio n  method p re se n te d  h e re  can  b e  u sed  to  determ ine 
th e  m agnitude o f  th e  r ip p le .  T h is  i s  im p o rtan t becau se  th e s e  h ig h e r  
frequency  r i p p l e  components can  cause  an  in c re a s e  i n  i r o n  lo s s e s  and 
e f f e c t  th e  low  speed  v e lo c i ty  r ip p le .
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TIME s e c s
Figure C-8a
■ In s ta n ta n e o u s  C u rre n t and Torque Waveforms Produced 
by 20kHz P u lse  W idth Modulated C u rren t D rive 
Curve ( 1 ) -  In s tan tan eo u s  Torque 
Curve ( 2 ) -  In s tan tan eo u s  C u rren t in  Phase 1
Curve (3 )~  In s tan tan eo u s  C u rren t in  Phase 2
Curve ( 4 ) -  In s tan tan eo u s  C u rren t in  Phase 3
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F i g u r e  C -8 b
One F u l l  C ycle o f  a  Phase Curren t  P roduced by 
a  20kHz P u lse  W idth M odulated C ur ren t  D rive
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TI ME s e c s
F igure C -S a  
In s ta n ta n e o u s  C urren t and Torque Waveforms 
Produced by an Id e a l  C ur ren t  D rive  
Curve ( 1 ) -  In s tan tan eo u s  Torque 
Curve ( 2 ) -  In s tan tan eo u s  C urren t  in  Phase 1
Curve ( 3 ) -  In s tan tan eo u s  C u rren t i n  Phase 2
Curve ( 4 ) -  In s tan tan eo u s  C u rren t i n  Phase 3
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F ig u re  C-9b 
One F u ll  Cycle o f  a  Phase Curren t  Produced 
by an Id e a l  C u r re n t  Drive
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